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ADV ERTIS EME NT. 
TYHE Excellence of Profe ſſor SA UN- 
DERSON'S Elernents of Algebra i8 
univerſally acknowledged : But as that 
WoRK contains many CURIOUS and 
ELEGANT PIECES, Which are rather 
of Advantage and Amuſement to Profi- 
cients in the general Science of the Ma- 
thematics, than of neceſſary Uſe to Stu- 
dents in Algebra; ſome of the principal 
Tutors in the Univerſity of Cambridge 
were deſirous of having ſuch Parts ſelected 
from the Whole, as would give their 
Pupils a clear and comprehenſive Know- 
ledge of Algebra, without putting them 
promiſcuouſly to the Expence of pur- 


/ 


chafing the original Work, which was 


publiſhed in Two Volumes, Quarto. The 


Public is indebted to a Gentleman in 


OS that 


(iv ] 
that Univerſity, of diſting uiſhed Judg- . 
ment and Skill in the Mathematics, for 
ſelecting the ſeveral Parts which make 
up the following Work : Nor have any 
Endeavours been wanting, to have it 


printed as correctly as poſlible, 
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POSTULATA:. 


EFORE I enter upon my province, it 
may not be amiſs to acquaint my young 
diſciple what preparations he is to make, 
and what qualificytions I expect of him 
beforehand, that we may neither of us find ourſelves 
diſappointed afterwards. I expect then that he 
knows how to add, to ſubtract, to multiply, to di- 
vide, to find a fourth proportional, and to extract 
roots, eſpecially the ſquare. root: nay I expect fur- 
ther, that he ſhall not only be able to perform all 
theſe operations exactly and readily, but alſo that he 
ſhall be able to apply them upon all common occa- 
ſions; in a word, I expect that he be tolerably well 
ſkilled in common Arithmetick, at leaſt ſo far as 
relates to whole numbers : for this reaſon it is that I 
have prefixed a few arithmetical queſtions, wherein 
he may firſt try his ſtrength and ſkill before he'ven- 
tures any further; they are for the moſt part very 
eaſy. I cannot ſay indeed they are the beſt choſen, 
but they were ſuch as lay in my way when I firſt 

began this work and was haſtening to matters of 
greater moment ; and I do not ſee but they may, if 
ſtudied with care and attention, anſwer well enough 
the end they were intended for. If he finds no diffi- 
culty in theſe, he will have little reaſon to doubt of 
his ſucceſs afterwards; but if he does, he ought then 
at laſt to become ſenſible of his own defects, and to 
endeavour to ſupply whatever is wanting, and to cor- 
rect whatever is amiſs, before he enters himſelf under 
my conduct ; in the mean time he has my leave to 


A hope 
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hope that I ſhall be leſs upon the reſerve with him 
when he falls more immediately under my care. 


N. B. The praxis of the rule of proportion, and 
of the rule for extracting the ſquare root, not being 
(properly ſpeaking) of the nature of ſimple paſtulata, 
but rather deducible from the four firſt; I ſhall not 
fail to demonſtrate theſe rules ſo ſoon as I ſhall find 
proper opportunities for that purpole. ; 


Dueſtions for exerciſe in Multiplication. 


Multiplication is taking any one number called the 
multiplicand as often as 1s expreſſed by any other 
number called the multiplicator, and the number 
produced by this operation is called the product: 
whence it follows, that the product contains the mul- 
tiplicand as often as there are units in the multiplica- 
tor, and that if a number of a greater denomination 
is to be reduced to an equivalent number of a leſs, 
it muſt bedone by multiplication. As for example ; 
In a pound ſterling there are 20, ſhillings; therefore 
in every ſum of money conſiſting of even pounds, 
there are twenty times as many ſhillings as there are 

unds ; therefore, if any number of pounds be mul- 

tiplied by 20, the product will be an equivalent 
number of ſhillings; and the fame muſt be obſerved 
in all other caſes. 


. 


I is required to reduce 456 pounds 13 ſhillings and 
4 pence, into ſhillings, pence, and farthings. 


Anſwer. Shillings 9133 


Pence . 109600 
Farthings 438400. 


QUuEST. 
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QUEST. 2, 


A certain iſland contains 36 counties, every county 37 
pariſhes, every pariſh 38 families, and every family 
39 perſons: I demand the number of pariſhes, fa- 
milies, and perſons in the whole iſland, 


Anſwer, Pariſhes 1 3322 
Families 50616 
Perſons 1974024 


Qu E 8 1. 3. 
In 1730 years, 42 weeks, and 3 days, how many 
minutes ? 


N. B. A year conſiſts of 365 days, 6 hours, and an 
hour of 60 minutes, 
Hours in one year $766 


In 1730 years 151656180 
In 42 weeks 3 days 


7128 
In the whole 15172308 
Minutes in the whole 910338480. 

QUEST. 4. 1 


There is a certain field 102004 feet long, and 10200 


feet broad: I demand the number of ſquare feet therein 
contained ? 4 


Anſwer. 10404714012, 
QUEST. 5. 


There is à certain floor 24 feet 4 inches broad, and 


96 feet 6 inches long: I demand how many ſquare 
inches are therein contained ? : 


Anſwer. 338136 ſquare inches. 


| 4A 2 Qu B87. 
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Qv EST. 6, 


A certain picce of wood 1 foot 2 inches thick, 3 feet 

4 inches broad, and 5 feet 6 inches long, is to be 
cut into ſmall cubes like dies, each of which is to be 
a quarter of an inch every way : I demand into how 
many dies the whole may be reſolveg. 


Anſwer. The whole may be refolved into 2365440 
dies. 


Que srT, 7 


I demand the number of changes that may be rung 
on 12 Bells. | 


Changes upon 2 bells 2 
on 3 bells 6 
on 4 bells 24 
on 5 bells 120 
on © bells 720 
on 7 bells 3040 
on 8 bells 40320 
on 9 bells 362880 
on 10 bells 3628800 
on 11 bells 39916800 
on 12 bells 479001600 


QuEsr. 8. 
Hot many different ways can four common dies come up 
at one throw ? | 


Anſwer. 1296 ways. 


QUEST. . 
Suppoſe one undertake to throw an ace at one throw 


with four common dies; what probability is there of 
his effefting it? | 


Anſwer, By the laſt queſtion four dies can come 
up 1296 different ways with and without the ace; 
and 


wo a 


MVULTIPLICATION. 5 


and by a like computation, they can come up 625 
ways without the ace; therefore there are 671 ways 
wherein one or more of them may turn up an ace; 
therefore the undertaker has the better of the lay in 
the proportion of 671 to 625. 


QUuEST. 10. 


There are two incloſures of the ſame circumference, that 
is, both incloſed with the ſame number of pales; but 
one is a ſquare whoſe fide is 125 feet, and the other 
an oblong or long ſquare: 124 feet in breadth, and 
126 in length: quare which is the greater cloſe, 
that is, which, cæteris paribus, will bear moſt 


graſs ? 


Anſwer. The ſquare: for that contains 1 5625 
{quare feet; whereas the other contains but 15624. 


Queſtions for exerciſe in Diviſion, 


The deſign of diviſion is, to ſhew how often one 
number called the diviſor is contained in another cali d 
the dividend, and the number that ſhews this: 1s 
called the quotient ; whence, and from the definition 
of multiplication already given, I obſerve, , That 
the diviſor multiplied by the quotient, and conſe- 
quently the quotient multiplied by the diviſor, will 
always be equal to the dividend, provided there be 
no remainder after the diviſion is over; but if there 
be, then this remainder added to, or taken into, the 
Product, will give the dividend, which is the beſt 
proof of diviſion. 2dty, That as the diviſor is ſuch 
a part of the dividend as is expreſſed by the quo- 
tient; fo alſo is the quotient ſuch a part as is expreſſed 
by the diviſor. Thus 12 divided by 3 quotes 4; 
therefore 3 is a fourth part, and 4 a third part, of 12. 
zaly, Hence may a number be found that ſhall be divi- 
lible by any two given numbers whatever without re- 
mainders, to wit, by multiplying the two given num 
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bers together. Thus if I would have a number that 
can be divided by both 6 and 9 without any re- 


mainders, I multiply 9 by 6, and the product 34 


will anſwer both conditions; though 18 be the leaſt 
number of that kind. 4thly, Multiplication and di- 
viſion by the ſame number are the reverſe of each 
other, and ſo muſt neceſſarily have contrary effects: 
for whereas multiplication increaſes a number by 


taking it as often as is expreſſed by the multiplica- 


tor, diviſion (on the contrary) leſſens it, by takin 

only ſuch a part of it as is expreſſed by the diviſor. 
5thly, Hence if a number of a leſſer denomination 
be to be changed into an equivalent number of a 
greater, as farthings into pence, pence into ſhillings, 
Sc. it muſt be done by diviſion, as the reverſe is 
done by multiplication. 6zhly, Whenever it is pro- 
poſed to know how often one quantity of any kind 
is contained in another of the ſame kind, the num- 
bers repreſenting theſe quantities muſt be reduced to 
the ſame denomination before any diviſion can take 
place, Thus if I would know how many thirteen- 
pencehaltpennies there are in twenty ſhillings, I muſt 
not only reduce the thirteenpencehaltpenny to 27 
halfpence, but alſo the 20 ſhillings into 480 halt- 


pence; and then muſt enquire by diviſion how often 


27 halfpence are contained in 480 halfpence, that 
is, how often 27 is contained in 480; the quotient is 
17, and the remainder 21, that is 21 halfpence; 
for in all diviſion, the remainder muſt be of the 
ſame denomination with the dividend whereof it is 
a part; therefore in 20 ſhillings there are 17 thir. 
teenpencehaltpennies, and 10 pence halfpenny over, 


QUEST; 11. 


It is. requires to reduce 987654321 farthings into 


pounds, ſhillings, and pence. 


Anſwer. 987654321 farthings are equivalent to 
246913580 pence and 1 farthing; or to 20576131 
ſhillings, 8d. 193 or to 1028806 pounds, 115. 8d. 19. 
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Ant. 12: 
4 


One lends me 1 296 guineas when they were valued at 
il. 1s, and ſixpence a piece: how many muſt I pay 
him when they are valued at 11. 15. apiece ? 


Anſwer. 1326 guineas 18 ſhillings, 


Qs r. 13. 
A certain floor 24 feet 4 inches broad, 96 feet 6 
inches long, is to be laid at the rate of 12 pence 


the ſquare foot : I demand what the whole charge will 
amount to. | 


Anſwer. The floor contains 338136 ſquare inches, 
or 2348 ſquare feet and 24 ſquare inches; therefore 
the whole charge amounts to 117 pounds 8 ſhillings 
and two pence. 


QUuEsT. 14. 


There is a certain cooler 36 inches deep, 42 inches wide, 
and 72 inches long: I demand its ſolid content in 
Engliſh gallons. 

Note. An Ale gallon is 282 cubic inches, 


Anſwer. The veſſel contains 108864 cubic inches, 
that is, 386 gallons, and 12 cubic inches over. 


QUEST. 15. 


J cubic foot of water weighs 76 pounds Troy or 


Roman weight; and air. is 860 times lighter than 
water : I demand the weight of a cubic foot of air. 


N. B. A pound Troy contains 12 ounces, one 
ounce 20 penny weights, and one pennyweight' 24 
grains. 

A 4 Anſwer. 
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Anſwer. A cubic foot of air weighs Troy weight 
10. 1 PWh. 5gr. we 


QuesrT, 16. 


The mean time of a lunation, that is, from new moon 
to new moon, is 29 days 12 hours 44 minutes 
and 3 ſeconds; and a Julian year conſiſts of 365 days 
6 hours: I demand then how many lunations are con- 
tained in 19 Julian years, 


Hours in a Lunation 708 
| Minutes 42524 
Seconds 2551443 
Hours in 19 Julian years 166534 
Minutes 9993240 
Seconds 599594400 


- U 
Lunations 235; and 1 hour 28“ 157 over. 


QUEST. 17. 


In what time may all the changes on 12 bells be rung, 


allowing 3 ſeconds to every round ? See Queſtion 
the 76h. 


The number of changes on 12 bells 479001600 
The time 1437004800 feconds, 


or 23950080 minutes, 
or — 399168 hours, 
or 45 years 27 weeks 6 days 18 hours, 
Quxs r. 18, 


A General of an army diſtributes 15 pounds 19 


Snillings and 2 pnce halfpenny among 4 captains, 
5 lieutenants, and 60 common ſoldiers, in the manner 
following: Every captain is to have 3 times as much 


as a lieutenant, and every lieutenant twice as much as 


a common ſoldier; I demand their ſeveral ſhares. 
I The 
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The ſhare of a common ſoldier 35. 44.3. 
of a lieutenant 65. 9d. 4 
of a captain 11. os. 4d. 5 


Queſtions for exercif in the Rule of Three. 
And firſt in the Rule of Three Direct. 


The rule of proportion, or rule of three, or by 
ſome the golden rule, is that which teacheth, hav- 
ing three numbers given, to find a fourth propor- 
tional, that is, to find a fourth number that ſhall 
have the ſame proportion to ſome one of the num- 
bers given, as is expreſſed by the other two; and 
therefore, whenever a queſtion is propoſed wherein 
ſuch a fourth proportional is required, that queſtion is 
ſaid to belong to the rule of proportion. Now in 
queſtions of this nature, eſpecially where the num- 
bers given are not merely abſtract numbers, but are 
applied to particular quantities, three things are 
uſually required, to wit, preparation, diſpoſition, 


and operation. 


Firſt as to the preparation, it muſt be obſerved, that 
of the three numbers given in the queſtion, two will 
always be of the ſame kind, and muſt be reduced to 
the ſame denomination, if they be not fo already; 


ONE, 


diately relates, or which contains the demand: 


and if the remaining number be of a mixt denomi- 
nation, that allo muſt be reduced to ſome ſimple 


Secondly, in diſpoſing the numbers thus prepared, 
thoſe two that are of the ſame denomination mult be 
made the firſt and third nnmbers in the rule of pro- 
portion, and conſequently the remaining number 
muſt be the ſecond. Bur here particular care muſt 
be taken, that of the two numbers that are of the 
ſame denomination, that be made the third in the 
rule of proportion, upon which the main ſtreſs of the 
queſtion lies, or to which the queſtion more imme- 


and 
the 
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the place of this number being once known, the 
other two muſt take their places as above directed. 
This ordering of the numbers for the operation is 
commonly called, ſtating of the queſtion. 

Laſtly, having thus ſtated the queſtion, multiply 
the ſecond and third numbers together; divide the 
product by the firſt, and the quotient thence ariſing 
will be the fourth number ſought; which fourth 
number, as well as the remainder, if there be any, 
muſt always be underſtood to be of the ſame deno- 
mination with the ſecond. As for example. 


Qu sr. 19. 


A piece of plate weighing 3 pounds 4 ounces and 5 
pennyweights, Troy weight, is valued at 5 ſhillings 
and 6 pence an ounce ; what is the value of the 
whole ? 


Here we have three quantities concerned in the 
queſtion, viz. 3 pounds 4 ounces and 3 penny weights; 
one ounce; and 5 ſhillings and 6 pence; whereof 
the two firſt, which are of the ſame kind, muſt be 
reduced to the ſame denomination, and the laſt to 
a ſimple one; thus: for one ounce I write 20 penny- 
weights; for 3 pounds, 4 ounces and 5 penny weights, 
805 penny weights; and for 5 ſhillings and 6 pence, 
66 pence; and fo the numbers are ſufficiently pre- 
pared. In the next place I enquire which of the two 
numbers 20 and 805, which are of the ſame denomi- 
nation, is that upon which the main ſtreſs of the 
queſtion lies, and I find it to be 805; for the main 
buſineſs of this queſtion is, to enquire into the value 
of 805 penny weights of plate; the reſt being no more 
than data in order to diſcover this: So I make 805 
my third number, 20 which is a number of the ſame 
denomination my firſt, and 66 my ſecond, and ſtate 
the queſtion thus; F 20 pennyweights of plate be 
| worth 66 pence, what will 805 pennyweights of plate 

PO be 
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ze worth? Now to anſwer this queſtion, I multiply 
805 by 66, and the product is 53130; this I divide 
by my firſt number 20, and the quotient is 2636, 
and there remains 10, that is, 10 pence; there- 


fore, to render my quotient more compleat, 1 


bring the remaining 10 pence into 40 farthings, and 
ſo divide again by 20, and find the quotient to be 2, 
that is, 2 farthings, without any remainder; ſo the 
value ſought is 2656 pence 2 farthings ; that is, 
11 pounds 1 ſhilling and 4 pence halfpenny. 


A demonſtration of this Praxis. 


Caſe 1ſt. Now to demonſtrate this manner of 
operation, I ſhall reſume the foregoing queſtion, but 
at firſt under a different ſuppoſition, as thus; F one 
pennyweight of plate coſt 66 pence, what will 805 
pennyweights coſt ? Here nobody doubts but that 
upon this ſuppoſition, 805 penny weights will coſt 
805 times 66 pence, or 66 times 895, that is, 53130 
pence; therefore in all inſtances of this kind, that 
1s, where the firſt number in the rule of proportion 1s 
unity, the fourth number muſt be found by mul- 
tiplying the ſecond and third numbers together. 

Caſe 2d. Let us now put the queſtion as it was at 
firſt ſtared, to wit, F 20 pennyweights of plate be 
worth 66 pence, what will 8og pennyweights be 
worth ? Now upon this ſuppoſition it is eaſy to ſee, 


penny weights, will be worth above a 2oth part of 
what they were in the former caſe; and therefore we 
muſt not now ſay that 805 pennyweights are worth 
53130 pence, but a 20th part of. that ſum, vi. 
2656 pence 2 farthings : and as this way of reaſoning 
will be the ſame in all other inſtances, it follows 
now, that In the rule of proportion, let the numbers 
given be what they will, the fourth number muſt be had 
by multiplying the ſecond and third numbers together 
and dividing the product by ihe firjl, Q. E. D. 


QUEST. 


that neither 1 pennyweight, nor conſequently 805 


| 
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QUuEST. 20. 


How far will one be able to travel in - days 8 hours, 
at the rate of 13 miles every 4 hours, allowing 12 
Hours to a travelling day? | 


Anſwer. 299 miles. 
Qu s 1. 21. 


What will 1296 yards of walling amount to, at the rate 
of 4 ſhillings and 5 pence à rod, a rod being 5 yards 
and a half ? 


Anſwer, 52 pounds 8 pence 3 farthings. 
QUEST. 22. 


In the mint of England à pound of gold, that is, 11 
ounces fine and 1 alloy, is at this time coined into 
44 guineas and an half : I demand how much ſterling 
a pound of pure gold is worth, obſerving that the 
alloy is valued at nothing. 


Anſwer, 50 pounds 19 ſhillings and 5 pence 
2 penny. 


Qu zs r. 23. 


What is the annual intereſt of 987 pounds 6 ſhillings 
and 5 pence, at the rate of 6 per cent.? | 


Anſwer. 59 pounds 4 ſhillings and..9 pence 

2 penny. GED 10 
| Q v E 8 1. 24. 

The circumference of the Earth according to the French 
menſuration is 123249600 French feet: Idemand the 
ſame in Engliſh miles, 

N. B. 
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VN. B. A thouſand French feet are equivalent to 
1068 Engliſh feet; 3 feet make a yard, and 1760 
yards make a mile. | 


Anſwer. 131630573 Engliſh feet, 
or 43876857 yards and 2 feet, 
or 24930 miles, 57 yards and 2 feet. 


Qu Es T. 25. 


Suppoſing all things as in the foregoing quęſtion, I demand 
how long a ſound will be in paſſing from pole to pole. 
upon a ſuppoſition that a ſound paſſes over 1142 feet 
in a ſecond of time, | 


Anſwer. 16 hours and 32 ſeconds. 


nr. 26. 


Monfieur Huygens found that at Paris, the length of a 
pendulum that ſwung ſeconds, was three feet 8 lines 
and : I demand its length in Engliſh meaſure. 


Note. A line is Ar part of an inch, and 1000 
French half lines are equivalent to 1068 Engliſh 
half lines, as in the 24th queſtion. 


Anſwer. The length in Engliſh meaſure of a 
pendulum that ſwings ſeconds, is 941 Engliſh half 


lines; or 39 inches 2 lines and . 


Q UE ; T. 27. 


I demand in ho long a time a pipe, that diſcharges 1 5 
pints in 2 minutes 34 ſeconds, will fill a ciſtern that 
35 36 inches deep, 42 inches wide, and 72 inches 
long. (fee queſtion the 14.) 


Anſwer. In 317507 ſeconds; or 8 hours 48' 27%. 
For 
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For as eight pints make a gallon, ſo alſo eight 


cubic half inches, that is, eight ſmall cubes of half 
an inch every way make one cubic inch; therefore 


a pint contains 282 cubic half inches, and fifteen 


pints 4230; but the whole veſſel contains 108864 
cubic inches by queſt, 14; which are equivalent to 
870912 cubic half inches; therefore this queſtion 
ought to be ſtated thus; 


If 4230 cubic half inches be diſcharged in 154 ſeconds 
e time, in what time will 870912 cubic half in- 
ches be diſcharged? And the anſwer is, 


In 8 hours 48' 27” as above. 
QUEST. 28. 


Fa wall 6 feet thick, ꝙ feet high, and 432 feet long, coſt 

720 pounds in building, what will be the price of a 

wall of the ſame materials, that is 12 feet thick, 18 
feet high, and 576 feet long? 


In the former wall are contained 23328 cubic feet ; 
in the latter 124416; therefore the anſwer to this 


- queſtion is 3840 pounds. 


QUEST. 29. 


A certain ſteeple projected upon level ground a dow to 

' the diſtance of 57 yards, when a four-foot flaff. per- 
pendicularly erected caſt a ſhadow of 5, feet 6 inches: 
what was the height of the ſteeple? 


Anſwer. 41 yards 1 foot 4 inches. 


* 


THE RULE OF THREE. 15 
QUEST. 30. 


Two Perſons A and B make a joint flock, A puts in 372 
pounds, and B 4.96 pounds, for the ſame time; and they 
gain 114 pounds 2 ſhillings: 1 demand each man's 
ſhare of the gain. 


Both their ſtocks make 868 pounds; ſay then, if 
868 pounds ſtock bring in 114 pounds 2 ſhillings 
gain, what will 372 pounds, A's part of the ſtock, 
bring in? Anſwer. 48 pounds 18 ſhillings for A's 
ſhare of the gain; and this ſubtracted from the whole 
gain, leaves 65 pounds 4 ſhillings for B's ſhare of 
the gain. p | | 

Note. If there be ever ſo many partners, their 
ſhares of the gain muſt all be found by the rule 
of proportion, except the laſt, which may be had 
by ſubtraction; but it would be better to find them 
all by the rule of proportion, becauſe then, if all 
the ſhares, when added together, make up the whole 


gain, it will be an argument that the work is rightly 
performed. 


Qu sr. zt. 


Two perſons A and B make à joint flock; A puts in 496 
pounds for 2 months, and B 620 pounds for 3 months; 


and they gain 456 pounds: What will be each man's 
ſhare of the gain? 


In order to give an anſwer to this queſtion, it 
muſt be conſidered, that it is the ſame in the caſe 
of trade, as it is in that of money ler out to intereſt, 
where time 1s as good as money, that is, whoever 
lets out 496 pounds for 2 months, is intitlæd to the 
lame ſhare of the whole gain, as if he had let out 
twice as much, that is 992 pounds, for one month: 
in like manner, he that lets out 620 pounds for 3 
months, has a right to the ſame ſhare of the gain, 


the gain? 6 


tute therefore this ſuppoſition and this demand, in- 
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as if he had let out three times as much, that is, 
1860 pounds, for one month: ſubſtitute therefore 
theſe ſuppoſitions inſtead of thoſe in the queſtion, 
which may ſafely be done without affecting the con- 
claſion, and then this queſtion will be reduced to 
the form of the laſt, without any conſideration of 
the particular quantity of time, thus; Two merchants 
A and B make a joint flock; A puts in 992 pounds, 
and B 1860 pounds for the ſame time; and they gain 
456 pounds: What will be their reſpettive ſhares of 
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Anſwer. A's ſhare will be 158 pounds 12 ſhillings 
and 2 pence; and B's, 297 pounds 7 ſhillings and 
10 pence, 
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Ars r. 32. 


If two men in three days will earn 4 ſhillings, how 
much will 5 men earn in ſix days? 
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This and the following queſtion belong to that 
which they call the double rule of three, wherein 3 
numbers are concerned: theſe numbers muſt always 
be placed as they are in this example, that is, the 
two laſt numbers muſt always be of the ſame deno- 
mination with the two firſt reſpectively, and the 
number ſought of the ſame denomination with the 
middle one; then may the queſtion. be reduced to 
the ſingle rule of three two ways, either by ex- 
punging the firſt and fourth numbers, or the ſe- 
cond and fifth. If you would have the firſt and 
fourth numbers expunged, you muſt argue thus ; 
two men will earn as much in three days, as one 
man in two times 3, or 6 days; alſo 5 men will earn 
as much in 6 days, as one man in thirty days; ſubſti- 
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ſtead of thoſe in the queſtion; and it will ſtand thus. 
If one man in 6 days will earn four ſhillings, how 
| | | much 
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much will one man earn in 30 days? Which is as 
much as to ſay, If in 6 days a man will earn 4 * 
how much will he earn in 30 days? 


Anſwer. 20 ſhillings. 
If you . would have the ſecond and fifth numbers 


expunged, you muſt argue thus: Pwo men pill earn 
as much in three days, as 3 times two or 6 men in 


one day; alſo 5 men will earn as much in 6 days, 


as.30 men in one day; put then the queſtion this 
way, and it will ſtand thus; If 6 men in one day 
will earn 4 ſhillings, how much will 30 men earn 
in one day? That is, F in any quantity of time 6 men 
will earn 4 ſhillings, bow much will 30 men earn in 
the ſame time ? | 


Anſwer. 20 ſhillings, as before. 


Whoſoever attends to both theſe methods of ex- 
termination, will eaſily fall into a third, which in- 
cludes both the other, and in praftice is much 
better than either of them; for at the concluſion of 
both operations, the number ſought was found by 
multiplying 3o by 4, and dividing the product by 6: 
Now if he looks back, and traces out theſe numbers, 
he will find that the number 30 came from the mul- 
tiplication of the two laſt numbers 5 and 6 together, 
that 4 was the middle number in the queſtion, and 
that the diviſor 6 was the product of the two firſt 
numbers 2 and 3 multiplied together; therefore, 
In all queſtions of this nature, if the three laſt numbers be 
"multiplied together, and the product be divided by the 
product of the two firſt, the quotient will give the nun 
ſought, without any further trouble. 


tuuſt be refolved as above directed. 
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QuESsT. 33. 


If for the carriage of three hundred weight 40 miles, T 


muſt pay 7 Jong and 6 pence, what muſt I pay for 
'the carriage of 5 hundred weight 60 miles ? 


Anſwer. 225 pence, or 18 ſhillings and 9 pence, 
Oueſtions in the rule of three Inverſe. 


Hitherto. we have inſtanced in the rule of three 
direct; but there is alſo another rule of proportion, 
called the rule of three inverſe ; which, as to the pre- 


= 


838 and diſpoſition of its numbers, differs no- 
h 


ing from the rule of three direct, but only in the 
operation; for whereas there, the fourth number 


was found, by multiplying the ſecond and third 


numbers together, and dividing by the firft ; here 
it is found by multiplying the firſt and ſecond num- 
bers together, and dividing by the third. All that 
remains then, is to be able to diſtinguiſh, when a 
queſtion belongs to one rule, and when to the other; 
in order to which, obſerve the following directions: 
Tf more requires more, or leſs requires leſs, work by the 
rule of three dire; but if more requires Teſs,. or leſs re- 
quires more, work by the rule of three inverſe. The 
meaning whereof is, that if, when the third number 
is greater than the firſt, the fourth muſt be pro- 
portionably greater than the ſecond; or if, when 
the third number is leſs than the firſt, the fourth 
muſt be proportianably leſs than the ſecond, the que- 
ſtion then belongs to the rule of three direct: But if, 
when the third number is greater than the firſt, the 
fourth muſt be leſs than the ſecond; or when the 
third number is leſs than the firſt, the fourth muſt be 
greater than the ſecond; in either of theſe caſes, the 
queſtion belongs to the rule of three inverſe, and 
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THE RULE OF THREE. 19 
As for example, 


QUEST. 34. 


Fi men will eat up a quantity of proviſion in 15 days, 
how long will 20 men be in eating the ſame? 


This queſtion is of ſuch a nature, that more re- 
quires leſs; for 20 men will conſume the ſame pro- 
viſion in leſs time than 12; therefore the queſtion 
belongs to the rule of three inverſe; jo I multply the 
firſt and fecond numbers together, and divide by the 
third, and the quotient 9, that is, 9 days, is an 
anſwer to the queſtion. 3 


A demonſtration of the rule of three inverſe. 


If I was to anſwer this queſtion by pure dint of 
thought, without any rule to direct me, I ſhould 
reaſon thus: whatever quantity of proviſion laſts 12 
men 15 days, the ſame will laſt 1 man 12 times as 
long, that is, 12 times 15, or 180 days; but if it 
will laſt 1 man 180 days, it will laſt 20 men but the 
2oth part of that time, that is, 9 days: here then 
the fourth number was found by multiplying the 
firſt and ſecond numbers together; and dividing the 
product by the third; and the reaſon is the ſame in 
all other caſes, where-ever the rule of three inverſe is 
concerned. Q. E. D. Rn HO | 


Qu=z 8 7. 35. 
One lends me 372 pounds for 7 years and 8 months, or 


92 months : how long muſt 1 lend bim 496 pounds 
for an equivalent ? . EY 


Anſwer, : 5 years, 9 months. 
B 2 | Qu E 5 7. 


2 QUESTIONS 1x - : 


QV728T. 36. A 
If a ſquare pipe, 4 inches and g lines wide, will diſcharge 


a certain quantity of water in one hour's time; in 
* hat time will another ſquare pipe, 1 inch and 2 
lines _ diſcharge the / ame quantity from the ſame 
current? 


The orifice of a Fs pipe 4 inches 5 lines, or 
53 lines wide, contains 2809 ſquare lines; and the 
orifice of a pipe 1 inch 2 lines, or 14 lines wide, 
contains 196 ſquare lines. Say then, if an orifice of 

2809 ſquare lines will diſcharge a certain quantity of 
water in one bour; in what time will an orifice of 196 
ſquare | __ di charge the Jame ? 


Anſwer. In 14 hours 19 54% 
Qs r. 37. 87 
If 3 men, or 4 women, will do a piece of work in 56 


days, how long will one man and one woman be in 
doing the ſame ? 


4 


Becauſe of the 3 men, or 4 women, ſome number 
muſt be found that is diviſible both by 3 and by 4 
without remainder; fuch an one is the numbex 12, 
which is the product of 3 and 4 multiplied together; 
(ſee obſervation the third upon the definition of di- 
viſion :) make then 3 men or 4 women equivalent to 
12 boys, and you will have: r man equivalent to 4 

boys, 1 woman to 3 boys, and 1 man and 1 woman 

to 7 boys, and the queſtion will ſtand thus; F 12 
Boys will do a piece of work: in 56 days,” how "4 _— 
7 boys bein doing the ſame? | 


_ Anſwer. 96 days. 
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QuesT. 38. = 


If 5, oxen, or 7 colts, will eat up a cloſe in 87 days, 
in what time will 2 oxen and 3 colts eat up the 
ſame? ; 0: 99 


Anſwer. In 105 days. 


QUEST. 39. 
If 2 acres of land will maintain 3 horſes 4 days, how 
long will 5 acres maintain 6 horſes ?_ | 
This queſtion may perhaps, at firſt ſight, be taken 
to be ſomewhat of the ſame nature with the 32d 
and 33d queſtions, which belonged to the double rule 
of three direct; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature; for we cannot ſay here as we. did 
there, that 2 acres will laſt 3 horſes as long as x 
acre will laſt 6 horſes; this would be a very unjuſt 
way of thinking, and where-ever it is ſo, the queſtion 
ought to be referred to another rule, which they 
call the double rule of three inverſe; the propriety 
or impropriety of this thought being an infallible 
criterion whereby to diſtinguiſh when a queſtion 
belongs to one rule, and when to the other. All 
queſtions belonging to this rule, as well as thoſe 
belonging to the other, may be reduced to the ſin- 
gle rule of three two ways; either by expunging 
the firſt and fourth numbers, or the ſecond and 
fifth; but then the methods of extermination are 
different. In queſtions of this nature, if the firſt 
and fourth numbers are to be expunged, the 2 firſt 
numbers are to be multiplied by the tourth, and the 
2 laſt by the firſt; but if the ſecond and fifth num- 
bers are to be expunged, then the two firſt numbers 
are to be multiplied by the fifth, and the two la@ 


by the ſecond: thus in the queſtion before us, if we 


B 3 would 
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would exterminate the firſt and fourth numbers, we 
muſt multiply the two firſt numbers, that is, 2 and 
3, by the fourth, that is, by 5, and ſay, that-2 
acres will laſt three horſes juſt as long as 10 acres will 


laſt 15 horſes ; we muſt alſo multiply the 2 laſs 
numbers, to wit, 5 and 6, by the firit, that is, by 2, 


and ſay, that 5 acres will laſt 6 horſes as long as 10 
acres will laſt 12 horſes. Uſe now theſe numbers 


inſtead of thoſe in the queſtion, and it will be 


changed into this equivalent one; If 1o acres of land 
will maintain 15 horſes 4 days, how long will 10 
acres maintain 12 horſes? Strike our of the queſtion 
the firſt and fourth numbers, which, being equal, 
Will be of no uſe in the concluſion, and then the 
que ſtion will ſtand thus; If 15 horſes will cat up a 
certain piece of ground in + days, how long will 12 horſes 
Be in eating up the ſame ? 


Anſwer. 5 days; for this queſtion belongs to the 
rule of three inverſe. 


If we would exterminate che ſecond and fen 
numbers out of the queſtion, we muſt multiply the 
two firſt numbers by the fifth, and ſay, that 2 acres 
will laſt 3 horſes juſt as long as 12 acres will laſt 18 
horſes; we maſt alſo multiply the two laſt numbers by 
the ſecond, and ſay, that 5 acres will laſt 6 horſes as 
long as 16 acres will laſt 18 horſes : uſe theſe num- 
bers inſtead of thoſe in the queſtion, and it will be 
changed into this equiyalent one: If 12 acres will 
maintain 18 horſes 4 days, how long will 15 acres 
maintain 18 horſes ? That is, (ſtriking out the ſecond 
and fifth numbers) If 12 acres of land will maintain a 
certain number of horſes 4 days, how long will 15 acres 
laſt the ſame number? 


Anſwer. 5 days as before; for this queſtion be- 


longs to the rule of three direct. 
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In both theſe operations, the number ſought was 
at laſt found by multiplying 15 by 4, and then di- 
viding the product by 12: now whoſoever looks a 
back upon the foregoing reſolution, and obſerves 
how theſe numbers were formed, he will eaſily per- 
celve, that the number 4 was the middle term in the 

ueſtion; that the number 15 in both operations was 
the product of the numbers 3 and 5, which lay 
next the middle term on each fide; and that the 
diviſor 12 was in both caſes. the product of the ex- 
treme numbers 2 and 6: therefore, In all queſtions be- 
longing to the double rule of three inverſe, where the 
numbers are ſuppeſed to be ordered as in the double rule 
of three direct, if the three middle numbers be multiplied 
together, and the product be divided by the product of the 
two extremes, the quotient of this diviſion will be the 
number ſought. And thus may all the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firſt place, in order to 
let the learner into the reaſon of this laſt theorem, 
which is founded upon it. e 
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Queflions wherein the extraction of the ſquare 
root 1s concerned. 


Que S T. 40. 
There is a certain field, whoſe breadth is 376 yards, and 


whoſe length is 1296 yards: I demand the ſide of a 
ſquare field equal to it, 


Anſwer, This field will be equal to a ſquare whoſe 
ſide is 864 yards, 


QuzsT. 41. 
There is a certain incloſure 3 times as long as it is broad, 


whoſe area is 46128 ſquare yards: I demand its 
breadth and length? 


The breadth multiplied into the length, that is, 
the breadth multiplied into 3 times itſelf, is 46128; 
WA... therefore 
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therefore the breadth multiplied into itſelf is 15376; 
therefore the breadth is 124, and the length 372. 


Qu 1 7. 43. 


A certain ſociety collect among themſelves a ſum amounting 
to 15 pounds 5 ſhillings and a farthing, every one con- 
 tributing as many farthings as there were members in 
the whole ſociety: 1 demand the number of members. 


Anſwer. 121 members. 
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Concerning YVulgar and Decimal Fractions. 


DEFINITIONS. 


FRACTION, ſimply and abſtractedly 

conſidered, is that wherein ſome part 
or parts of an unit are expreſſed: as, if an unit be 
ſuppoſed to be divided into 4 equal parts, and three 
of theſe parts are to be expreſſed, it muſt be done by 
the fraction three fourths, to be written thus +: 
here the number 4, which ſhews into how many 
equal parts the unit is ſuppoſed to be divided, and 
ſo determines the true value, magnitude, or deno- 
mination of thoſe parts, is called the denominator 
of the fraction; and the number 3, which ſhews 
how many of theſe parts are conſidered in the 
fraction, is called the numerator : thus in the fraction 
Tor one half, 1 is the numerator, and 2 the de- 
nominator: in 2 or two halves, 2 is both numerator 
and denominator, &c. 

When a fraction is applied to any particular 
quantity, that quantity is called the integer to the 
fraction; thus in 4 of a penny, a penny is the in- 
REY teger; 
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teger; in three fourths of ſix, the number 6 is the 
integer; thus in three fourths of five ſixths, the 
fraction five ſixths is the integer; for though in an 
abſolute ſenſe it be a fraction, yet here, with reſpect 
to the fraction three fourths, it is an integer: and 
thus may one and the ſame quantity, under differ- 
ent ways of conception, be both an integer and a 
fraction; as a foot is an integer, and a third part of 
a yard is a fraction, though they botly ſignify the 
ſame thing. When the integer to'a fraction is not 
expreſſed, unity is always to be underſtood. Thus 
3. is 4 of an unit; thus when we ſay, + and 4 
make +7, the meaning is, that if 4 part of an unit, 
and + part of an unit be added together, the ſum 
will amount to the ſame as if that unit had been 
divided into 12 equal parts, and 7 of thoſe parts 
had been taken. Thus again, when we ſay that 5 of 
are equivalent to , we mean, that if an unit be 
divided into 5 equal parts, and 4 of them be taken, 
and then this fraction + be again divided into 3 equal 
Parts, and two of them be taken, the reſult will be 
the ſame as if the unit had at firſt been divided into 
15 equal parts, and 8 of them had been taken; and 
| Whatever is true in the caſe of unity, will be equally 

true in the caſe of any other integer whatever. Thus 
if it be true that I and + of an unit are equal to ? 
of an unit, that is, if it be true in general that 5 and 
+ added together are equal to 2, it will be as true 
of any particular integer, ſuppoſe of a pound ſterling, 
that + of a pound, and + of a pound when added to- 
gether, are equal to ,7 of a pound; again, if it be 
true in.general that 3 of + are equal to 7, it is as true 
in particular that + of + of a pound are equivalent ta 
1 of a pound, c. 
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PER, WEE 


0 er and improper fractions; and of the 
. of an . fraction to a whole of 
mixt number. 


. Fi 7 1 * 
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2. Fractions are of two forts, proper and impro- 
per; a proper fraction is that, whoſe numerator is 
leſs than the denominator, as ; therefore an impro- 
per one is that, whoſe numerator is equal to, or 
greater than, the denominator, as 4, 4, Oc. 
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OBJECTION 
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But is there no abſurdity in the ſuppoſition of an 
improper fraction, as in three halves for inſtance, 
conſidering that an unit cannot be divided into more 
than two halves? Anſwer: No more than there is 
in ſuppoſing three halfpence to be the price of any 
thing, conſidering that a penny cannot be divided into 
above two halfpence. Theſe fractions therefore are 
called improper, not from any abſurdity either in the 

ſuppoſition or in the expreſſion, but becauſe they 

may be more properly and more intelligibly expreſſed. 

either by a whole number, or at leaſt by a mixt number 

conſiſting of a whole number and a fradtian. e erex⸗ 

ample, if the numerator of a fraction be equal to the 

denominator, as 4, that fraction will always be equi- 

valent to unity, as 4 of an hour, that is, four quarters 
of an hour, are equivalent to one hour, + of a penny, 
that is, 4 farthings, are equal to one penny, Sc: 
and the reaſon is plain; for if an unit be divided into 
four equal parts, and four of theſe parts be expreſſed 
in a fraction, the whole unit is expreſſed in that 
fraction, that is, ſuch a fraction muſt always be 
looked upon as equal to an unit: therefore if the 
numerator be double of the denominator, as +, the 
fraction muſt be equal to the number a, becauſe £ 
contain ⁊ or I twice; in like manger 7 are equal Ao 
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and may be more properly expreſſed by, the number 
3; * by t the number 4, &c: and univerſally, as 

often as the numerator of a fraction contains the 98 
nominator, ſo many units is that fraction equivalent 
to: But to find how often the numerator contains the 
denominator, is to divide the numerator by the deno- 
minator; therefore if the numerator of an improper 
fraction be divided by the denominator, the quotient, 
if nothing remains, will be the whole number by 
which the fraction may be expreſſed; but if any thing 


remains of this diviſion, then the quotient, together 


with a fraction whoſe numerator is that remainder, 
and denominator the diviſor, will! be a mixt num- 
ber, expreſſing the fraction propoſed, Thus . are 
equivalent to the whole number 8, but *; are equi- 
valent to the mixt number 8 4, to the mixt 
number 8 +, juſt as 24 feet are equal to 8 yards, 
25 feet to 8 yards and 1 foot, 26 feet to 8 yards and 
2 feet, c: and this is what we call the reduction 
of an improper fraction into a whole or mixt num- 
2 | xl 


T be reduction of a whole or mixt number into an 


11nproper Fraction. 


* 


3. As unity may be expreſſed bb any fraQtion: of 
any form or denomination whatever, provided the 
-numerator be equal to the denominator, as 2, 3, 2 
Sc; fo the number 2 is reducible to any fraction 
whole numerator is double the denominator, as 2, 
+, 3, Ce; and ſo is every number reducible to any 
jraction, whoſe numerator contains the denominator 
as often as there are units in the number propoſed: 
therefore whenever a whole number is to be reduced 
to a fraction whoſe denominator is given, it muſt be 
muliiplied by that given denominator, and the pro- 
duct with that denominator under ir, will be the 
W e fraction. Thus, if the number 5 is to be 


reduced 
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Art. 3. 4. 1-FRAICTIDNSY! . -» 
reduced into halves, that is, into a fraction whioſe 
denominator is 2, it muſt be multiplied by 2, and 
ſo you will have 5 equal to , juſt as 5 pence are 
equivalent to 10 halfpence; if the number 8 is tobe 
reduced into thicds, it muſt. be multiplied by 3, and 
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ſo you will have 8 equal to , juſt as 8 yards are 

equal to 24 feet; laſtly, if the number 2 is to be 

reduced into fourths, it will be equal to 5, juſt as 2 

pence are equal to 8 farthings. If the number to 

be reduced be a mixt number, conſiſting of a whole 

number and a fraction, the whole number muſt 

always be reduced to the fame denomination with the 
fraction annexed, and the rule will be this: Multiply 
the whole number by the denominator of the fraction 
annexed; add the numerator to the product, and the 
ſum with the denominator under it will be the 
equivalent fraction. Thus the mixt number 5 4 is 
equivalent to , juſt as 3 pence halfpenny in money 
is equivalent to 11 halfpence: This operation carries 
its own evidence along with it ; for the number ; itſelf 
is equal to as above; therefore 5 : mult be equi- 
valent to : again, the number 8 3 is equal to , 
juſt as 8 yards and 2 feet over are equivalent to 26 feet; 
laſtly, 2 4 is reducible to , juſt as two pence and 3 
farthings are reducible to 11 farthings. _ 


A LEM M A. 


4+ Harp integer be aſſumed, as a pound flerling, and 
alſo any fraction, as 3, 1 ſay then, that + parts 

of one pound amount to the ſame as part of 3 

Parner ing ax 25 5 

To demonſtrate this Lemma (which ſcarce wants 
a demonſtration) I argue thus: If any quantity, 
greater or leſs, be always divided into the ſame 
number of parts, the greater or leſs the quantity © 
divided is, the greater or leſs will the parts be. Thus 
Z Of a yard is 3 times as much as Z of a foot ; be- 
cauſe a yard is 3 times as much as a foot; and for the 


J lame 


pound, I find the value of + of 6 pounds thus; 6 


30 RE DBUCTION oe 
fame reaſon 45 of 3 pounds is 3 times as much us 
of 1 pound; but 4 of one pound are alſo 3 times as 
much as + of one pound; therefore 4 of 1 pound are 
equal to + of 3 pounds, becauſe both are juft 3 times 
as much as + of 1 pound. £2. E. D. 


How to efvimaie any fraftional parts of an Integer 
4 * of 4 leſſer denomination, and Vice ; 5 
Ver | | 


5. This may be done various ways; but the ſhorteſt 
and ſafeſt, as I take it, is that which follows: Sup- 

ſe I had a mind to know the value of 5 of a pound 

ſhould argue as in the foregoing lemma, that ; of 
one pound are the ſame as ; of 5 pounds, but the 
latter is more eaſily taken than the former; therefore 
I apply myſelf wholly to the latter, to wit, to find 
the ſixth part of five pounds, thus: 5 pounds, or 100 
ſhillings, divided by 6, quote 16 fhillings, and 
there remain 4 ſhillings; again, 4 ſhillings, or 48 
pence, divided by 6, quote 8 pence, and there re- 
mains nothing; therefore the value of 1 fixth of 
pounds, or of 1 pound, is 16 ſhillings and 8 pence. 
Again, ſuppoſe I would know the value of 5 of 2 


pounds, or 120 ſhillings, divided by 7, give- 17 
ſhillings, and there remains 1 ſhilling; again, 1 
ſhilling, or 12 pence, divided by 7, gives 1 penny, 
and there remain 5 pence; again, 5 pence, or 20 
farthings, divided by 7, give 2 farthings, and there 
remain 6 farthings; laſtly, a ſeventh part of 6 far- 
things is juſt as much as 5 of 1 farthing, by the 
lemma: hence I conclude, that 5 of a pound are 
17 ſhillings 1 penny 2 2 and +5 of a far- 
thing: But the value of + of a farthing is ſo near to 
one farthing, that if I would rather admit of a ſmall 
inaccuracy in my account, than a fraction, I ſhould 
make the value of 7 of a pound to be 17 ſhillings 

3 1 penny 
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x penny and 3 farthings. Laſtly, ſuppoſe I would 
know the amount of 4. parts of 17 ſhillings and 6 
pence, I ſhould argue thus; + parts of 17 ſhillings 
and 6 pence are equivalent to + part of twice as 
much, that is, to + part of 35 ſhillings: but + part 
of 35 ſhillings is 11 ſhillings and 8 pence; there- 
fore ; parts of 17 ſhillings and 6 pence make 11 
== ſhillings and 8 pence. : 

; Of the reverſe of this reduction, one ſingle in- 
Ws ſtance will ſuffice: Let it then be required to reduce 
Ws 1 ſhilling 2 pence 3 farthings to fractional parts 
of a pound: here I conſider, that in 1 pound are 
960 farthings; and in 1 ſhilling 2 pence 3 farth- 
Ws ings, are 59 farthiogs; therefore 1 farthing is 4+ 
of a pound; and 1 ſhilling 2 pence 3 farthings are 
of a pound. : 


4 "Preparations for further reductions and operations 
of fractions. 


6. All the operations and reductions of fractions 
are mediately or immediately deducible from the 
following principle; which is, that F the numerator 
of a fraction be encreaſed, whilſt the denominator con- 
tinues the ſame, the value of the fraction will be en- 
creaſed proportionably : and vice versi, On the other 
hand, if the denominator be encreaſed in any proportion, 
whilſt the numerator continues the ſame, the value of 
the fraction will be diminiſhed in a contrary proportion; 
and vice verſa, Thus 2 are twice as much as 3, and 
+ is but half as much. | 

From this principle it follows, that if the nume- 
rator and demoninator of a fraction be both multi- 
plied, or both divided, by the ſame number, the va- 
lue of the fraction will not be affected thereby; 
becauſe, as much as the fraction is encreaſed by 
= Pultiplying the numerator, juſt ſo much again it 
vill be diminiſhed by multiplying the denominator ; 
and as much as the fraction is diminiſhed by divid- 
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the terms of the fraction £ being halved, give 4. 


if by 5 13; and fo on ad inſinitum; all which are 
nothing elſe but different expreſſions of the "ſame 


next article. 


its leaſt terms, find out, if poſſible, ſome number 


preſſed in more ſimple terms: this is evident from 
the laſt article. As for example : let the fraction 
be propoſed to be reduced: here, to find ſome 


without any remainder, I begin with the number 2, 
as being the firſt whole number that can have "any 


a NR , 1 
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ing the numerator, juſt ſo much again it will be 
encreaſed by dividing the denominator. Thus the 


terms of the fraction +2 being doubled, produce 2, a 
fraction of the ac” value; and, on the contrary, 


% 
„ Ee SOS 


Hence it appears, that every fraction is capable 
of infinite variety of expreſſion, ſince there is in- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a fraction may be multiplied, 
and ſo the expreſſion may be changed, without 
changing the value of the fraction. Thus the frac- 
tion Z, if both the numerator and denominator be 
multiplied by 2, becomes 4; if by 3, 4; if by 4, 73 


[ y 17 
e By 


fraction: therefore, in the midſt of fo much variety, 
we muſt not expect that every fraction we meet 
with ſhould always be in its leaſt or. loweſt terms; 
but how to reduce them to this ſtate whenever they 


happen to be otherwiſe, ſhall be the buſineſs of the 


. ˙· VV 


The reduction of fractions . higher to Jower 
terms. 


7. Whenever a fraction is ſuſpected not to be in 


that will divide both the numerator and denomina- 
tor of the fraction without any remainder ; for if 
ſuch a number can be found, and the diviſion be 
made, the two quotients thence ariſing will exhibit 
reſpectively the numerator and denominator of A 
fraction, equal to the fraction firſt propoſed, but EX- 


nomber that will divide both the numbers 10 and 15 


4 effect 


Art; 7. FRACTIONS, ' 28 
effect in diviſion; but I find 2 will not divide 153 
g is the next number to be tried; but neither will 
that ſucceed, for it will not divide 10; as for the 
number 4, 1 paſs that by, becauſe if 2 would not 
divide 15, much leſs will 4 do it; the next num- 
ber I try is 5, and that ſucceeds; for if 10 and 15 
be divided by 5, the quotients will be 2 and 3 re- 
ſpectively, each without remainder; therefore the 
fraction 42, after being reduced to its leaft terms; 
is found to be the ſame as 3; that is, if an unit 
be divided into 15 equal parts, and 10 of them be 
taken, the amount will be the ſame as if it had 
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ö been divided into 3 equal parts, and 2 of them had 
; been taken. Secondly, if the fraction propoſed to 
be redyced be 7 divide its terms by 2, and 
f you will have the fraction 2653 divide again by 
4 2, and you will have =; divide again by 2; and 
| | 


you will have 22 5 therefore all further diviſion by 
2 is excluded: divide then theſe laſt terms by 3, 


7 | 

| and you will have 75 divide again by 3, and 
. WH you vill have 5; divide by 5, and you will have 
er 2 and laſtly; divide by 7, and you will have 3; 
* ſo that the fraction = after a common diviſion 
be by 2, 2, 2, 3, 3, 3, 7, is found at laſt equal to 3. 
bit Thirdly, the fraction 434, after a continual diviſion 
. by 242, 3, becomes 4. Fourthly, 22, after a con- 
. fi>val diviſon by 2, 2, 7, becomes 3. Fifchly, 
om =, after a continual diviſion by 2, 2, 3, 3, be- 


me comes 4. Sixthly, =, after a continual diviſion 
by 2, 3, and 7, becomes 3. Scyenthly, 3, after a 
ct 
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continual diviſion by 3, 5, 7, becomes 3. Eighthly, 


Ho? after a continual diviſion by 5 and 7, be- 


comes Ninthly, bY after a continua diviſion 


by 5, 7, 7, becomes 2, or 3. 

. Some perhaps may think themſelves Wnt in the 
practice of this rule by the following obſervations: 

Firſt, that 2 will divide any number that ends with 
an even number, or with a cypher, as 36, 30, &c. 
and no other. 

Secondly, that 5 will divide any number that Ju 
with a 5, or with a cypher, as 75, 70, Sc. and no 
other. 
Thirdly, that 3 will divide any number, when it 

will divide the ſum of its digits added together: 
thus 3 will divide 471, becauſe it will divide the 
number 12, which is the ſum « of the numbers 4, 7, 
and 1. 

Fourthly, if both the numerator and denominator. 
have cyphers annexed to them, throw away as many 


as are common to both: thus > is the ſame as 


LE 4:4 199 De. 
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After all, there is a certain and infallible” rule for 
finding the 'oreateſt common diviſor of any two num- 
bers whatever, that have one, whereby a fraction may 
be reduced to its leaſt terms by one ſingle operation 
only. I ſhall be forced indeed to poſtpone the de- 
monſtration of this rule to a more convenient place, 
not ſo much for want of principles to proceed upon, 
. as for want of a proper notation; but the rule itſelf 
is as follows: Let a and 2 be two given numbers, 
| whoſe greateſt common diviſor is required; to wit, s 
the greater, and & the leſs: then, dividing @ by © 
without any regard to the quotient, call the remain- 
* c; divide again & by c, and call the remainder d. 

4 then 
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then divide c-by d, and call the remainder e; then 
divide 4 by e, and call the remainder 7; and ſo pro- 
ceed on, till at laſt you come to ſome. diviſor, as 7, 
which will divide the preceding number e without a 
remainder : I ſay then, that this laſt diviſor will be 
the greateſt common diviſor of the two given num- 
bers a and 5. As for example; let @ be 1344 and 
3 582: then, to find the greateſt common diviſor of 
theſe numbers, I divide 2 (1344) by & (582) and 
there remains 180, which I call c; then J divide þ 
(3582) by c (180) and there remains 42, which 1 call 
4; then I'divide c (180) by 4 (42) and there re- 
mains 12, which I call e; then I divide 4 (42) by e 
(12) and there remains 6, which I call 7; laſtly I 
divide e (12) by F (6) and there remains nothing: 
whence I conclude that 6 is the greateſt common di- 
viſor of the two numbers 1344 and 582; and as the 
quotients by 6 are 224 and 97, it follows, that the 


fraction 2 when reduced to its leaſt terms, will 


be 72 If no common diviſor can be found but 


unity, it is an argument that the fraction is in its 
leaſt terms already. 465) 

From this and the laſt -article it. follows, that all 
fractions that are reducible to the ſame leaſt terms are 
equal; as 4, 3, +3, &c: which are all reducible to 33; 
though it does not follow 2 converſo, that all equal 
fractions are reducible to the ſame leaſt terms; this 
- will be demonſtrated in another place. (See Elements 
of Algebra, Art. 193. page 290, 4to.) 

For the better underſtanding of the following ar- 
ticle, it muſt be obſerved, that this mark x is a ſign 

of multiplication, and is uſually read into: thus 2 x 3 
- ſignifies 6, 2 X 3X 4 ſignifies 24, 2 K 3 Xx 4 X 5 
ſignifies 120, c.; and in ſome caſes it will be better 
to put down theſe components or factors, than the 
character of the number ariſing from their continual 
multiplication, as in = following article, It ought 
. ; As > . | . alſo 
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alſo to be obſerved, that it matters not in hat order 
theſe components are placed; for 2X ZX 4X 5 lig- 
nifies juſt the ſame as 4 X5X 2X 3, Sc. 


The reduction of fractions of different denommations, 
to others of the ſame denomination. 


8. There is another reduction of fractions, no leſs 
uſeful than the former; and that is, the reduction of 
fractions of different denominations to others of the 
ſame denomination, or which have the ſame denomi- 
nator, without changing their values; which is done 
as follows: Having firſt put down the fractions to 
be reduced, in any order, one after another, and be- 
ginning with the numerator of the firſt fraction, mul- 
tiply it, by a continual multiplication, into all the i 
denominators but its own, and put down the product 
under that fraction; then multiply, in likè manner, 
the numerator of the next fraction into all the de- 

nominators but its own, and put down the product 
under that fraction; and ſo proceed on through all 
the numerators, always taking care to except the de- 
nominator of that fraction whoſe numerator is mul- 
tiplied. Then, multiplying all the denominators to- 
gether, put down the product under every one of 
the products laſt found, and you will have a new 
ſet of fractions, all of the ſame denomination with 
one another, and all of the ſame values with their re- 
ſpective original ones. As for example; let it be 
propoſed to reduce the following fractions to the ſame 
denomination, , 3, 3, 4: 1/t, The numerator of 
the firſt fraction is 1, and the denominators of the 
reſt are, 4, 6, and 8, and 1X 4X 6x 8 gives 1923 
therefore I put down 192 under 3. 24ly, The nu- 
merator of the ſecond fraction is 3, and the denomi- 
nators of the reſt are 6, 8, and 2, and 2% 6X'8 x 2 
gives 288; therefore | put down 288 * 3. Zah, 
S X AX. az Xx 4 gives 320; therefore I put down 
320 under 5. 4th, 7 x 2:X-4 6 gives 336; 2 
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fore I put e. 36 under 4. Laſtly, 2 X4X 6X 8, 
or the product of all the denominators, is 384. This 
therefore I put down under every one of the nume- 
rators laſt found, and have a new ſet of fractions, 
- 192 288 320 33 . 
vir. . 07? 384˙ 385 all of the lama denomina- 
tion, as appears from the operation itſelf; and all of 
the ſame value with their reſpective original ones, as 
will appear preſently; bur firſt ſee the work : 


+ K 
192 288 320 336 


J 384 384 384 
A demonſiration of the rule. 


All that is to be demonſtrated in this rule is, to 
prove from the nature of the operation itſelf, that the 
original fractions ſuffer nothing in their values by this 
reduction: in order to which, it will be convenient 
to put down the components of the new numerators 
inſtead of their proper characters, as in the laſt ar- 
ticle; as alſo cho of the common denominator, and 
the work will ſtand thus: 8 rel eeet-by 


1. eee, eee 


IX4X6X8 gX6X8X%2 5X8X2X4 _ 7X2X4X6, 


' 2X4X6X8" 4X6X8$x2 GOX8X2X4 B8X2X4X6 


By. this method of operation it appears, that the 
numerator and denominator of the firſt fraction , are 
both multiplied by the ſame number in the reduction, 
to wit, by 4X 6X 8; and therefore that fraction ſuf- 

fers nothing in its value, by art. 6, In like manner, 
the terms of the ſecond fraction + are both multiplied 
by the ſame number 6X Xx 2 therefore that fraction 
can ſuffer nothing in its value; and the ſame may be 


ſaid of all the reſt, Q. E. D. 
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720 70 72 720 720 


1. | 
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The uſe of this rule will ſoon appear in the addition 
and ſubtraction of fractions: in the mean time it may 
not be amiſs to obſerve, that it would be very diffi- 
cult, if not impoſſible, to compare fractions of dif- 
terent denominations, without firſt reducing them to 
the ſame. ; As for inſtance; ſuppoſe it ſhould” be 

aſked, which of theſe two fractions is the greater; 
2, or 53,.in this view it would be difficult to deter- 
mine the queſtion; but when I know that 4 are the 
ſame with 33, and that + are the fame with 33, I 
know then, that 4 are greater than 5. by a twenty 
eighth part of the whole. We now proceed to the 
four operations of fractions, to wit, hole addition, 
ſubtraction, multiplication, and diviſion : and firſt, 


Of 2he addition of fradtions. 


1 two or more fractions are to be added 
together, let them firſt be reduced to the ſame deno- 
"mination, if they be not ſo already; and then, adding 
the new nume rators together, put down the ſum with 
the common Cenominator under it. In the caſe of 
mixt numbers, add firſt the fractions together, and 
then the whole numbers: but if the fractions, when 
added together, make an improper fraction, reduce 
it by the 2d art. to a whole or mixt number; and 
then putting down the fractional part, if there be any, 
reſerve the whole number for the place of integers. 


; | To 
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Jo this rule might be referred (if it had not been 
taught already in the gd art.) the reduction of a mixt 
number into an improper fraction, which is nothing 
elſe but adding a whole number and a fraction to- 
gether, and may be done by conſidering the whole 
number as a fraction whoſe denominator is unity. 


Examples of addition of frattions. 


4 -1f, V and % when added together make , for 
W juſt the ſame reaſon as 3 ſhillings and 4 ſhillings when 
= added together make 7 ſhillings. 
2dly, The fractions 4 and + when reduced to the 
ſame denomination by the laſt art. are : and A, and 
theſe added together make 22; therefore the fractions 
and a when added together make up the fraction . 
For a better confirmation of theſe abſtract con- 
cluſions, but chiefly to inure the learner to conceive 
and reaſon diſtinctly about fractions, it may be very 
convenient to apply theſe examples in ſome particular 
caſe; as for inſtance, in the caſe of a pound ſterling; 
and if we do ſo here, we are to try, whether + and + 
of a pound, when added together, amount to r of a 
pound, or not: here then we ſhall find by diviſion, 
that the third part of a pound is 6 ſhillings and 8 
pence, and the fourth part 5 ſhillings; and theſe, 
added together, make 11 ſhillings and 8 pence; 
therefore & and + of a pound, when added together, 
make 11 ſhillings and 8 pence ; but by the gth art. it 
will be found that A of a pound are alſo 11 ſhillings 
and 8 pence; therefore 4 and + of a pound, when added 
together, make A of a pound; and the ſame would 
have been true in any othertinſtance whatever. 
3dly, 4 and +3, that is, 23, and 45, when added 
together, make 3, which will alſo be true in the 
caſe of a pound ſterling; for by the 5th art. J of a 
pound are 8 ſhillings, 4 of a pound are 7 ſhillings 
and 6 pence, and their ſum is 15 ſhillings and 6 
pence; which will alſo be found to be the value of 
C 4 Te of 
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34. of a pound thetefore & and f of a pound; e 
added together, make 4 of a pound. Io 

4thly, + and Ae that i is, 24 and g, when: added 
together; make 44, an improper fraction; which 
being reduced to a mixt number, by the 2d art. is 
1 and 44: let us now try, whether 4 of: a 
and + of a pound when added together will make 
one pound and of a pound over, or not: now 
3 of a pound, or 1 13 ſhillings and 4 pence, added to 
+ of 4 pound, or 16 ſhillings; amount to 1 pound 

9 ſhillings and 4 pence: and of a pound are 
jos to * 9 ſhillings and. 4 pence; therefore 3 and 
+ of a pound, when added together, make one pound 
and +; of a pound over. | 

5thly, 4 —_ 85 that is, 24 and 44; when added 
together make 33, or 4 -wiaikh wilt alſo be true 
in the caſe of a Po. ſterhng. 


o 180 144 
6thly, 2 25 ＋5 I? T3 T3 that is, — TN 720 720? 


=, when added together, make 5 that is, 1 * 


try it in money. 


7155 2 2, 35 Þ +, and 4. that is, 299 460” $40 


g 720 P, 720? 
75 and = when added together, make = ; —.— 205 chat 


: "8th, The ſum of the mixt numbers 74 2 8 ＋ is 
15 12; for the ſum of the fractions is 43 by the ſe- 
cond example, and the n, of the whole numbers 
243: : + 
gthly, 5 + added to 7 + * 13 ++; for the ſum 
of the fractions is 1 441 by the fourth examplez and 
the whole number 1, added to the whole numbers 5 
and 7, gives 13. 

 TOthly, 8 4, 9 3, 10 fl, 11 4, 12 4, added together, 
make 33 FED: for the fractions themſelves make 3 45 


by the leventh example, and the whole number 3 3 
added to the reſt makes 53, 
115155 
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W 11h, The whole number 2 added to the frac· 

oon 3 gives ; for the Whole number 2 may be 
W-onfidered as a fraction, whoſe denominator is uni- 

ty; now = and 4, when reduced to the ſame deno- 
nination, are 4 and 4, whieh added together make 0 


1 


= Thus alſo may unity be added to any fraction 
whatever, when ſubtraction requires it; but better 
us: unity may be made a fraction of any denomi - 
nation whatever, provided the numerator be equal to 
the denominator, by art, 2d: ſuppoſe then I would 
add unity. to 3; I ſuppoſe unity equal to 3, and this 
added to 4 makes 4: again, unity added to + makes 
„ becauſe 4 and + make g. 


Of the ſubtraction of fraction. 


10. Whenever a leſs fraction is to be ſubtracted 
from a greater, they muſt be prepared as in addition; 
that is, they. muſt be reduced to the ſame denomi- 
nation, if they be not ſo already; then, ſubtracting 
the numerator of the leſs fraction from that of the 
W greater, put down the remainder with the common 
denominator under it. In the caſe of mixt numbers, 


t ſubtract firſt the fraction of the leſſer number from 
that of the greater, and then the leſſer whole num- 
a ber from the greater; but if, as it often happens, the 
N greater number has the leſſer fraction belonging to it, 
+ then an unit, muſt be borrowed from the whole num- 
| ber and added to the fraction, as intimated in the 
1 cloſe of the laſt article. Sh 
Examples of ſubtraction in Jractions. 
, 1f, 1 ſubtracted from ++ leaves , juſt in the 
z ſame manner as 3 ſhillings ſubtracted from 4 ſhillings 
3 leave I ſhilling. 0 


adh, 2 ſubtracted from 3, that is 2* ſubtracted | 
from 27, leaves 27, or +54. So 4 of a pound, or 
I 5 ſhillings, 


5 — 
8 


42 
15 ſhiltings, ſubtracted from + of © a+ pound; or: 16 


ſhillings and 8 pence; leaves: TE of a z. chat has, | ; 


1 ſhilling and 8 pence. 

Za, 7 ſubtracted from 8 *, that is, 73 27 ſub- 
tracted from 8 3, leaves 1 4. 

4thly, 74 ſubtrafted from 82, that ia, 5.3 0. 
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trated from 74, leaves 2x, or 3; for here the greater 5 


number having the leſs fraction belonging to it, 1 


borrow an unit from the whole number 8, and ſo 
reduce it 0 7 and then this unit, under the name of . 


+ I add to the fraction , and fo make it 4. 


5110 7+ ſubcratted from 8 , that is, 74 ſub. a 


tracted from 8 3, that is, 7 + ſubtrafted from 72, 5 


leaves 3. 
h, 7 2 ſubtracted from '% that i is, 7+ ſubrraRted 
from 7 4, leaves 3. 


— 


Of the multiplication of frafiions, | 


11. To multiply by a whole number is to take the 
multiplicand as often as that whole number expreſſes: 

therefore to multiply by a mixt number is, not only 
to take the multiplicand as often as the integral part 
expreſſes, but allo to take ſuch a part or parts of it 
over and above, as is expreſſed by the fraction an- 
nexed. Thus 10 multiphed by 24 produces 25: 

for as 2 4 is a middle number between 2 and 3, fo 
the product ought to be a middle number between 
20 and 3o, that is, 25: In like manner 10 multi- 

plied by 1 4 produces 15, and being multiplied by 3 
produces g;: therefore to multiply by a proper fraction 
is nothing elſe but to take ſuch a part or parts of the 
multiplicand, as is expreſſed by that fraction. Cer- 
tainly to take 10 twice and half of it over, once, and 
half of it over no times, and half of it over, 
(which laſt is taking the half of 10), are“ operations 
of the ſame kind, and differ only in degree one from 
another; and therefore, if the two former operations 


paſs by the name of multiplication, this laſt ought to 
do 
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Wo ſo too; and if there be any abſurdity in the caſe, 
nes in the name, and not in the thing. 1 
== Arithmetic was at firſt employed about whole 
Whumbers only, and thus far the name of multiplica- 
on was adequate enough, except in the caſe. of 
Wnity. But it being afterwards conſidered, that no 
vantity whatever could be called an unit, that was 
ot further diviſible; and conſequently, that there 
as not only an infinity of fractional numbers below 
nity, but alſo an infinity of mixt numbers between 
ny two whole numbers whatever; it was judged, 
Nightly enough, that the art of Arithmetic would 
ot be perfect till its operations extended themſelves 
Neo this ſort of number alſo; and this being done 
without changing their names, it was then that the 
name of multiplication became too ſcanty for the thing 
Wienified: this therefore ought to be attributed to the 
unavoidable want of foreſight in the firſt impoſers, 
Wand not to any imperfection in the ſcience itſelf. 
This is no more than the caſe of many other arts and 


: WE ſciences, that have outgrown their names. Thus 
y Geometry, that originally and properly ſignified no 
more than the art of ſurveying, is now defined to be 
ta ſcience treating of the nature and properties of all 
- WY figures, or rather of the different modifications of 


W extenſion and ſpace; ſo that now ſurveying is the 
We leaſt and loweſt part of that ſcience, Thus Hy- 
droſtatics, which originally ſignified no more than 


- the art of weighing bodies in water, or rather the 
rt of finding out the ſpecific gravities of bodies 
n by weighing them in water, is now made the name 
E 


of a ſcience, which treats of the nature and proper- 
ties of fluids in general; and the ſeveral proper - 
ties of air and mercury, ſo far as they are fluids, fall 
under the conſideration of Hydroſtatics, as properly 

as thoſe of water. 1 | 
But perhaps it may be further urged, that to take 
the half of any quantity, is not to multiply, but to 
divide it. To which 1 anſwer; that it is impoſſible 
| | ro 


f 
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to take the half of any quantity without dividing it 
by 2; and conſequently, that to multiply by 4 has: 
the ſame effect as to divide by 2; but this does not 


prove that multiplication is the ſame as diviſion, but 


only that theſe two operations, how contrary ſoever, 
may be made to do each other's buſinefs, which is no 
myſtery. to any, one who is the leaſt converſant in 
Arithmetic; and will be further explained in the next 
article. 0 5 | ; 
A fraction may be multiplied by a whole number 
two ways; either by multiplying -the, numerator by 
that number, or elſe by dividing the denominator by 
the ſame, where ſuch a diviſion is poſſible: thus if 
the fraction +5 be to be multiplied by 2, the product 
will either be *3 by doubling the numerator, or 5 
by halving the denominator : this is evident from 
the 6th art. becauſe a fraction will be equally encreal- 
ed, whether it be by encreaſing the numerator, 0 


by diminiſhing the denominator, 


If a fraction be to be multiplied by a fraction, 
multiply the numerator and denominator of the mul- 
tiplicand, by the numerator and denominator of the WW 
multiplicator reſpectively, and the fraction thence | 
ariſing will be the product ſought; thus if it was re- 
quired to multiply 4 by 3, or (which amounts to the 
ſame thing) if it was required to determine how. much 
is 3 of 4, the anſwer would be 175 and the reaſon is 
plain; for J of 4 is +4, by the (ſixth art. becauſe 
making the denominator three times greater, makes 
the fraction three times leſs; but if J of +4 be ++, 
then 2 of ; ought to, be twice as much, that is +53 
therefore to determine the amount of 2 of 2, the 
- numerator and denominator of ; muſt be multiplied 
reſpectively by the numerator and denominator of 


2 and the ſame reaſon will hold good in all other 
inſtances, | ; 

lf a whole number is to be multiplied by a fraction, 
either change the multiplicator and multiplicand one 
for another, and then proceed as above directed; « 
a elle 
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elſe conſider the multiplicand as a fraction -whoſe de- 


nominator is unity, and ſo proceed according to the 
rule for multiplying one fraction by another; by 


which means both rules will be contracted into one. 
Thus 6, or £, multiplied into 2, produces *2, or 4. 
If the multiplicator, or multiplicand, or both, be 
mixt numbers, they mult firſt be reduced to impro- 
per fractions by the third art. and then be multiplied 
according to the general rule, | 


* 
Examples of multiplication in fractions. 


1, 2 of 3, multiplying numerators together, and 
denominators together, is +4, or +43 and ſo we find 
it in any particular caſe; for + of a pound are 17 
ſhillings and 6 pence; and 2 of 17 ſhillings and 6 
pence, that is (by the 5th art.) 4 of 35 ſhillings, is 
11 ſhillings and 8 pence; therefore 2 of 4 of a pound 
are 11 ſhillings and 8 pence, which will alfo be found 
to be the value of 2 of a pound. k 

Here we may obſerve once for all, that whenever 
two fractions are to be multiphed together, the pro- 
duct will be the ſame, which ſoever it is that multi- 
plies the other, juſt as it is in whole numbers, and 
for the ſame reaſon; for if + be to be multiplied by 
2, then the numbers 7 and 8 mult be reſpectively 
multiplied by 2 and 3; but if 2 is to be multiplied 
by 4, then the numbers 2 and 3 mult be reſpectively 
multiplied by 7 and 8, which amounts to the ſame 
thing; whence it follows, that 3 of , come to the 
ſame as 7 of ;: to confirm this, we have ſeen already 
that 2 of + of a pound amount to 11 ſhillings and 8 
pence ; let us in the next place enquire into the value 


of + of 2 of a pound: now g of a pound are 13 ſhil- 


lings and 4 pence; and + of 13 ſhillings and 4 pence, - 
that is, + of 93 ſhillings and 4 pence, is 11 ſhillings 
and 8 pence; therefore 2 of J of a pound are the 
lame as + of 2 of a pound, ſince both amount to 11 
ſhillings and 8 pence. | 


3 | 24ty, 
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2dly, 2 of 4 of gare, or it; for 2X5 X 9 


make go, and 3X 6 X 10 make 180: thus 2 of a 
pound are 18 ſhillings; and +5 of 18 ſhillings are 15 
ſhillings; and 2 of 15 ſhillings are 10 ſhillings ; 
which are I of a pound. | 
3dhy, 4 of of. 4 are 2: thus 3 of a pound are 15 
ſhillings z and 4 of 15 ſhillings are 11 ſhillings and 
3 pence; and 4. of 11 ſhillings and three pence are 8 
ſhillings and g pence farthing ; which will alſo be 
found to be the value of 44 of a pound. 
athly, The mixt number 6 + multiplied by the 
whole number 7, or the whole number 7 multiplied 
by the mixt number 6 4, will produce in either caſe 
47 2: for the mixt number 6 4 being reduced (by the 
3d art.) to an improper fraction, becomes ; which 


being multiplied by 7, or 4, makes =, or, when 
reduced to a mixt number, 47 4. 


This multiplication may alſo be made another 
way, thus: 4+ multiplied by 7 makes , that is, 
(by the ad art.) 54; put down the fraction 2, and 
keep the 5 in reſerve; then 6 multiplied by 7 makes 
42, which, with the 5 in reſerve, makes 47; there- 
tore the whole product is 47 + as before. | 

5thly, 3 3 multiplied by 2 2, that is, 4 multi- 


plied by 3, makes _ that is, 10: thus 3 + of a 


pound are 3 pounds 15 ſhillings; and twice 3 pounds 
15 ſhillings is 7 pounds 10 ſhillings; moreover 2 of 
3 pounds 15 ſhillings, or + of 7 pounds 10 ſhillings, 
is 2 pounds 10 ſhillings; and theſe 2 pounds 10 
ſhillings, added to the former part of the product, 
to wit, 7 pounds 10 ſhillings, give 10 pounds for 
the whole product; therefore 3 3 of a pound mult 
plied by 2 4 make 10 pounds, FEY 


Gtbhy 
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Stb, 96 x multiplied by 24 , that is, 2, mul- 


2 
14089 
6 3 


tiplied by , gives 
2348 3. 
7thly, 36 4 multiplied into itſelf, that is, =, mul- 


that is, (by the 2d art.) 


tiplied by 5, makes , that is, 1714 7 
Before I put an end to this article, I do not know 

whether it will be thought worth my while to take 

notice of a very abſurd queſtion ſometimes bandied 


about, wherein it is required to multiply 3 of a pound 
by 3 of a pound: I call this a very abſurd queſtion, 


becauſe there is no manner of propriety in it; for in 
the very idea and definition of multiplication, the 
multiplicator at leaſt is ſuppoſed to be an abſtract 
number, or fraction; otherwiſe, what can be the 


meaning of taking the multiplicand as often, or as 


much of it, as is expreſſed by the multiplicator? If 


by multiplying 4+ of a pound by +4 of a pound, be 
meant no more than multiplying + of a pound by . 
why is the word pound expreſſed in the multiplicator? 


and if there be any other meaning in it, why does 


not the propoſer explain it, ſince it is not expreſſed 


in the queſtion ? Let him tell me what he means by 
multiplying 1 pound by 1 pound, and I will ſoon 
undertake to anſwer his queſtion. But if he neither 
can nor will do this, the queſtion neither deſerves 
nor is capable of an anſwer,, I am not ignorant of 
another queſtion more frequently uſed than this, and 


of equal nonſenſe, if cuſtom had not explained it; 


and that is, to multiply 3 yards by 2 yards, and the 
like; whereby is meant, I ſuppoſe, to aſſign the num- 
ber of ſquare yards contained in a rectangled parallelo- 


_ gram, or long ſquare, 3 yards in length, and 2 yards 


in breadth; but if this be the ſenſe put upon that 


queſtion by common conſent, that is all the title it 


has 
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has to it, there being no ſuch thing either expreſſed, 
or ſo much as implied, in the terms of the queſtion, 


A LIE MM A. 


12. Let n be any whole number, mixt number, or frac- 
tion; I ſay then that the quotient of n divided by any 
fraction is equal to the produit of n multiplied into 
the reverſe of that fraction: as for inſtance, 


Let u be divided by 4; I fay that the quotient of 
n divided by 2, will be equal to the product of # 
multiplied by 5: for let be the quotient of 1 di- 
vided by 2; that is, let q be a number expreſſing 
how often the fraction 2 is contained in » 4 then will 
2 multiplied by q be equal to x, from the nature of 
multiplication ; but the product of 4 multiplied by 
is the ſame with the product of q multiplied by 2; 
that is, 2 of q, by the laſt article; therefore n is equal 
to 2 of q; therefore I of x is equal to I of g; there- 
fore 3 of # are equal to ; but + of » is the product 
of n multiplied by ; therefore the product of » mul- 
tiplied by 3 is equal to ; but the quotient of di- 
_ vided by + was 9g, b- the ſuppoſition ; therefore the 

quotient of n divided by 43, is equal to the product 
of u multiplied by 3. Q. E. D. 208 
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Hence may the rule of divifion be at any time 
changed into that of multiplication, only by inverting 
the terms of the diviſor, and then multiplying inſtead 
of dividing. The fame will alfo obtain in whole 
numbers, if they be conſidered as fractions whoſe de- 
nominators are units: thus to divide xz hy 2, that is, 

_ 4, will have the ſame effect as to multiply it by 3, 2 
was hinted in the foregoing article. | 
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Of the diviſion of fractions. 


13. The diviſion of fractions, like all other diviſion, 
is, to find how often one fraction, called the diviſor, 
is contained in another, called the dividend ; and that 
which ſhews this, is called the quotient, whether it 
be a whole number, a mixt number, or a propet 
fraction: for in fractional diviſion the quotient is 
always intended to be exact, without any remainder, 
and therefore muſt ſometimes be a whole number, 
ſometimes @ mixt number, and ſometimes a propet 
fraction. Thus, if 18 is to be divided by 6, the quo- 
tient will be 3; becauſe 18 contains 6 3 times: but 
if 21 is to be divided by 6, the quotient will be 
3 Z; becauſe 21 contains 6 three times, and half of 
it over and above: laſtly, if 3 is to be divided by 6, 
the quotient will be 4; becauſe here the diviſor, 
being greater than the dividend, cannot be ſo much as 
once contained in it, and therefore the quotient in 
this caſe muſt be a proper fraction, that is, 4, ſince 
3 is juſt the half of 6. | 

A fraction may be divided by a whole number 
two ways; either by dividing the numerator by that 
whole number when poſſible, or elſe by multiplying 
the denominator by the ſame: thus the half of + may 
be taken, that is, + may be divided by 2, either by 
halving the numerator, and the quotient will be 2, 
or elſe by doubling the denominator, and then the 
quotient will be , both which amount to the ſame 
thing, by the 6th and 7th articles. 

If the diviſor be a fraction, the quotient may be 
had by multiplying the dividend into the inverted 
diviſor, according to the rales of multiplication al- 
ready laid down : thus if + is to be divided by 2, 
the quotient will be the ſame as the product of + mul- 
tiplied by 2, that is, 44, or 14; the demonſtration 
whereof is contained in the laſt article, 

D | And 


denominator 2 : to demonſtrate which, multiply both 
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And here again, as well as in the eleventh article, 
we are to obſerve, that if either the diviſor or divi- 
dend, or both, be mixt numbers, they muſt be re- 
duced to improper fractions before the general rule 
can have place; and that, if either or both be whole 
numbers, they muſt be conſidered as fractions whoſe 
denominators are units. 

From the general rule of diviſion before laid down 
it follows, that every fraction may be conſidered as 
the quotient of the numerator divided by the denomi- 
nator, and that, whether the terms of the fraction un- 
der conſideration be whole numbers, or (which ſome- 
times happens) mixt numbers, or even pure fractions: 
a demonſtration of this laſt caſe will ſerve for all, ſince 
mixt numbers may be reduced to fractions, and whole 
numbers may be conſidered as fractions whoſe deno- 


. * ] 4 
minators are units. Let the fraction propoſed be; 
T 


I ſay, that this fraction is equal to the quotient 
ariſing from the diviſion of the numerator + by the 


+ the numerator, and g the denominator, by + the 
inverted denominator, and the fraction wiltbe changed 
into this, 443, or 43, being of the ſame value with 


the former, by the 6th art. but the quotient of £ di- 
vided by + is alſo 2 as above: therefore the fraction 


5 is equal to the quotient ariſing from the diviſion of 


the numerator by the denominator : and the fame way 
of reaſoning may be uſed in any other inſtance. This 
conſideration is of very great uſe in Algebra, where 
quantities are very often ſo generally expreſſed, that 
there is no other way of repreſenting the quotient, 
but by a fraction whofe numerator is the dividend, 
and denominator the diviſor. Hence alſo we are 
taught how to reduce a complicated fraction, into a 
fimple one, whoſe numerator and denominator are 
whole numbers, to wit, by dividing the W 
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by the denominator: thus we ſee that 5 is the ſame 
as LADA 


Other examples of diviſion in fractionQs. 


1ft, + divided by r, or, which is the ſame thing, 
z multiplied into 4, makes 73, of 1 5; which ſhews 
that 4 is contained once, and g part of it over and 
above, in : for a further confirmation of this, 4 of 
a pound are 16 fhillings and 8 pence; and + of a 
pound are 15 ſhillings: now 15 ſhillings are once 
contained in 16 ſhillings and 8 pence, and there is 
1 ſhilling and 8 pence over; which 1 ſhilling and 8 
pence is juſt + of 15 ſhillings. To prevent over - 
ſights, the learner is to remember, that ic is the 
terms of the divifor only that are to be inverted, and 
not thoſe of the dividend : thus to divide + by 4 is 
the ſame as to multiply 5 into 4; but not the ſanie as 
to multiply + into £4. | 
2dly, +2. divided by , or multiplied into 4, make 

+3, Or 2 +4, which may be confirmed like the for- 
mer: for ,7 of a pound are 18 ſhillings; and of a 
pound is 6 ſhillings and 8 pence: now 6 ſhillings 
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F and 8 pence are twice contained in 18 ſhillings, and 

n there are 4 ſhillings and 8 pence over ; which 4 ſhil- 

of lings and 8 pence will be found by the 5th art: tobe 
juſt +7 of 6 ſhillings and 8 pence. 

* Za, The whole number 10 divided by 2 4, that 

e e divided by 4, or möltiphed into 4, makes F, 

or 3 757. | 

at 4thly, 2 f divided by , or + divided by , or 

ty multiplied into +5, makes +5, or x4. | 

d, 5thly, 16 f divided by 1 +, that is, divided by 

ve: 4, or multiplied into 5, makes , or 14. | 

are 

cor 
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Further obſervations concerning multiplication and 
diviſion in fractions. 


14. When two fractions are multiplied together, 
or one is divided by the other, it often happens, that 
though the original fractions be both in their leaſt 
terms, yet the product, or quotient from them, ſhall 
be otherwiſe, and require a further reduction: as for 
inſtance, the fractions 5 and +4 are both in their 
leaſt terms; and yet, if they be multiplied together, 
their product 445 is fo far from being in its leaſt 
terms, that it may be reduced to : fo again in di- 
vifion, g and 3+ are fractions both in their leaſt 
terms; and yet if the latter be divided by the for- 
mer, the quotient 444 1s reducible to 34, It may 
not be amiſs, therefore, to enquire into the cauſe of 
this, and fee whether the original fractions may 
be ſo prepared beforehand, as 1 the product, or 
quotient, ſhall always come out in its Jeaſt terms. 

irſt then, as to the multiplication of 4 and 233 here 
it is ealy to ſec, that the product of ; and +4 multi- 
plied together, will juſt amount to the ſame as that 
of & into. 3, the denominators of the fractions being 
interchanged ; this, I ſay, is certain trom the operation 
itſelf; for the ſame numbers are multiplied together 
n both caſes; but theſe laſt fractions are far from 
being in their leaſt terms, the former, 23 being re- 
ducible to Z, and the latter 2 to 2; bur after Sick 
new fractions +5 and 2 are reduced to their jeaſt 
terms & and à their product + will be the ſame in 
value with that of the original fractions, and at the 
ſame time will be in its leaſt terms. Thus then we 
ſee that, to have the product in its leaſt terms, care 
muſt be taken, not only to reduce the original frac- 
tions as low as poſlible, bur after that, to interchange 
. their denominators, and then again to reduce thele 
9 | ES new 
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Art. 14, 13. FRACTIONS. 
new fractions to their leaſt terms, and laſtly, to mul- 
tiply theſe reduced fractions one into another. 

The ſame manner of practice will alſo ſerve for di- 
viſion, after it is reduced to the rule of multiplication: 
as for example; the quotient of 4+ divided by 2, is 
the ſame with the product of A multiplied into ; 
and this again is the ſame with the product of 
multiplied into 43, as above; but bedauſe the frac- 
tions „ and 42 are not in their loweſt terms, they 
muſt be reduced to + and ;; before it can be expected 
that their product 24 ſhould be in its leaſt terms. 
Thus we have reduced the two compendiums of 
multiplication and diviſion, not only to one rule in- 
ſtead of two, as they are commonly given out, bur 
alſo to ſuch a rule as carries its own evidence along 
wich it. N | 

N. B. What was here done by interchanging the 
denominators, and keeping the numerators in their 
places, may as well be done by interchanging the nu- 


merators, and keeping the denominators in their 


places, the reaſon of both being the ſame. 
H the rule of proportion in fractions. 


15, The rule of proportion in fractions is ſo much 
the ſame with the rule of proportion in whole num- 
bers, that nothing more needs to be ſaid of it, except 
to illuſt rate it by an example or two. 


Examples of the rule of propor tion in fr attions. 


ft, If > give, what will + give? Here 3 and 3 
multiplied together give ; and this divided by , 
for multiplied by :) quotes , or , which is an 
anſwer to the queſtion. | 

2dly, If 2 2 give 3 T, what will 4 4 give? Theſe 
mixt numbers, being by the 3d art. reduced to 1m- 
proper fractions, will ſtand thus: If + give , what 
will give? Here and 7 multiplied together 

D 3 give 
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give 5+ or 18; and this divided by 25 quotes 6 3, 
which | is an anſwer to the queſtion, 

34%, If 4 of a yard coft f a pound, what will 4 
of « an ell ct? Here it muſt be obſerved, that an el] 
is x of a yard, and conſequently that 2 of an ell is 
of + or ,3 of a yard; ſo that the queſtion may be 
ſtared thus : If 4 of a yard cot -þ a pound, what 
will A of a Jord toft? Here 3 and r multiplied to- 
gether make 2, and this divided by 4 quotes 44 of 
a pound, or 4 ſhillings and 2 pence; which there- | 
fore i is an anſwer to the queſtion. FI 


The reduction of proportion from Me rear to 

MT COT, MPa? Eee ih terms, 

Whenever two ) fractions are propoſed, as 2 and 3, 
whoſe roportion is deſired in whole numbers, re- 
Aduce the fractions firſt to the ſame denomination by 
the 8th art. that is, in the preſent caſe, to f Ir and 
77 then you will have 4 to 4 as 14 is to 42; but 

is to 47 as 10 to 12, or as 5 to 6; therefore 2 is 
to 4 + as 18 to 6: here we may obſerve, that though 
the finding of the common denominator be neceſſary 
for undetftanding the reaſon of the rule, yet it is not 
at all neceſſary for the practice of it; for to what 
purpo ſe is it to find the common denominator, to 
throw it away again when we have done? In practice, 
| therefore, multiply the numerator of the fraction 
which is the firſt in the proportion, by the denomi- 
rator of the ſecond, and then the numerator of the 
- ſecond fraction by the: 'denominator of the firſt, 'and 
the two products will exhibit reſpectively the propor- 
tlon of the firſt fraction to the ſecond in whole num- 
bers, as was ernten in the foregoing example. * 


. 


Of the extroflion of roots in. frattiqns. 


16, As every fraction is ſquared, or multiplied into 
itie's, by TY both the numerator and denomi- 
1's; | Nator 


Art. 16. 1d FRACTIONS. 53 
nator (ſee art. 1 1. ), ſo & converſo the ſquare root of 
every fraction will be obtained by extracting the 
ſquare root both of the numerator and denomina- 
tor: thus the ſquare of 4 is 43, and the ſquare root 
of +2 is 3, But here care muſt be taken, Whenever 
the ſquare root of a fraction is to be extracted, that. 
the fraction itſelf be firſt reduced to its ſimpleſt 
terms, by the 7th art. otherwiſe the fraction may 
admit of a ſquare root, and yet this root may not be 
diſcovered : thus, if it was required to extract the 
ſquare root of the fraction 32, it would be impoſſible 
to obtain the rooteither of 18 or 32; and yet when 
this fraction is reduced to its leaſt terms , its ſquare 
root will be found to be 4. £ 
When the ſquare root of a number cannot be ex- 
trated exactly, it is uſual to make an approximation 
by the help of decimals, or otherwiſe, and ſo to 
approach as near to the value of the true root as 
occalion requires. Now in the caſe of a fraction, 
if the ſquare rqot of neither the numerator nor deno- 
minator can be exactly obtained, there will be no 
neceſſity however for two approximations, becauſe 
ſuch a fraction may be eaſily reduced to another of 
the ſame value, whoſe denominator 1s a known 
ſquare: as for inſtance; ſuppoſe the ſquare root of 
46 4, or = was required: I multiply bath the nu- 
merator and denominator of this fraction by 5, and 
ſo reduce it to : Here the denominator 25 


is a known ſquare number, whoſe root is 5; and the 
{quare root of 1155 is 34 nearly; therefore, the ſquare 
root of the fraction propoſed is nearly , or 6 4. 
Bur, after all, the beſt way of extrafting the ſquare 
root of a vulgar fraction, is by throwing it into 
a decimal fraction, as will be fhewn hereafter. 

Note, That whatever has here been ſaid concerning 
the extraction of the ſquare root in fractions may 


>> 
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36 0p Decimal Fraflim, Introd. 
eaſily be applied, mutatis mutandis, to the extraction 
of the cube root, c. 5 


Of decimal fractions. 
And firſt of their notation, 


17. A decimal fraction is a fraction whoſe deno · 
minator is 10, or 100, or 1000, or 10000, Sc. and 
this denominator is never expreſſed, but always un- 
derſtood by the place of the figure it belongs to: 
for as all figures on the left hand of the place of 
units riſe in their value, according to their diſtances 
from it, in a decuple proportion; ſo all figures on 
the right hand of the place of units ſink in their 

value in a ſubdecuple proportion; as for inſtance 
the number 345.6789, where 5 ſtands in the place 
of units, is to be read thus; three hundred forty five, 
fix tenths, ſeven hbundreath parts, eight thouſandth 
parts, nine ten-thouſandth paris: or the decimal parts 
may be read thus; /ix thouſand ſeven hundred eighty 
nine ten-thouſandth parts ; the denominator being ten 
thouſand, becauſe the laſt figure 9, according to the 
former way of reckoning, ſtands in the place of 
ten · thouſandthi parts. The reaſon of this latter way 


k a . 6000 
of reading is plain; for 45 are 


7 
„ and — are 


10000 
oo 8 80 bGoco 00 8 
1000 1000 _.” 10000 I0000 10000 
. 6789 
and —?—, all added together, make 229, - 
10000 D 10000 | 


Cyphers are uſed in the expreſſion of decimals as 
well as whole numbers, and for the ſame reaſon, 
Thus .067 may be read either no tenths, fix hundredth 
parts, ſeven thouſanath parts; or ſixty ſeven- tbeuſandih 
parts. But cyphers on the right hand of a decimal 

number (if nothing follows them) are as inſignificant 
as cvphers on the left hand of a whole number; and 
yet cyphers are ſometimes placed after decimals, for 
8 | the 
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the ſake of regularity; or when we want to increaſe 
the number of decimal places, | 

From what has here been ſaid, it will be eaſy to 
multiply or divide any number by 10, 100, 1000, 
Sc. only by removing the ſeparating point towards 
the right or left hand. Thus the number 345.6789 
being multiplied by 10, becomes 346.789; and 
being multiplied by 100, becomes 34567.89: and 
the ſame number 345.6789 being divided by 10, 
becomes 34+-56789; and being divided by too, 
becomes 3.456789: thus again, the number 345 
being divided by 10000, becomes . 0345; for to 
divide by 10000, 1s the ſame thing as to remove the 
ſeparating point 4 degrees towards the left hand, if 
there be any ſeparating point in the number given; 
but if there be none, as in the preſent caſe, then ta 
put a ſeparating point four degrees towards the left 
hand, which in this example cannot be done, but by 
the help of a cypher in the firſt decimal place. 


o 
Of the addition and ſubtraction of decimal 


fractions. 


18. The chief advantage of decimal arithmetic 
above that of common fractions, conſiſts in this, 
that in decimals all operations are performed as in 
whole numbers: this will preſently appear from the 
ſeveral parts of decimal arithmetic, as they come 
now to be treated of in order; and firſt of addition 
and ſubtraction. | 
Addition and ſubtraction in decimals are performed 
after the ſame manner as in whole numbers, care 
being taker, that like parts be placed under one 


another: as for example, ,567 are added to. .89 
thus ; 


89 89 890. 
507 ſubtracted thus; . 567; or thus; . 567, 
47 323 „ 


Of 


13 
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Of the multiplication of decimal fra&ions. 


19. Multiplication of decimals is alſo performed as 
in whole numbers, no regard being had to the deci- 
mals as ſuch, till the product is obtained; but then, 
ſo many decimal places muſt be cut off from the 
right hand of the product, as are contained both in 
the multiplicator and multiplicand: as for inſtance; 
let it be required to multiply 4.56 by 2.3: here, 
conſidering both factors as whole numbers, I mul; 
tiply 456 by 23, and find the product to be 10488 ; 
but then, conſidering that there was one decimal in the 
multiplicator, and two in the multiplicand, I cut 
off three decimal places from the right hand of the 
product, and the true product ſtands thus; 10.488. 

To ſhew the reaſon of this operation, let the two 
factors be reduced to ſimple fractions according to 
the common.way, and we ſhall have 2.3 equal to 


23. and 4-56 equal to i, and theſe two fractions 


multiplied together make = divide by 10000, 


which is done by cutting off the three laſt figures, 
according to art. the 17th, and the quotient will be. 
10.488. Another example may be this: let it be 
required to multiply 45600 by .23: the product of 
45600 multiplied by 23 is 1048800 : but as there 
were two decimals in the given multiplicator, and 
none in the multiplicand; I cut off two decimal 
places from the Jaſt product, andꝰ the true product 
will be found to be 10488. 00, or 10488. Laſtly, 
let it be required t multiply 000456 by .23: here, 
neglecting the initial cyphers in the multiplicand, I 
multiply 456 by 23, and the product is 10488: 
then | conſider, that there were two decimal places in 
the multiplicator, and fix in the multiplicand, and 
conſequently that eight decimal ptaces are to be cut 
off from the laſt pradug ; bur the laſt product 

conſiſts 
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conſiſts of only 5 places; therefore I place three cy- 
phers to the left hand, with the ſeparating point be- 
fore them, and ſo make the true product. ooo 10488. 
There are variouscompendiums of this ſort of mul- 
tiplication to be met with in Oughtred and others; but 
they are ſuch as, by a little exerciſe, any one tolerably 
well grounded in this part of Arithmetic will eaſily 
diſcover of himſelf as they lie in his way, | 


Of the divifion of decimal fraftions. 


20. Diviſion in decimal fractions is performed, firſt 
by conſidering them as whole numbers, and dividing 
accordingly; and then cutting off from the right 
hand of the quotient, as many decimal places as the 
dividend hath more than the diviſor, The reaſon 
whereof is manifeſt from the 19th article z for ſince 
the diviſor and quotient multiplied together are to 
make the dividend, the diviſor and quotient ought 
to have as many decimal places between them, as 
there are in the dividend; therefore the quotient 
alone ought to have as many decimal places as the 
dividend hath more than the diviſor. 

Example the 1ſt; Let it be propoſed to divide 
10.488 by 2.3: here dividing the whole number 
10488 by the whole number 23, I find the quotient 
to be 456: but then conſidering that there were 

decimal places in the dividend, and but one in'the 
diviſor, I cut off two places from the right hand of 
the quotient, and ſo make the true quotient 4.56. 

Example 24; Let it be propoſed to divide 5678.9 
by .06: here, becauſe there are two decimal places in 
the diviſor, and but one in the dividend, I ſupply 
the deficient place by putting a cypher after the di- 
vidend, thus, $5678.90; then dividing the whole 
number 567890 by the whole number 6 (for ſince 
6 is now conſidered as a whole number, the cypher 
before it may be negleſted), I find the quotient to 
be 94648, which is not to be ſunk, becauſe the di- 

e 8 | vidend 
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vidend was made to have as many decimal places as 
the diviſor ; but as this quotient is not exact, if for a 
greater degree of exactneſs I would continue it to any 
number of decimal places, ſuppoſe 2, inftead of one 
cypher after the diviſor, I would have put three, and 
then the quotient would have come out 94649. 33, and 
this quotient is much more exact than the former, as 
lying between 94648.33 and 94648.34: but it 
ought further to be oblerved concerning this quo- 
tient, that if the diviſion was to be continued in infi- 
nitum, the figures in the decimal places would be all 
2's: this is evident from the work; for the two laſt 


dividuals are the fame, and therefore they muſt all 
be the ſame. 


To reduce a vulgar ſraftion to a decimal fraction. 


21. Since every fraction may be confidered as the 
quotient of the numerator divided by the denomina- 
tor (fee art. r3th,) we have an eaſy role for redu- 
cing a vulgar fraction to a decimal fraction, which is 
as follows: put as many cyphers after the numera- 
tor as are equal in number to the number of decimal 
places whereof you intend your reduced fraction to 
conſiſt, and call theſe cyphers decimal; and then 
dividing the numerator by the denominator, the quo- 
tient will be a decimal number equal to the fraction 
firſt propoſed, or perhaps a mixt number, if the 
fraction propoſed was an improper one. r 

Example 1½; Let this fraction 45 be propoſed to 
be reduced to a decimal one conſiſting of four deci- 
mal places; here putting 4 decimal cyphers after the 
numerator 3, I divide 3.0000 by 49, and the quo- 
tient uncorrected is 612 : but now conſiderimg that 
there were 4 decimal places in the dividend, and none 
in the diviſor, and conſequently that four decimal 
places are to be cut off from the quotient, whereas 
it conſiſts bur of three; I ſupply this defect of places 
by a cypher at the left hand, and fo make the quo» 
tient .oQ12, CLE 


Example 
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Example 24; Let this fraction ++ be propoſed to 
be reduced to a decimal fraction, conſiſting, if poſ- 
ſible, of fix places: here dividing 7.000000 by 16, 
find the true quotient to be .4375, the two laſt cy- 
phers in the dividend being uſeleſs. 

Note. When this diviſion runs ad infinitum, it will 
be impoſſible for the reduction to be exact in a finite 
number of terms; but an approximation may be 
made, that ſhall come nearer to the quotient than the 
leaſt aſſignable difference, by taking more and more 
terms. 


To reduce the decimal parts of any integer to ſuch 
other parts as that integer is uſually divided into. 


22. To explain this rule, and to give an example 
of it at the ſame time; let .345 of a pound fterling, 
that is, three hundred forty five thouſandth parts of 
a pound, be given to be reduced into ſhillings pence 

and farthings: here then I obſerve, that as any num- 
ber of pounds, multiplied by 20, will give as many 
ſhillings as are equal to the pounds, ſo any decimal 
parts of a pound, multiplied by 20, will give as many 
ſhillings, and decimal parts of a ſtfliling, as are equi- 
valent to the decimal parts of a pound; and ſo on 
as to pence and farthings: multiplying therefore 
345 by 20, the product is 6 and . 900, or 6.9, 
which ſignifies, that .345 of a pound are equivalent 
to ſix ſhillings and nine tenths of a ſhilling, which is 
uſually written thus; 6.9 ſhillings: again, multi- 
plying this laſt decimal .9 by 12 for pence, I find 
that .9 of a ſhilling are equivalent to 10.8 pence: 
laſtly, multiplying .8 by 4 for farthings, I find that 
8 of a penny are equivalent to 3.2 farthings; as 
for the .2 of a farthing, 1 neglect it, there being no 
lower denomination, or at leaſt not intending to de- 
ſcend any lower; and ſo I find .345 of a pound to 
amount to fix ſhillings and ten pence three 2 
| | To 


—— — — — —— 
— — — 


6 àà—ꝗ— ny og 
— 


— — — — I > — => 2 = = 


> — 
— — — — 
- — — — — 
—V2— — — — — 


- — - — —— 
_ = - — * 
— 
- —— — — 


— — 3 
— —e I. — — — = 2 WIC 
— — — — — — = 


— — — ͥ —„—t — — 
_ — — — . — nr ett 
— — — — - 

— - 


this vulgar fraction to an equivalent decimal, by the 


therefore 2 hours 34 minutes 56 ſeconds are 
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To reduce the cominon parts of any integer into 
equivalent decimal parts of the ſame. 


23. This reduction being the reverſe of the former, 
it might be performed by diviſion, as that was by 
multiplication; but, when all things are conſidered, | 
do not know whether the following method may not 
be thought as eaſy and as intelligible as any: let it 
then be required to reduce 2 hours 34 minutes 56 
ſeconds into equivalent decimal parts of a day, 
Now in one day there are 86400 ſeconds; and in 
two hours 34 minutes. 56 ſeconds there are g296 
ſeconds; therefore two hours 34 minutes 56 ſe- 


; 6 
conds are equivalent to re of one day: reduce 


laſt article but one, and you will find it to be. 10759; 


equivalent to. 10759 of one day. But there is one 
article ſtill remains to be adjuſted, and that is, to 
how many decimal places the foregoing fraction muſt 
be reduced, ſo as to expreſs accurately enough the 
parts of a day to a ſecond of time. Now to know 


this, I conſider that one ſecond of time 15 . * of 


one day; therefore I reduce 78755 to a decimal 
fraction, at leaſt as far as to the firſt ſignificant figure, 
and find it to be .00001; whence I conclude, that 
to expreſs the parts of a day to a ſecond of time by 
any decimal, that decimal muſt not conſiſt of fewer 
than 5 places, becauſe there were 5 places in the de- 
cimal fraction. ooo No to ſhew that the deci- 
mal fraction above found, to wit, . 10759 expre ſſes 
the time propoſed to a ſecond, reduce it back again, 
by the laſt art. and you will find it amount to 2 hours 
34 minutes 55.8 ſeconds. 1 185 
For another example, let us take the reverſe of 
that in the laſt art. that is, let it be propoſed to re- 
4 duce 
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duce 6 ſhillings 10 pence 3 .2 farthings into equi- 
valent decimal parts of a pound: one pound con- 
rains 960 farthings, or 9600 tenths of a farthing; 
and 6 ſhillings 10 pence 3 .2 farthings contain 3312 
tenths of a farthing; therefore 6 ſhillings 10 pence 


3.2 farthings are equivalent to —— of a pound; 


but ow being reduced to a decimal, is, .0001 &c. 


wherein the firſt ſignificant figure is in the 4th place 


therefore I reduce the fraction 2 to four deci- 


mal places, and they amount to. 3430, that is, . 345 
of a pound; ſo that in this particular caſe three 
decimal places are ſufficient to expreſs exactly the ſum 
propoſed, 
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Of the extraction of the ſquare root in decimal 
fractions. 


24. Having treated of the multiplication and divi- 
ſion of decimal fractions, it would be altogether 
needleſs to ſay any thing concerning the rule of pro- 
portion, which is but a particular application of both: 
therefore | ſhall now paſs on to the extraction of the 
ſquare root, at leaſt fo far as it concerns decimal frac- 
tions. There are but few ſquare numbers, or ſuch 
as will admit of an exact ſquare root, in compariſon 
of the reſt; and therefore, whenever a number is pro- 
poled to have its ſquare root extracted, the artiſt 
muſt firſt determine with himſelf, to how many de- 
cimal places it is proper the root ſhould be continued; 
and then, by annexing decimal cyphers, if need be, 


cc 


" to the right hand of the number propoſed, he muſt 
4 make twice as many decimal places there as the root 
„ is to conſiſt of; after this, he muſt put a point over 


the place of units, and then, paſſing by every other 
figure, he maſt point in like manner all the reſt, 
both to the right hand, and to the left: by this 

e means 
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64 Of decimal Fra#ions. Introd. 
means the number will be prepared, and the ſquate 
root may be extracted as in whole numbers, provided 
that ſo many decimal places be cut off from the root 
when obtained, as were firſt deſigned. 

Example 1; Let the root of 2345.6 be required 
to two decimal places. The number, when prepared, 


ſtands thus, 2 345.6000, or as a whole number, thus, 
23456000; and its ſquare root, when extracted, will 
be 4843 nearly; and therefore 48.43 will be the root 
ſought. To try this root 48.43, multiply it into MW 
itſelf, and the four firſt figures of the ſquare will be 


2345, which are all true; nor can it be expected any 


more ſhould be ſo, becauſe there were but four places 
true in the root, no notice being taken of the reſt; 
bur had the root been extracted true to 5 places, that 
is, to as many places as the original ſquare conſiſted 
of, it would then have been 48.431 3 mulciply this 
number into itſelf, and 5 of the firſt figures of the 
product, taken with the leaſt error, will be 2345.6, 


which is the original ſquare itſelf. 


Example 2d; Let the root of .0023456 be rt- 
quired to 5 decimal places. Here putting a cypher 


© .002 3456000, I extract the ſquare root of 23450000 
as of a whole number, and find it to be 4843, as 
above: but, conſidering that this root is to be ſunk 5 
places, I put a cypher to the left hand, and fo make 
the true root. 4843. | 

That the ſuppoſed ſquare ought to have twice as 
many decimal places as the root, is evident, both 4 
priori, and 7 poſteriori: d priori, becauſe in extract- 


ing the ſquare root, two figures are brought down 


from the ſquare for every ſingle figure gained in the 
root; and à poſteriori, becaule the root multiplied 
into itſelf is to produce the ſquare; and therefore, 
from the nature of multiphcation, the ſquare ought 
to have twice as many decimal places as the root. 


THE 


THE 


The D efrnition of Algebra. 


. 


Aft, 1. SHALL not here detain the young 
ſtudent with a long hiſtorical account of 
the riſe and progreſs of Algebra ; nor 

| even ſo much as with either the etymo-. 

logy or ſignification of the word; which would con- 
tribute but very little to his information, till he has 
made a further progreſsin the ſcience itſelf, and where- 
bf he will find enough in Dr. Vallis and others. Nor 
indeed is it a ſubject altogether ſo proper at this time 
to be inſiſted upon ; this art, like many others, ha- 
ving now conſiderably outgrown its name, and bei 

often employed in arithmetical operations very dit- 
ferent from what its name imports. All I ſhall ad- 
vance then, by way of definition, is, that Algebra, in 
the modern ſenſe of the word, is the art of computing 
by ſymbols, that is, generally ſpeaking, by letters of 
the alphabet; which, for the ſimplicity and diſtinct- 
neſs both of their ſounds and characters, are much 
more commodious for this purpoſe than any other 

ſymbols or marks RT" e 

| "CY | In 
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In this way of notation, it is uſual to ſubſtitute let- 
ters not only for ſuch quantities as are unknown, and 
conſequently ſuch as cannot well be repreſented other · 
wiſe, but alſo for known quantities themſelves, in 
order to keep them diſtinct one from another, and to 
form general concluſions. As for inſtance; ſuppoſe 
it was demanded of me, what two numbers are 
thoſe, whoſe ſum is 48, and whoſe difference is 14: 
here, if I only put x, or ſome other letter, for one 
of the unknown quantities, and uſe the known ones 
48 and 14 as I find them in the problem, 1 ſhall 
only come to this particular concluſion, to wit, that 
the greater number is 31, and the leſſer 17, which 
numbers will anſwer both the conditions of the prob- 
lem. But if, inſtead of the known numbers 48 and 
14, I ſubſtitute the general quantities @ and 6 reſpec- 
tively, and ſo propole the problem thus; What two 
numbers are thoſe, whoſe ſum is a, and whoſe difference | 
is b? I ſhall then come to this general concluſion; 
viz, that Half the ſum of a and b will be the greater 
number, and half their difference will be the leſs : which 
general theorem will ſuit not only the particular caſe 

| abovementioned, but alſo all other caſes of this pro- 
blem that can poſſibly be propoſed. How I come by 
theſe two concluſions, will be ſufficiently ſhewn in 
the courſe of this work; as alſo many other advan- 
rages attending this way of ſubſtituting letters for 
known quantities, beſides thoſe already mentioned. 
What I have here ſaid, was only to illuſtrate in 
ſome meaſure the definition already given of Alge- 
bra, and to ſhew, that letters are there uſed, not ſo 
much to ſignify particular quantities as ſuch, as to 
ſignify the relation they have to one another in any 
problem or computation. From all which it may be 
obſerved, that letters repreſent quantities in Algebra 
uſt in the ſame manner as they do perſons in com- 
mon life, when two or more perſons are diſtinctly to 
be conſidered, with regard to any compact, law- ſuit, 
or in any other relation Whatever, 1 
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N. B. A ſingle quantity is ſometimes repreſented 
by two or more letters, when it is conſidered as the 
product of the quantities ſignified by thoſe letters 
ſingly : thus 46 is the product of the multiplication 
of a and bz and abc is the product ariſing from the 
continual multiplication of a, 6, and c. But of this 
more particularly under the head of multiplication. 


Of affirmatrve and negative quantities in algebra. 


2. Algebraic quantities are of two ſorts, affirma- 
tive and negative: an affirmative quantity is a quan- 
tity greater than nothing, and is known by this 
ſign +: a negative quantity is a quantity leſs than 
nothing, and is known by this ſign —: thus + 4 
ſignifies that the quantity à is affirmative, and is to 
be read thus, plus a, or more a: — 5 ſignifies that 
the quantity & is negative, and mult be read thus, 
minus b, or leſs 5. SOT | | 

The poſſibility of any quantity's being leſs than 
nothing is to ſome a very great paradox, if not a 
downright abſurdity; and truly fo it would be, if we 
ſhould ſuppoſe it poſſible for a body or ſubſtance to 
be leſs than nothing. But quantities, whereby the 
different degrees of qualities are eſtimated, may be 
ealily conceived to paſs from affirmation through 
nothing into negation, Thus a perſon in his for- 
tunes may be ſaid to be worth 2000 pounds, of 1000, 
or nothing, or — 1000, or — 2000; in which two 
laſt caſes he is ſaid to be 1000 or 2000 pounds worſe 
than nothing: thus a body may be ſaid to have 2 
degrees of heat, or one degree, or no degree, or — 
one degree, or — two degrees: thus a body may be 
ſaid to have two degrees of motion downwards, or 
one degree, or no degree, or — one degree, Of — 
two degrees, c. Certain it is, that all contrary 
quantities do neceſſarily admit of an intermediate ſtate, 
which alike partakes of both extremes, and is beſt 
repreſented by a cypher or o: and if it is proper to 
2 E 2 ſay, 
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ſay, that the degrees on either ſide this common limit 
are greater than nothing; I do not ſee why it ſhould 
not be as proper to ſay of the other fide, that the 
degrees are leſs than nothing; at leaſt in compariſon 
to the former. That which moſt perplexes narrow 
minds, in this way of thinking, 1s, that in common 
life, moſt quantities loſe their names when they ceaſe 
to be affirmative, and acquire new ones fo ſoon as 
they begin to be negative: thus we call negative 
goods, debts; negative gain, loſs; negative heat, 
cold; negative deſcent, aſcent, &c : and in this ſenſe 
indeed, it may not be ſo eaſy to conceive, how a 
quantity can be leſs than nothing, that is, how a 
uantity under any particular denomination can be 
fad to be leſs than nothing, ſo long as it retains that 
denomination. But the queſtion is, whether, of two 
contrary quantities under two different names, one 
tity under one name may not be ſaid to be leſs 
than nothing, when compared with the other quan- 
tity, though under a different name; whether any 
degree of cold may not be ſaid to be further from 
any degree of heat, than is lukewarmth, or no heat 
- at all. Difficulties that ariſe from the impoſition of 
ſcanty and limited names, upon quantities which in 
themfelves are actually unlimited, ought to be charged 
upon thoſe names, and not upon the things them- 
ſelves, as I have formerly obſerved upon another oc- 
caliong. ſee introduction, art. 11. In Algebra, where 
quantities are abſtrattedly conſidered, without any 
regard to degrees of magnitude, the names of quan- 
tities are as extenſive as the quantities themſelves ; fo 
that all quantities thatdiffer only in degree one from 
another, how contrary ſoever' they may be one to 
another, paſs under the ſame name; and affirmative 
and negative quantities are only diſtinguiſned by their 
figns, as was obſerved before; and not by their names; 
the ſame letter repreſenting both: theſe ſigns there- 
fore in algebra carry tlic ſame diſtinction along with 
them as do particles and adjectiyes ſometimes in com- 
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mon language, as in the words convenient and incon- 
venient, happy and unhappy, good health and bad 
health, &c. ITT, 

Theſe affirmative and negative quantities, as they 
-are contrary to one another in their own natures, ſo 
likewiſe are they in their effects; a conſideration which, 
if duly attended to, would remove all difficulties con- 
cerning the ſigns of quantities ariſing from addition, 
ſubtraction, multiplication, diviſion, c: for the re- 
ſult of working by affirmative quantities in all theſe 
operations is known; and therefore, like operations in 
negative quantities, may be known by the rule of 
contraries. 

Before we proceed any further, it may not be amiſs 
to advertiſe, that if a quantity has no ſign before it, 
it muſt always be taken to be affirmative; and that if 
it has no numeral coefficient before it, unity muſt al- 
ways be underſtood: thus 2 a fignifies 4- 2 a, and a 
ſignifies 1 6 or + 1 4. 

By the numeral coefficient of a quantity, I mean, 
the number or fraction by which that quantity is mul- 
tiplied: thus 2 a lignifies twice a, or 4 taken twice, 


and the coefficient is 2: 4 4, or E Ggnifies 4 of the 


quantity 4, and the coefficient is +. | 

N. B. The ſign of a negative quantity is never 
omitted ; nor the ſign of an affirmative one, except 
when ſuch an affirmative quantity is conſidered by 
itſelf, or happens to be the firſt in a ſeries of quan- 
tities ſucceeding one another: thus we do not often 
mention the quantity , but the quantity a; nor 
the ſeries + a—b—c+g, but the ſeries a—b—c+d4. 
We ſhall now conſider the ſeveral operations of alge- 
braic quantities. 


Of the addition of algebraic guantities. 


3. This article 1 ſhall divide into ſeveral para- 
graphs: as, . 5 cat; 3 
Pages, E 3 _ 


yo. "ADDITION or Book I. 
V, Whenever two or more quantities of the ſame 
denomination, and which have the ſame ſign before 
them, are to be added together, put down the ſum 
of their numeral coefficients with the common ſign 
before it, and the common denominator after it: thus 
+ 24and + 3 a added together make -+- 5 «, for the 
ſame reaſon as 2 dozen and 3 dozen added together 
make 5 dozen: thus again, — 346, — 4ab, and—5ab, 
when added together, make — 124; for the ſame 
reaſon as ſeveral debts added together make a greater 
1. 
2d, If two quantities of the ſame denomination 
which have different ſigns before them are to be added 
together, put down only the difference of their nu- 
meral coefficients, with the common denominator after 
ir, and the ſign of the greater quantity before it: for 
in this caſe, the quantities to be added being contrary 
one to another, the leſs quantity, on which ſide ſo- 
1 ever it lies, will always deſtroy ſo much of the other 
as is equal to itſelf. Thus ＋ 5 a added to — 2 4 
| makes A 3 a; as if a perſon owes me 5000 pounds 
upon one account, to whom I owe 2000 upon ano- 
ther, the balance upon the whole will be 3000 pounds 
on my fide. If it be objected, that this is ſubtraction, 
and not addition; I anſwer, that the addition of —2@ 
will at any time have the ſame effect as the ſubtraction 
of -- 2 a; but I deny that the addition of — 2 à is the 
ſame, or will have the fame eff;& as the ſubtraction af 
—2 a, Other examples of this caſe may be theſe; 
+ 7 a added ro—7 à gives oz + 39 added to—124 
gives — ga; a added (0 £6 gives — 4.43 +58 
added to — a gives 44; T 3 74 added to — 2 © gives 
„ 
zd, When many quantities of the ſame denomina- 
tion are to be added together, whereof ſome are affir- 
matide and ſome negative, reduce them firſt ro two, 
adding all the affirmative quantities together, and 
a the — ones, and then to one by the laſt pa- 
3 ragraph. Thus + 9 8a — 7a, when added 
« together, 
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together, make 2 4; for- ro 4 and + 8 4 make + 
184, — 94 and — 74 make — 164; and + 183 
and — 16 4 make +24 

4th, Quantities of different denominations will not 
incorporate, and therefore cannot otherwiſe be added 
together, than by placing them in any order one after 
another, with their proper ſigns before them, except 
the firſt, whoſe ſign, it affirmative, may be omitted, 
Thus + 2a and— 3b and ＋ 4c and — 54, when adds. 
ed together, make 24 — 36 + 4c — 5d: thus a and 
b added together make @ 45; and hence it is, that 
whenever two quantities are found wich this ſign be- 
twixt them, it ſignifies the ſum ariſing from the addi- 
tion of thoſe two quantities together: thus if à ſtands 
for 7, and þ ſtands for 3, a ? will ſtand for 10, 
and ſo of the reſt: but if 5 is to be added to a, the 
ſum muſt be written down thus, a—5; for to add —3, 
is the ſame as to ſubtract +5, j | 

5th, Compound quantities, whoſe members are all 
of different denominations, are likewiſe incapable of 
being added any other way, than by being placed one 
after another without altering their ſigns: thus 34 . 
4b added to 56— 6d can only make 33 ＋ 4b ＋ e 
— 64, But if the members are not all of different de- 
nominations, it may then be convenient to place one 
compound quantity under another, with like parts 
under like, as far as it can be done, as in the follow- 
ing examples; 1 


4 - + For à and à added together make 
a—b 2 az; and r- and — added together 
deſtroy one another, and ſo make 
2a . T O or *; which character in Algebra 
is always uſed to ſignify a vacant 
place. TER 7 
2x — 34-4 (— $54-6d—ye  * | 
IoxÞ-ga—8b— 7-6 —4 
12xþ6a—4gb—12c — 7e 7. 


„ Notes 
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Note, That in the addition, ſubtraction, and mul - 
tiplication of compound algebraic quantities, it mat · 
ters little which way the work is carried on, whether 
from right or left, ar from left to right, becauſe here 
are no reſerves made for higher places. 


Of the ſubtraction of algebraic quantities, 


4. Whenever a ſingle algebraic quantity is to be 
ſubtracted from another quantity, whether ſimple or 
compound, firſt change the ſign of the quantity to be 
fubtracted, that is, if it be affirmative, make it, or 
at leaſt call it, negative, and vice ver/a, and then add 
it ſo changed to the other: for ſince (as was before 
hinted) the ſubtracting of any one quantity from ano- 
ther, is the ſarye in effect as adding the contrary; and 

ſince changing the ſign of the quantity to be ſubtradt- 
ed, renders that quantity juſt contrary to what it was 
before, it is evident, that after ſuch a change it may 
he added to the other, and that the reſult of this ad- 
dition will be the ſame with that of the intended ſub- 
traction. Thus may the rule of ſubtraction, by 
changing the fign the quantity to be ſubtracted, 
be at any time changed into that of addition, juſt as 
the rule of diviſion in fractions, by inverting the terms 
of the diviſor, was changed into that of multiplica- 
tion. As for example, +4 ſubtrated from a leaves 
a-, becauſe —b added to a makes 4 —3; ſo that 
a—b may be conſidered either as the ſum of a and —b 
added together, or as the remainder of + ſubtracted 
from a, or as the difference between à and 6, or as the 
exceſs of a above þ, all which amount to the fame 
thing; as if @ ſignifies 7, and 63, 4 — 3 mult 
ſtand for 4, and ſo of the reſt, | 

The rule of ſubtraction here given is univerſal, 
though there will not be always occaſion to have re- 
courſe to it: for ſuppoſe 34 is to be ſubtracted from 

7 ©, every one's common ſenſe will inform him, be. 
7 bz ele 
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72 
there muſt remain 4a, Juſt as threeſcore ſubtracted 
from ſevenſcore leaves fourſcore. DEN 


Other examples 6 algebraic ſubiractian may be 
p 1 e 2 | 2 


1 * 

, 7 ſubtracted from 54 leaves. — a, becauſe 
— 76 added to- makes — 24, by the ad para- 
graph of the laſt article. 74 | 

24, 94 ſubtracted from o leaves 94, becauſe 
— 94 added to o makes — 94. | 0 

3d, 124 ſubtracted from — 38G leaves 7 15 a,. 
becauſe — 12 4 added to - 3 4 makes — 15 a, by 3 
the firſt paragraph of the laſt article. 2 | | 

4th, — 34 ſubtracted from — 8 4 leaves — 5 a, | 
becauſe ꝙ 3 4 added to—8 4 makes — 54. 

5th, — 7 @ ſubtracted from— 3 à leaves + 4 «, 
becauſe + 7 @ added to — 34 makes + 44. 

6th, — 6a ſubtracted from o leaves ＋ 6 2, be- 
cauſe 4- 6 @ added to o makes + . 

7th, — 5 à ſubtrafted from + 5 @ leaves + 10 a, 
becauſe 34 added to + 5 4 makes + 104. 

8h, — þ ſubtracted from g leaves a ＋ b, becauſe 
＋ added ro @ makes ab, by the 4th paragraph 
of the laſt article, 

g9:b, — 2 fubtrated from 7 leaves g, becauſe + 2 
added to 7 makes 9. | G 

From the firſt of theſe examples it appears, that 
a greater quantity may be taken out of a leſs, but 
then the remainder will be negative; juſt as a 
gameſter that has but 5 guineas about him may 
joſe 7, but then there will remain a debt of 2 gui- 
neas upon him, By the laſt example it appears, 
that— 2 ſubtracted from 7 leaves , that is, that 
if a negative quantity be ſubtracted from an affir- 
mative one, the affirmative quantity will be ſo far 
from being diminiſhed thereby, that it will be increaſ- 
ed; a principle which I fear will be found ſomewhar 
hard of digeſtion, eſpecially by weak conſtitutions : 

e therefore, 
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therefore, to ſtrengthen my patient as far as lies in 


my power, I ſhall fuggeſt to him the following 
conſiderations : 3 

+1f, In any ſubtraction, if the remainder and the 
leſs number added together make the greater, the 
ſubtraction is juſt: but in our caſe, the remainder 
9 added to the leſs number — 2 makes the greater 


number 7; therefore — 2 ſubtracted from 7 leaves- 


. 2dly, In all ſubtraction whatever, the remainder is 
the difference betwixt the greater number and the 
leſs; but the difference between -j-7 and — 2 is 9; 
therefore — 2 ſubtracted from 7 leaves 9. | 

' 3dly, 7 is equal to 9— 2 by the ſecond paragraph 
of the Jaſt article; therefore— 2 ſubtracted from 7 
will have the fame remainder as— 2 ſubtracted from 


g9—2: but — 2 ſubtracted from 9 — 2 leaves 9 
therefore — 2 ſubtracted from 7 leaves 9. In ſhorr, 
the taking away a defect, in any caſe whatever, will 
amount to the ſame as adding ſomething real: as if 
an eſtate be incumbered with a mortgage or a rent-. 
charge upon it, whoever takes off the incumbrance 
juſt ſo much encreaſes the value of the eſtate. | 
4thly, The leſs there is taken from 7, the more 
will be left: if nathing be taken, there will remain 


: 


7; therefore if leſs than nothing be taken, there 


ought to remain more than 7. 
Seb, If, after all that has been ſaid, or perhaps 
all that can be ſaid in this abſtracted way, ſome 


ſcruples till remain, let us apply the principle we 


have already advanced, and try whether we ſhall meet 
with any better ſucceſs that way, Let it then be 


required to ſubtract the compound quantity @ — 2 


from the compound quantity 6 42 ＋ 7: in order ta 
this, I place à under 64, and — 2 under 7, and 
then ſubtract as follows; @ from 6a and there re- 
mains 54, — 2 from 7 and (if our aſſertion be true) 
there remains 9; therefore the whole remainder 18 


$a Þ 


cc, 11m qi». -Þ 
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5a-+9. Now I dare appeal to every one's common 
ſenſe, whether this ſubtraction be not juſt: for certain 
it is, that if a be ſubtracted from 6 a7, the re- 
mainder will be za ＋ 7; and if fo, then it is as cer- 
tain, that if a— 2 be ſubtracted, which is leſs than 
the former by 2, the remainder will be greater by 2, 
that is, 5a + 9. But to proceed: 


Other examples of the ſubtraction of compound 
| algebraic quantities may be theſe. | 


a ꝗThus 7—3, or 4, ſubtracted from 7 *-12 

a—b 423, or 10, leaves twice 3, or 6. 3407 

NT + 4 —3+5. 
From I2x+6ba—qb—1n2c *—Te—f ' 
Take 2X%—3aÞ-4b— 5+ bd —7e—* 


— —  — 


Remains 10x-+9a—8b— 76 - 6d | #—of 


Proof 12x+6a—4b—12s —7 5. 

If never a member of the ſubtrahend be found to 
be of the ſame denomination with any member of 
the number from whence the ſubtraction is to be 
made, change the ſign of every member of the 
ſubtrahend, and then add it to the other. As if 
5c— bd is to be ſubtracted from 34 45, firſt 
change the ſign of 5c —64, and make it — gc- 64, 
and then add it to the other, and you will have 
34 - 45 — 5c+ 6d for the remainder. 


Of the multiplication of algebraic quantities. 


And firſt, how to find the fign of the produft in 
multiplication, from thofe of the multiplicator 
and multiplicand given. : 


5. Before we can proceed to the multiplication 
of algebraic quantities, we are to take notice, that 
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if the ſigns of the multiplicatar and multiplicand be 
both alike, that is, both affirmative, or both ne- 
gative, the product will be affirmative, otherwiſe it 


will be negative: thus + 4 multiplied into ＋ 3, or 
4 into — 3, produces in either caſe + 12: but 
A4 multiplied into + 3, or -+ 4 into — 3 produces. 


in either caſe — 12, 


If the reader expects a demonſtration of this rule, 
he mult firſt be advertiſed of two things: ff, that 
numbers are ſaid to be in arithmetical progreſſion 
when they increaſe or decreaſe with equal differences, 
as O, 2, 4, 53 or 6, 4, 2, o; alſo as 3, o, — 33 
4, O0. — 41 12, o, — 123 or — 12, o, o+ 12: 
whence it follows, that three terms are the 
that can form an arithmetical progreſſion; and that 
of theſe, if the two firſt terms be. known, the third 
will eaſily be had: thus, if the two firſt terms be 4 
and 2, the next will be 0: if the two firſt be 12 and 
O, the next will be — 12; if the two firſt be — I2 
and o, the next will be + 12, c. 


_ 2dly, If a ſet of numbers in arithmetical pro- 


greſſion, as 3, 2, and 1, be ſucceſſively multiplied 
into one common multiplicator, as 4, or if a ſingle 
number, as 4, be ſucceſſively multiplied into a Fer 
of numbers in arithmerical progreſſion, as 3, 2, and 
1, the products 12, 8, and 4, in either caſe, will be 
in arithmerical progreſſion. 

This being allowed (which is in a manner ſelf- 
evident), the rule to be demonſtrated reſol ves itſelf 
into four caſes : | | 


iff, That + 4 multiplied into + 3 produces 
74%. That — 4 multiplied into + 3 produces 

34h, That ++ 4 multiplied into.—- 3 produces 
— 12. 8 

And laftly, that — 4 multiplied into — 3 produces 
＋ 12. Theſe caſes are generally expreſſed in ſhort 
thus: firſt + into + gives +; ſecondly — into + 


gives 


* e AH A 


1 r 


8 
t 
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gives — 3 thirdly 4+ into — gives —; fourthly — 
into — gives +, | | A | 

Caſe in, That ＋ 4 multiplied into + 3 produces 
＋ 12, is ſelf-evident, and needs no demonſtration ; 
or, if it wanted one, n __ 7 * it from the firit 

| of the third article; for to multiply + 4 by 
11 ſame thing as to add 44+ 4 + 4 os one 
ſum z but 4-4 + 4 added into one ſum give + 12, 
therefore & 4 multiplied into ＋ 3 gives I I 2. 

Caſt 2d. And from the ſecond paragraph of the 
zu art. it might in like manner be demonſtrated, 
that—4 multiplied into - produces—12 : but I ſhall 
here demonſtrate in another way, thus: multiply the 
terms of this arithmerical progreſſion 4, o, —4, into 
＋ 3, and the products will be in arithmetical pro- 
greſlion, as above; but the two firſt products are 
12 and o; therefore the third will be — 12; there- 
fore — 4 multiplied into + 3 produces — 12. 

| Caſe 34. To proye that 4 multiplied into — 3 
produces — 12; multiply + 4 into + 3, o, and — 3 
ſucceſſively, and the products will be in arithmetical 
progreſſion z but the two firſt products are 12 and o, 
therefore the third will be — 12; therefere ＋ 4 
multiplied into — 3 produces — 12, 

- Caſe 4th. Laſtly, to demonſtrate, that — 4 mul- 
tiplied into — 3 produces ＋ 12, multiply — 4 into 
3; o, and — 3 ſucceſſively, and the products will be 


in arithmetical progreſſion; but the two firſt pro- 


ducts are — 12 and o, by the ſecond cafe; therefore 
the third product will be + 12; therefore — 4 mul- 
tiplied into — 3 produces ＋ 12. | 


Ca. ws o, — 4 Cafe 34, ＋ 4, + 4, +4 
r 
＋ 12, o, — 12. +12, , — 1g. 
Caſ. 4th, — 4.4.4 

9 | 3, 953 


ht — —— * 


—12 o, + SS ---*; ; | 
Theſe 


| 
| 


58 MULTIPLICATION or Book 1. 


Theſe 4 caſes may be alſo more briefly demon- 
ſtrated thus: 4 multiplied into +3 produces-+-12; 
therefore — 4 into + 3, or + 4 into — 3 ought to 


produce ſomething contraty to ＋ 12, that is, — 12: 


but if — 4 multiplied into & 3, produces — 12, then 
— 4 multiplied into 3 ought to produce ſomething 
contrary to — 12, that is, ＋ 12; ſo that this laſt 


caſe, ſo very formidable to young beginners, appears 


at laſt to amount to no more than a common principle 
in Grammar, to wit, that two negatives make an 


affirmative; which is undoubtedly true in Grammar, 
though perhaps it may not always be obſerved in 


languages. | 


Of the multiplication of ſimple algebraic quantities. 


6. Theſe things premiſed, the multiplication of 


ſimple algebraic quantities is performed, firſt by mul- 


tiplying the numeral co-efficients together, and then 


putting down, after the product, all the ſetters in 


both factors, the ſign (when occaſion requires) being 


prefixed as above directed. Thus 4 6 multiplied into | 


3 produces 1246, | 


Though this kind of language (for it is no more) 


like all others, be purely arbitrary, yet that a more 


rational one could not have been invented for this: 


purpoſe, will appear by the following conſideration. 


If any quantity, as 6, is to be multiplied by any num- 
ber, as 2, 3, or 4, the product cannot be better re- 
preſented than by 2 5, 3%, 46, Se; therefore if þ is 
to be multiplied by a, the product ought to be called: 
4b: but if & multiplied into @ produces ab, then 4 + 


multiplied into @ ought to produce 4 times as much, 
that is, 4 4 6, laſtly, if 45 multiplied into @ produces 
4 a, then 45 multiplied into 3 @ ought to produce 


3 times as much, that is, 12426. 
Hence it is, that whenever in Algebra two or more 


letters are found together, as they ſtand in a word, 


without any thing between them, they ſignify the pro- 
ä W 0 duct 


r ˙ A Err ww 7 JI” A . 3, © 
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duct ariſing from a continual application of the 
quantities repreſented by them: thus ab ſignifies the 
product of à and þ multiplied together; and abc ſig- 
nifies the product of the quantity a & multiplied into 
c: thus aa ſignifies the product of a multiplied into 
itſelf, or the ſquare of a, and not 24; and therefore 
whoever ſhews himſelf unable to diſtinguiſh betwixt 


2a and aa, diſcovers as great a weakneſs as one that 


is not able to diſtinguiſh betwixt 2 dozen and a dozen - 
dozen or 12 times 12. | | | fret 
It is a matter of no great conſequence in what or- 
der the letters are placed in a product; for ab and ba 
differ no more from one another than 3 times 4, and 
4 times 3: and yet it is convenient that a method be 
obſerved, leſt like quantities be ſometimes taken for 
unlike; therefore the beſt way will be, to give thoſe 
letters the precedency in a product, that have it in 
the alphabet; except when an unknown quantity is 
| multiplied by ſome known one, and then it is uſual 
to place the known quantity before it. | 
Note. For the ſignification of this mark x, ſee in- 
troduct. at the cloſe of the 7th article. Note alſo, 
that this mark = is a mark of equality, ſhewing that 
the quantities between which it ſtands, are equal to 
each other, and muſt be read as the ſenſe requires: 
thus 2Xx6==3X4=12 may be read thus; 2x6 equal 
3X4 equal ro 12: or thus; 2X6 is equal to 3X4, 
which is equal to 12. + | 7 


Examples of fimple algebraic multiplication. 
1ſt, gab ga Ob. 2d, ä zoabbc. 
3d, bacx—7bd=—42abcd.qth, —Tax—b=+7ab. 


5th, xx qx X Xr. th, —aX—x==+xx. 
7th, —;abx5-3=—1506, 8th, ax b. 


1 DiſtinSions 


\ 


a qu done; 1 ſhall here ſet down ſome —_ of 


0 makes 0. 


_ multiplied into— @ makes ＋ as. 


% MULTIPLICATION or Boox f, 
Dj Ninction: 10 be obſerved -betwixt addition and 
multiplication. 


That the young g algebraiſt may not confound the 
operations of addition and multiplication, as 1s fre- 


iſtinEtion, which he ought to attend to: 


As firſt, a added to à makes 24, but à multiplied, 
into 4 makes 2432. 


2dly, a added to o makes 4, but 4 multiplied into 


34h, 6 added to—a makes o, but a multiplied into 
— 4 makes — as. 


4thly, — a added to - 4 makes — 2 a, but — 4 


Stb, @ added to 1 makes aT, but 4 multiplied 
into 46 makes a. 
h, 24 added to— 35 makes 1836, but 2 
multiplied into — 35 makes 645. 
For a further confirmation of the learner, 1 have 
added, by way of exerciſe in his algebraic language, 
the following e which 1 deſire he would 


compute after me. Suppoſe a g/, and þ= 3: then 
we ſhall have iſt, 27 2dly, a —b= 4. 


3dly, 4 gb=43. Athly, 42— 5b =13. Sthly. 


a 49. G6thly, . 7thly, Bg. 8thly, 


au == 343. gthly, azb=147. 1othly, abb=63. 
11thly, bbb==27. . eee 
TI. 13thly, aa—2ab+bb=49—42 

4a 22 4-3 bb=2343+ = 
3 755 ly. 5 
nns i899 27 64. 


0 fowert' and their ndexes. 


7. Whenever in multiplication a ime] is to be fe 


4 


peated oftener than once, it is uſual, by way of com- 


Fendlum, to write down the letter with 4 mal _— 
r 
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after it, ſhewing how often that letter is to be re- 


peated : thus inſtead of xx we write x, (inſtead of 


xxx we write x*, inſtead of xxxx we write x*, &c. 
Theſe products are called powers of x; the figures 
repreſenting the number of repetitions are called the 
indexes of thoſe powers; and the quantity æ, from 
whence all theſe powers ariſe, is called the root of 
theſe powers, or the firſt power of x; x* is called the 
ſecond power of x, x* the third power, x* the fourth 
power, Sc. Vieta, Oughtred, and ſome other ana- 
jyſts, inſtead of ſmall letters uſed capitals and inſtead 
of numeral indexes, diſtinguiſhed theſe powers by 
names: thus Vieta in particular called &, X ſquare , 
„ Xcube; x*, X ſquare-ſquare ;, *, X ſquare-cube ; 
x*, X cube-cube; x", X ſquare-ſquare-cube, &c : 
which names Oughtred contracted, and wrote them 
thus; X, Xc, Xqq, Xgc, Xcc, Xqqc, Sc.: but 
now theſe names are pretty much out of uſe, except 
the two firſt, when applied to a line ſquared or cubed. 

If we ſuppoſe 5, we ſhall have 2#==10, * 23, 
32 = 16, 2125, 4X=20, #*=625, &&c. ' 

The multiplication. of theſe powers is eaſy : thus 
** , becauſe xxXxxx=xxxxx : whence it may 
be obſerved, that the addition of indexes will always 
anſwer to the-multiplication of powers, provided they 
be powers of the ſame quantity; for as 24-3=5, fo. 


x*Xx*>=x*, Cc: but if they be powers of different 


quantities, their indexes muſt not be added: thus 
#'Xx*=a*x*, and ar x Da ά . And here it 
muſt be obſerved, that if a number be found between 
two letters, it muſt always be referred to the former 
letter; thus 4@*x* does not ſignify ax 2x, but a xXx. 


E multiplication of ſurds. | 


8. This mark V ſignifies the ſquare root of the 
number to which it 1s prefixed, and is-generally pre- 
fixed to numbers whoſe ſquare root cannot be other- 
wiſe expreſſed, either by whole numbers or fractions: 

F ; thus 
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thus V2 ſignifies the ſquare root of 2; Va the ſquare 
root of a, c. Theſe roots are commonly called 


ſurd roots, or irrational roots, becauſe their propor- 


tion to unity cannot be expreſſed in numbers. 
Whenever two ſurd numbers are to be multiplied 
together, the ſhorteſt way will be, to multiply the 
numbers themſelves one into the other without any 
regard to the radical ſign, and then to prefix the ra- 
dical fign to the product. Thus if „/a is to be mul- 
tiplied into /, the product will be Ya; which 1 
thus demonſtrate : let /a=x, and V=; then will 
x*==4, and y =, and xy gab, and xy==v/ab ; but 
xy, or x N by the ſuppoſition ; therefore, 
ab NV Thus YZ VZV. | 
— Theſe multiplications are of conſiderable uſe, not 
only in matters of ſpeculation, but alſo in practice: 
for ſuppoſe I had occaſion to multiply the ſquare root 
of 2 into the ſquare root of 3, if I had not this rule, 
I muſt 4 _— the ws of 2, to what degree of 
exactneſs I think proper for my purpoſe: then again 
I muſt extract 48 of 3 4 9 . gr 
exactneſs, and laſtly I muſt multiply theſe two roots 
together, before I can obtain the number wanted: 
but after it is known that VNV V, the whole 
operation will then be reduced to the extraction of 
the root of 6 only: nay it ſometimes happens, that 
two roots, though both irrational, ſhall have a ra- 
tional product: thus /2xX4/8=4/16=4, and wat 
Vac a D gabe. | 


. AY the multiplication of compound algebraic 


| quanin Ie. 


9. The multiplication of compound algebraic quan- 
tities is performed, firſt by multiplying the multipli- 
cand into every particular member of the multiplica- 
tor, and then reducing the whole product into the 
leaſt compaſs poſſible. E210 


2 | | As 
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As for example; let it be required to multiply this 
compound quantity -6x—7a—86 into this compound 
quantity 2«— 34-4. here having put down the 
multiplicand, and the multiplicator under it, and 
d beginning at the left hand (for it is all one which 
c way the operation 1s carried on), I multiply the whole 
y multiplicand into 2x, the firſt member of my multi- 


+ HS TY #$# 


| licator, and the product is 12xx—14ax— 16bx, 
- which I put. down: then I multiply the multiplicand 


l into— 3a, the next member of the multiplicator, 
Il and the product is— 18ax4-214a+24a4b; whereof 
It the firſt member — 18a, I place under — i 4ax be- 
, fore found, being of the ſame denomination, for the 
conveniency of adding; the reſt, to wit, 2 1a 
dt 244b, I place in the firſt line: this done, I now mul- 


7 tiply by 46, the laſt member of the multiplicator, and 
ot the product is 2464x—284b—32bb; whereof | place 
e, 24bx under 6b, and —28ab under 24a, and 
of the laſt member — 320506 J place in the firſt line, as 


in having no quantity of the ſame denomination to join 
of with it: laſtly I reduce the whole product into the 
ts leaſt compaſs poſſible; and it ſtands thus: 12xx— 
J: 32ax48bx-214a—44ab—32bb. . See the work: 
1 th 6x —7a —$6 
at | 9 ＋ 45 1 2 | 
by I12xx —144ax — 16bx4-214a-|-24ab—32bb 

| = 18ax-+ 24 —28ab 


Sum 1: 20% — 324 8bx4-2 Lag— 4ab —32bb. 
Example ad. | 


31 ＋44 —5b 
- 3-4 50 
li- E — 
ca- gxx-]-12ax—15bx—16aa4-20ab—2 56þ 
he —12ax+156x —+20ab 
As ger B baa-I-406—2 556. 


F 2 Example 
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thus Va ſignifies the ſquare root of 2; Va the ſquare 
root of a, c. Theſe roots are commonly called 
ſurd roots, or irrational roots, . becauſe their propor- 

tion to unity canngt be expreſſed in numbers. 

Whenever two ſurd numbers are to be multiplied 
together, the ſhorteſt way will be, to multiply the 
numbers themſelves one into the other without any 
regard to the radical ſign, and then to prefix the ra- 
dical ſign to the product. Thus if V is to be mul- 
tiplied into V/, the product will be Ya; which 
thus demonſtrate : let /a=zx, and V=; then will 
* gg, and y =, and xy ab, and xy==/ab ; but 
xy, or x “ by the ſuppoſition ; therefore, 
N= Nab. Thus /2X4/3z=v/6. | 

Theſe multiplications are of conſiderable uſe, not 
only in matters of ſpeculation, but alſo in practice: 
for ſuppoſe I had occafion to multiply the ſquare root 
of 2 into the ſquare root of 3, if I had not this rule, 
I muſt wm _ the _ of 2, to what degree of 
exactneſs I think proper for my purpoſe : then again 
I muſt extract 43 root of 3 5 hs Ge 3 
exactneſs, and laſtly I muſt multiply theſe two roots 
together, before I can obtain the number wanted: 
but after it is known that /2X4/3==4/6, the whole 
operation will then be reduced to the extraction of 
the root of 6 only: nay it ſometimes happens, that 
two roots, though both irrational, ſhall have a ra- 
tional product: thus /2x4/8=4/16==4, and a 
Vc =] , abc. | 


| Of the multiplication of compound algebraic 


quaniries. 


9. The multiplication of compound algebraic quan- 
tities is performed, firſt by multiplying the multi pli- 
cand into every particular member of the multiplica- 
tor, and then reducing the whole product into the 

leaſt compaſs poſſible. bi 
2 | As 
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As for example; let it be required to multiply this 
compound quantity -6x—7a—86 into this compound 
quantity 2X—3a-4b: here having put down the 
multiplicand, and the multiplicator under it, and 
beginning at the left hand (for it is all one which 
way the operation 1s carried on), I multiply the whole 
multiplicand into 2x, the firſt member of my multi- 
plicator, and the product is 12xx—14az— 16bx, 
which I put down: then I multiply the multiplicand 
into— 3a, the next member of the multiplicator, 
and the product is — 18ax4-21a94-244b; whereof 
the firſt member — 18a, I place under —1 4ax be- 
fore found, being of the ſame denomination, for the 
conveniency of adding; the reſt, to wit, Sa 1a 
24ab, I place in the firſt line: this done, I now mul- 
tiply by 46, the Jaſt member of the multiplicator, and 
the product is 244x—28ab—320b; whereof | place 
24bx under —16bx,” and —2846b under 24a, and 
the laſt member —3264 I place in the firſt line, as 
having no quantity of the ſame denomination to join 
with it: laſtly I reduce the whole product into the 
leaſt compaſs poſſible; and it ſtands thus: 12xx— 
32ax4-8bx-|2144—4ab—32bb, , See the work: 


6x —7a —83 
2X —34 -+4b | 
I12xx =—144ax — 16bx-|-2 1aa--240b—326b 
- 18ax+ 2 4b —28ab 


Sum 12 * —g2ax4þ- 8bx-2140— 446 —3abb. 


Example 2d. 
31 ＋44 —5b 
gx—44 ＋ 56 


— P——_—_ _—_ 


ap — — — _——_ 


gax-]-1 2ax—15bx—16aa4-20ab—2 5bb 
— 12ax4-1 5bx —+20ab 


gxx "SO — 16a94-40ab—2 506. 
F 2 Example 


9 3 n , .. 0 
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Example 3d. 


xx ax -& 
2Xx—3ax-]-448 
I2x*—14ax*-162*x*—240*x43 240 
—1I 8ax*+214*x*—284"x 
240" x* * 


12x — gz C1 52 R324 
Example 4th. Example 5th. Example 6th. 


a- a- L- ; a—b 
43 | ab 4 —5 0 


| aa-bab—bb aabab4bb aa—abtb. 


as *—bb, aab-20b+bb, ag—2ab+b. 


N. B. A daſh over two or more quantities ſigni- 
fies that all thoſe quantities are to be taken into one 
conception, or to be conſidered as making up but 
one compound quantity: thus a+bxc—d does not 
ſignify that which ariſes from multiplying bxc, and 
then adding a—4 to the product, as it might be miſ- 
taken without the daſh; but ir ſignifies the product 


of the whole quantity ab multiplied into the whole 
quantity c—4. 


| The proof of compound multiplication. 


10. In the 3d example we multiplied 6xx—7ax-|8as 
into 2xx—3ax--44a, and the product amounted to 124 
 —g2ax*Þ-619'**—524*x4-324*; let us try this in 
numbers, and ſee how it will anſwer. In order to which, 
we may ſuppoſe @ and x equal to any two numbers 
whatever; but the ſimpleſt way of tryal will be 

. make 
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make à equal 1, and #—=1; and then we ſhall have 
in the multiplicand 6xx=6, —yax=—7, and ga 
—-+8, and 6—7+8=7: therefore the multiplicand 
is 7: again, in the multiplicator we have 2xx=2, — 
3a8==—3, +4aa=+4, and 2—3+4=3 therefore 
the multiplicator is 3: and 7 the multiplicand, mul- 
tiplied into 3 the multiplicator, gives 2 1 for the pro- 
duct. Let us now examine the ſeveral parts of the 
product, as they are here repreſented in letters, and ſee 
whether they will amounttothat number: 12x*=12,— 
3248*=—32,+ bla'x*=+ bt, — S 32, 
324 32; and 12—32--61—524-32 amount to 
juſt 21. This may ſerve as a proof to the work, 
though not a neceſſary one: for it is not impoſſible 
but there may be a conſiſtency this way, and yet the 
work be falſe; but this will rarely happen, unleſs it 
be deſigned. But the work may till be confirmed 
by making a=1, and x= -; for then the multipli- 
cand will be 6+7-+8=21 ;andthemultiplicator 243 
＋4 =; and the product 124+32+61+;2+32= 
189, which is the ſame with the product of 21 the 
multiplicand, multiplied into 9 the multiplicator. 


How general theorems may be obtained by 
| multiplication in Algebra, 


DA. AA oo 269. 4. £4 ©. 


11, From theſe algebraic multiplications arederived 
and demonſtrated many very uſeful theorems in all the 
parts of Mathematicks; whereof I ſhall juſt give the 
learner a taſte, and then proceed to another ſubject. 

In the fourth example of compound multiplication 
7 we found, that age multiplied into a—b produced 
4 aa—bb; whence I infer, that The ſum and difference of 
a any two numbers multiplied together will give the dif- 

ference of their ſquares, and vice versa: for à and 6 
will repreſent any two numbers at pleaſure z a+6 their 
ſum, a—b their difference, and aa—#b the difference 
of their ſquares: thus, if we aſſume any two numbers 
whatever, ſuppoſe 7 and 3, the difference of their 
F 3 __ ſquares 
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ſquares is 49—9, or 40; and 10 their ſum, multi- 
_ plied into 4 their difference, makes alſo 40. 

But here I am to give notice once for all, that in- 
ſtances in numbers ſerye well enough to illuſtrate a 
general theorem, but they muſt not by any means be 
looked upon as a proof of it; becauſe a propoſition 
may be true in ſome particular caſes inſtanced in, and 
yet fail in others; but whenever a propoſition is found 
to be true in ſpeciebus, that is, in letters or ſymbols, it 
is a ſufficient demonſtration of it, becauſe theſe are 
univerſal repreſentations. ht 
ln the 5th example it was ſhewn, that a multi- 
plied into itſelf produced aaa]; whence I in- 
ter, that If a number be reſolved into any two parts 
whatever, the ſquare of the whole will be equal to the 
ſquare of each part, and the double reftangle, or product 
of the multiplication of thoſe parts, added together : thus 
if the number 10 be reſolved into 7 and 3; 100 the 
ſquare of 10, the whole, will be equal to 49 the ſquare 
ot 7, and 9 the ſquare of 3, and 42 the double pro- 
duct of 7 and 3 multiplied together: for 49494-42 
=100. | | 

In the 6th example we found, that a—b multiplied 
into itſelf, produced, aa -ab rb; whence I infer, 
that If from the ſum of the ſquares of any two numbers, 
be ſubtracted the double product of thoſe numbers, there 
will remain the ſquare of their difference : for aa -b is 
the ſum of the ſquares of @ and 5, and 2ab is their 
double product, and aa—2ab-|-bb was found to be the 
ſquare of a—b, that is, the ſquare of the difference of 
@ and b: thus in the numbers 7 and 3, the ſquare of 
7 is 49, the ſquare of 3 is nine, and the ſum of their 
ſquares is 58; and if from this be ſubtracted the double 
product 42, the remainder will be 16, the ſquare of 
4, that is, the ſquare of the difference of the numbers 

and _— 

Theſe two laſt theorems are in ſubſtance the fourth 
and ſeventh propoſitions of the ſecond book of Euclid. 
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Of the diviſion of fimple algebraic quantities. 


13. The diviſion of ſimple algebraic quantities, 
where it is poſſible in integral terms, is performed, firſt 
by dividing the numeral coefficient of the dividend by 
the numeral coefficient of the diviſor, and then put- 
ting down after the quotient all the letters in the di- 
vidend, that are not in the diviſor; the ſign of the 
quotient in diviſion being determined by thoſe of the 
diviſor and dividend, juſt in the ſame manner as the 
fign of the product in multiplication is determined by 
thoſe of the multiplicator and multiplicand; that is, if 
the ſigns of the diviſor and dividend be both alike, 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwiſe it will be 
negative: thus if the quantity —12ab is divided by 
—3a, the quotient will be 4b; which I thus demon- 
ſtrate: In all diviſion whatever, the quotient ought 
to be ſuch a quantity as, being multiplied by the di- 
viſor, will make the dividend; therefore, to enquire 
for the quotient in our caſe, is nothing elſe, but to 
enquire what number or quantity, multiplied into 
za, the diviſor, will produce—1 246, the dividend. 
Firſt then I aſk, what ſign multiplied into —, the 
ſign of the diviſor, will give —, the ſign of the divi- 
dend, and the anſwer is +; therefore + is the ſign 
of the quotient: in the next place I enquire, what 
number multiplied into 3, the coefficient of the divi- 
ſar, will give 12, the coefficient of the dividend, and 
the anſwer is 4; therefore 4 is the coefficient of the 
quotient: Jaſtly I enquire, what letter multiplied into 
a, the letter of the diviſor, will produce ab, the deno- 


minator, or literal part of the dividend, and the anſwer 
is b; therefore b is the letter of the quotient: and thus 
at laſt we have the whole quotient, which is +46. 
And this way of reaſoning will carry the learner 
through all the other caſes. | 


F 4 wt. Example 
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[ Examples of ſimple diviſion in Algebra. 


Example 1ſt, 446) 24abbc (Ge. 
2d, +7) — 33459 ( — 5ab. 
3d, — *) —3axx (+3x. 
4th, — gab) +724b (<8. 
3th, — 44) — boa" (+154. 
6th, 4x* ) 60x? Lea I5x”. 
7th, 4a ) —boa's? (—154*s', 
8th, 3) 3ab (A. 
gth, 3) 36 (56. 


Of the notation of algebraic fractions. 


Whenever a diviſion according to the foregoing 
method is found impoſſible, the quotient cannot be 
otherwiſe expreſſed than by a fraction, whoſe nume- 
rat6r is the dividend, and denominator the diviſor; 
ſee the introduction, art. 13. As, if it was required 
to divide à by 6, which diviſion is impoſſible ac- 
cording to the foregoing rule, the quotient muſt be 
5 
thus, a by 5, that is, à divided by 5, or the quotient 
of a divided by 6: for in Algebra the word by is, 
generally ſpeaking, appropriated to diviſion, as the 
word into is to multiplication. | 

If the numerator, or denominator, or both, be 
compound quantities, the reſpective fractions mult be 


expreſſed by this fraction which is uſually read 


ab a ab 
written th dS, — 


If a diviſion be partly poſſible according to the 
foregoing rules, and partly impoſſible, it muſt be pur- 
ſued as far as it is poſſible, and the reſt muſt be repre- 
ſented by a fraction, as in common diviſion : thus 
if ad{+-bd+c was to be divided by 4, the quotient 


C 
would be * - Of 


Art. 15. Proportion in numbers, 89 
Of proportion in numbers. 


15. The wule of proportion in Algebra is ſo very 
little different from the rule of proportion in common 
arithmetick, that one example of it will be ſufficient. 
Let then the following queſtion be put: F a gives 
b, what will c give? Here the ſecond and third terms 
multiplied together produce c; and the quotient of 
this, divided by the firſt term a, cannot otherwiſe 


be expreſſed than by the fraction 2 this is evident 


from the notation of fractions explained in the 13th 
article. But as I have hitherto purpoſely avoided 
all conſideration of proportion, chuſing rather to 
appeal, upon all occaſions, to the common idea 
every one has. or thinks he has of it, than to be 
more particular, it may not be improper, now we 
come to reaſon more cloſely upon things, to enter 
more diſtin&ly into the particular nature of propor- 
tion, ſo far atleaſt as it relates to numbers, and ſhew 
wherein it conſiſts, 5 „„ 
According to Euclid, four numbers are ſaid to be 
proportionable, that is, the firſt number is ſaid to 
have the ſame proportion to the ſecond, that the 
third hath to the fourth; or the firſt is ſaid to be to 
the ſecond, as the third is to the fourth, when the 
firſt number is the ſame multiple, part or parts, 
of the ſecond, that the third is of the fourth: but it 
will be aſked perhaps, How can we know, what 
parts, part, or multiple, any one number is of ano- 
ther? To which I anſwer, by a fraction, whoſe nu- 
merator is the former number, and denominator the 
latter: thus the fraction g expreſly ſhews, that the 
numerator 2 is two third parts of the denominator 33 
for this is certain, that 1 is 4 part of 3, and therefore 
2 muſt be ; of it: for the ſame reaſon the fraction 7,* 
ſnews that the number 12 is or +4 of the number 
8; and laſtly, the fraction ſhews that the * 
| r 


— 


1 
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ber 12 is 4 of, or 3 times the number 4; and con- 
ſequently, that 12 is a multiple of 4, as containing 
it juſt 3 times without any remainder : therefore, to 
any one who underſtands fractions, Huclid's defini- 
tion of proportion may be more diſtinctly expreſſed 
thus: Four numbers are ſaid to be proportionable, 
when a fraction whoſe numerator is the firſk number, 
and denominator the ſecond, is equal to à fraction whoſe 
numerator is the third number, and denominator the - 
fourth. Thus 2 is to 3 as 4 is to 6, becauſe + is equal 
to 3; thus 12 is to 8 as 15. is to 10, becauſe , equals 
25. both being reducible to 3; thus 2 is to 6 as 4 is 
ta 12, becauſe 5 equals r, for each is equal to 1; 
laſtly, 6 is to 2 as 12 is to 4, becauſe 2 = F = 3. 

From this idea of proportionality may be demon- 
ſtrated a very uſeful theorem in Algebra; which is, 
that Whenever four numbers are proportionable, the 
product of the extreme terms multiplied together will be 
equal to the product of the two middle terms ſo mul. 
ziplied : for let a, b, e, and d, be four proportionable 
numbers in their order; that is, let @ be to b as c is 
to d; I ſay then that 2d the product of the extremes 
will be equal toc the product of the two middle terms: 
for ſince à is to bas cis to d, it follows from what 
a 


b 
multiply both the terms of 


has already been laid down, that the fraction —isequal 
| ; | 


7 
into d, and both thoſe of the fraction 


to the fraction 
4 
b 


7 into (which multiplications may be made with- 


the fraction 


out altering the values of the fractions), and then you 
; ad be 3 
will have 55 that is, the quotient of ad 
divided by d, is equal to the quotient of þc divided 
by bd; therefore 94 muſt be equal to bc, that is, 


the 


— —_— OO” — 6 82 —n — 
— 


% 
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the product of the extremes muſt be equal to the 
product of the middle terms. Q. E. D. 

The converſe of this propoſition is alſo true, to 
wit, that Whenever we have an equation in numbers, 
wherein the product of two numbers on one fide is found 
equal to the product of two numbers on the other, ſuch 
an equation may be reſolved into four proportionals, by 
making the two numbers on either ſide; the extremes; 
and thoſe on the other fide, the middle terms : thus 
if ad be; by making à and d the extremes, and 
5 and c the middle terms, we ſhall have a to b as c 
to d: if this be denied, let a be to b as c toe; then 
we ſhall have ae bc by the laſt ; but ad=bc by 
the ſuppoſition; therefore ae=ad; therefore e 
equals d, and a is to b as c is to d. Q E. D. 


nenn Ane. 


Whence if a, b, and c, be continual proportionals, 
that is, if a is to h as 5 is to c, we ſhall have þ*==ac : 
and & converſo, if ' Sac, then , b, and c, will be 
continual proportionals. | 


The common properties of proportionality in 
numbers demonſtrated. 
16, From what has been delivered in the laſt article, 
may be demonſtrated all or moſt of the common 
properties of proportionable numbers with a great 


deal of eaſe, ſome of the moſt uſeful whereof I ſhall 


here throw together into one ſingle article, for the 
reader to peruſe, either at preſent, or hereafter, as he 
ſhall fee occaſion. : 

Firſt then, from what has been ſaid, may the rule 
of three, which conſiſts in finding a fourth propor- 
tional, be moſt diſtinctly demonſtrated: for let a, 5 
and c be three numbers given, in order to find 4, a 
fourth proportional; then ſince à is tob as c is to d, 
you will haye 8d the product of the extremes, equal 

N | _ 
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to bc the product of the middle terms; divide both 


ſides of the equation by a, and you will have d= 


5 which is as much as to ſay, that if three num- 


| bin be given, a fourth proportional may be obtained 
by multiplying the ſecond and third numbers together, 
and dividing the product by the firſt, 

In the rule of three inverſe, let the numbers whea 
diſpoſed according to form be a, b, and c; then 
whoſoever attentively conſiders the nature of that 

rule, will eaſily fee, that the fourth number there 
ſought for, is not to be a fourth proportional to the 
three numbers given as they are diſpoſed in the order 
a, 5, c, but as they ſtand in the order c, 5, a, or 
c, a, b, and therefore, in this caſe, the fourth number 

a ab 
will be 75 

Secondly, if two proportions be equal to a third, 
they muſt be equal to one another, becauſe if two 
fractions be equal to a third, they muſt be equal to 
one another: thus if a is to b as c is to d, and c is to 
d as e is to , we ſhall have à to b as eto f. 

Thirdly, if à is to ö as c is to 4; then b will be 
to à as d to c, which is called inverſe proportion: for 
if a is to 5; as cis to d, we ſhall have ad =bc; make 
b and c the extremes, and you will have b to à as 
d to c. 

Fourthly, if a is to hᷣ as cis to d; we mall have, 
by permutation, a to c as 3 to 4: for ſince @ is to 5 
as c is to d, and conſequently ad bc, make à and 
d the extremes, and c and 6 the middle terms, and 
you will have à to c as 5 to d. 

Fifthly, if à is to 5m as c is to 4, and any two 
multiplicators whatever be aſſumed, as e and f; I 
ſay then, that ea is to fb as ec to to fd: for ſince 
a is to 5 as c is to d, and ſo ad=bc; multiply both 
ſides of the equation by the product ef, and Fen Oe 
| alc 
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have a d xf exe; but a dxef=eax fd, 
and b cxef =fbXec; therefore eaxfd =fbXecz 
make ea and fd extremes, and the proportion will 
ſtand thus; e a is to /h as ec to fd. In like man- 
ner, mutatis mutandis, it may be demonſtrated, that 


if a is to 5 as c is to d, then = vill bero as —is 
1 


to |; | 7 


Sixthly, if a is to 5 as c is to d; then @* is to 3˙ as 
* is to 4“: for ſince a is to 5 as c is to d, and ſo 
ad be; ſquare both ſides of the equation, and 
you will have a* 4 e'; make à and d extremes, 
and you will have a“ to 5* as c“ to d'. And by 
taking theſe ſteps backwards, it will alſo appear, 
that if 4 is to Y as c. is to 4; 4 is to 5 as c is to 4, 
and Va is to / as Vc is tod 

Seventhly, if @ is to 5 as c is to d; then by 


compoſition (as it is called) a+b is_ is to b as A 


is to d; or a+b is to à as d is to c: for 
ſince @ is to þ as c is to d, and conſequently 
ad bc; add bd to both ſides of the equation, and 
you will have ad CY = d; but ad is 
the product of ab multiplied into d, as is ea- 
ſily | mag and nd & c= is the product of 5 multi- 


plied into nto cd; therefore a +bxd=bx JA, 
make Y and 4 extremes, and you will have 
ab to 5 as d to d. Again, ſince bc 4d, 
add ac to both ſides, and and you will have ave ac+bc 
Sacra d, that is, a TX SAN Tad; make 
a 27 þ and c extremes, and you will have 2 Lö 
to @ as cd to c. | 

Eighthly, if @is t64 as c is to bs then by diviſion 


a—b is to 3 as c—d'is to d; or 4—6 is to a 
3 as 
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as A to c. This propoſition is demonſtrated by 
ſubtraction, juſt in the ſame manner as the laſt was 
by addition. | 
Ninthly, if to or from two numbers in any given 
proportion, be added or ſubtracted other two numbers 
in the ſame proportion, the ſums or remainders will 
ſtill be in the ſame proportion with the numbers firſt 
propoſed : thus if the numbers c and d be in the ſame 
proportion with the numbers @ and 5, that is, if as 4 
is tobſoisctod, and if to or from the former two 
numbers be added or ſubtracted the latter, we ſhall 


have not only AT to IA as a to b, but alſo a— 


to }—4 as a to 4: for ſince, by the ſuppoſition, a is 
to bas c is to d; it follows by permutation, that à is 


to cas is to 4; and by compoſition, that abc is to 
a as b to ; and again by permutation, that ae 
is to br as @ is to h: in like manner by permuta- 


tion and diviſion we ſhall have a—c to -A as a to b. 

Tenthly, if there be three numbers a, , and c, 
and other three numbers 4, e, and f, proportionable to 
them, and in the ſame order, that is, if as à is tob 
ſodistoe, andasb is to c ſo e is to //; I fay then, 
that, ex £quo, the extremes will be in the ſame pro- 
portion, (viz.) that à will be tocas d is to f, for 
ſince by the ſuppoſition, à is to & as d is to e; by 

mutation we ſhall have a to das & toe; and for 
the ſame reaſon, ſince & is to c as e is to 7; we ſhall 
have 5 to e as c to f: ſince then à is to d as h to e, 
and 5 to e as ctof; it follows from the ſecond pro- 
poſition, that a is to d as c to; and by permutation, 
that. a is to c as d to. 

Eleventhly, if there be three numbers, a, 5, and c, 
and three other numbers d, e, and y, proportionable to 
them, but in a contrary order, ſo that à is to & as e 

to f, and v to c as d to e; I lay, that the extremes 
will ſtill be proportionable, to wit, that à will be to 
cas d to f: for ſince à is to & as e to , we have 
| "Of == #63 
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af=be ; moreover, ſince þ is to c as d to e, we have 
a = be, therefore af i; make à and F extremes, 
and you will have @ to c as 4 to. 

V. B. If there be two ſerieſes of numbers, as a, B, c, 
Sc.; d, e, f, Sc.; each ſeries conſiſting of the ſame 
number of terms; and if all the proportions between 
contiguous terms in one ſeries be reſpectively equal 
to all thoſe in the other, that is, each to each, as 
they ſtand in order; as if a be to h as d to e, and ᷣ to 
c as e to , Sc.; then the extreme terms of one ſeries 
will be proportionable to the extreme terms of the 
other: for the demonſtration of the tenth propoſition 
may be extended to as many terms as we pleaſe; and 
this proportionality of the extremes is ſaid to follow 
ex £quo ordinate, or barely ex æquo, that is from a 
reſpective equality of all the proportions in one ſeries 
to their correſpondents in the other, in an orderly man- 
ner. But if every proportion in one ſeries has an 
equal proportion to anſwer it in the other, but not ina 
correſpondent part of the ſeries; as if a be to as e to y, 
and bto c as d to e, c.; then though the extremes 
will ſtill be proportionable, as will be evident by con- 
tinuing the demonſtration of this eleventh propoſition; 
yet now the proportionality of the extremes is ſaid to 
follow ex æquo perturbate, that is, from an equality 
of all the proportions in one ſeries to all thoſe in the 
other, but in a diſorderly manner, 


Twelfthly, if aistobasr is to d; we ſhall have 
a-Fb to a—b as f is to -: for ſince @ is to 
b as c is to d, we ſhall have by compoſition, a 
to a as cd is to c; we ſhall have alſo by diviſion, 
5b to a as to c; and by inverſion, a to a—b 
as c to 7: ſince then we have ab to 4 a8. Cd 
to c; and à to a—b as c to c—d, that is, ſince we 
have three numbers, a-+6, a, and a—b, and other 


three numbers proportionable to them in the ſame 
order, to wit, cu, c, and -A; it follows ex £quo 


that 


—— — —— : 
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that the extremes will be proportionable, that is, that 
ab will be to a—b6 as c+d is to c—d. " 

Thirteenthly, if there be a ſeries of numbers, &, /, 
m, u, whereof k is to J as à to h, and I to m as c to d, 
and m to n as e to f; I fay then that # the firſt term 
will be to # the laſt, as ace the product of all the 
other antecedents to þ df the product of all the other 


conſequents: for & is to Jas @ to b, by the ſuppo- 


ſition; and we ſhall find that a is to & as ace to bee 
by multiplying extremes and means; therefore 4 
is to I as ace to h ce; and for a like reaſon I is to m as, 
bce to bde, and misto nas bde to d,; therefore, 
ex &quo, kistonasSacetobdf. 


Of the extraction of the ſquare roots of "ſimple ; 
algebraic quantities. 


17. The extraction of the ſquare root of ſimple al- 
gebraic quantities 1s ſo very eaſy, that it needs not to 
be inſiſted on. Thus the ſquare root of aa is+or—4a, 
the ſquare root of gaa is--or—3a, and that of 4aabb 
is--or—24b:- this is plain from the definition of the 
ſquare root; for the ſquare root of any quantity, ſup- 


poſe of 4aabb, is that which, being multiplied into 
itſelf, will produce aa: now—24ab multiplied into 
itſelf will produce 44abb, as well as4-24b, and there- 


fore one quantity is as much its ſquare root as the 


Other. 


When the ſquare root of a quantity cannot be ex- 


tracted, it is uſual to ſignify it by this mark /: thus 


Vaaa ſignifies the ſquare root of 244; thus Vag—4b 


ſignifies the ſquare root of the whole quantity aa—46; 


Na- 


ſignifies a fraction whoſe numerator is 


thus 


the ſquare root of the whole quantity aa—4b, and 


3 


* 
- 


: — 
whoſe denominator is 24; thus /= JN ſignifies 


the 


1 
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| 3 
the ſquare root of the whole fraction, e „that 
is, the ſquare root of both the numerator and deno- 
minator. | 
When the ſquare root of a quantity cannot be ex- 
tracted, the quantity may ſometimes however be re- 
ſolved into two factors, whereof the one is a ſquare, 
and the other is not; and whenever this is poſſible, 
the root of the ſquare may. be extracted, and the ra- 
dical fign may be prefixed to the other factor; thus 
1248 equals aaa; therefore /124aaX24Xw/3. 


The ſeveral rules of fractions exemplified in 
algebraic quantities. 


22. Fractions in Algebra are treated juſt in the 
fame manner as in common arithmetic, only uſing 
aleebraical inſtead of numeral operations; as will 
plainly appear from the following examples. 


Examples of the reduction of fractions from higher 10 
lower terms, according to introduction art. 7th, 


The fraction 72 dividing both the numerator and 
lenominator by the ſame quantity 22, will be re- 


duced to the fraction _ a fraction of the fame value 


ith the former, but expreſſed in more ſimple terms: 
rhence we may infer, that whenever a common letter 
ir factor is to be found in every member both ef the 
wmerator and denominator, it may be cancelled every- 
vere, without affecting the value of the fraction: 


4c -c 5 b 
lus the fraction F , expunging e, becomes = 


cadre 
fraction of the ſame value. But if there be any one 
nember wherein the factor is not concerned, it muſt 

5 G ot 
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not be expunged at all: thus the fraction . on 
: F 

cannot be reduced, becauſe the factor c 1s' not to be 


found in e. | | - 
Note, That cancelling here, is not ſubtracting, bu 
dividing: thus to cancel the letter 3 in the uantity 
ab, ſo as to reduce it to a, is not to ſubtra@ Þ from 
25, but to divide ab by 5, in which caſe the quotient 
will be a. | 


Examples of fractions reduced to the ſame denoni- 
nation, according 10 introduction art. 8th, 


A 3 " ; | 
1/2, The fractions 2 7 and, when reduced to th 


fame denomination, will ſtand thus; =O aa E 

| : aki | | 24 24 2 | 

2d. The fractions — and 7. ſo reduced, will ſtand 
„ n 

thus; 3 BY Tr 24. The fractions 2 Mi 


| _ after reduction, will ſtand thus; 2 2 2 

* ee „„ IP BY 
Sx 

and 5 And here I cannot but obſerve, that ncy 

the rule for this reduction demonſtrates itſelf: for i 

this example it is impoſſible not to lee, that all thel 

fractions, notwithſtanding this reduction, ſtill retai 


m: 


their former values: thus the firſt fraction 2. 
a 900 


cancelling common factors, is reduced to 2 its fol 

, n 7 

mer value; and the ſame may be obſerved of all th 
reſt : and this example amounts to a demonſtration 7 


becauſe it is comprehended in general terms. But tog 
4 0 
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be on: 4th, The fractions =; RY and 5 beingreduced 
Pe A _ 5 7 f 


3 be ac . ab 
de to the ſame denomination, become , —, and —. 
abc abc abc 
I 


it vt, And laſtly, — and 4 when thus reduced, 


ö a—b 
— 8 and «1 na for 1 th 
ent become A 1 the numerator 


of the firſt fraction multiplied into a—b, the de- 
. nominator of the ſecond, makes a-; and 1 the nu- 
merator of the ſecond fraction multiplied into ar, 
the denominator of the firſt, makes ab; and the 
| product of the two denominators ab and a—b mul- 
thei tiplied together is aa—#5, as in the 4th example of 
the gth article. ah | 
240 Examples of addition in fraflions, decording to 
introduction art. gth; N 


iſt. Theſe fractions 7. — and =, when added 


a) together, make — a 8 | | 
qu 3 | 1 
nen 29: The fraftion 7 added to the fraction 
or makes ==or 4. | * 
thel fx 8 EE; 
* zd. The fractions —, — and 4 when added 
1 pp "834.7 „ 48 
- together, make ———— : 
24 
8 45 Nee , 
4th. The fraction 7 added to the fraction makes : 
ation 14.1_p; 65 f 
0 8 . 
0 bg % L 


G 2 * Stb. 


* 


\ 
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23 $ :. 8 
5th. a added to —, that is — added to, make 
acÞb | 
2. 


I I  b—a 
6th. 2 added to — * makes 3 
7th. The fractions 25 = =, and —, when added A 
„ 1 ibu: 
together, make © N . * 1 wk 
| guy | quan 
8th. — — added to — — gives . | Y 11 
oy MM 
OY x ; added ro 3 — gives See the b 
5th example of fraQions reduced to the ſame den- 
mination.  _ h i 
a of ſubtraZion i in fraftions, according to 
introduction art. io. 4 


Note firſt, If the figns of both the numerator and | = 
denominator of any fraction be changed, which is no | © 
more than multiplying both terms into — L, the va. 
lue of the fraction will ſtill remain. 

Secondly, The denominator of a fraction is 4 
ſuppoſed to be affirmative; and therefore if at any } | 
time it happens to be otherwiſe, i it muſt be made affir- I dul 


mative by changing the ſigns of both terms. * 
: Thirdly, * 2 and — &: are the ſame in effect as 
= and —— = as is evident from BY: nature of di- 


viſion: and ſometimes this latter way of notation is 
more convenient than the tormer. 


Four bh. 


i 


z 


to 


by, 
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fourtbly, Therefore the ſign of the numerator is 
e fign of the whole fraction; and to change the ſign 
the former, is the ſame in effect as to change the 

of the latter. | | 
fifthly, Whenever one algebraic fraction is to be 
thtracted from another, the ſafeſt way will be to 
dange the ſign of the numerator of the fraction to be 
kbtrated, and to place it after the other, and then 
p reduce them at laſt into one fraction: for if the 
traction be deferred till after the reduction is over, 
me may make a miſtake, and ſubtract the Wrong 


quantity. Thus, 10. © ſubtracted from 1 gives 


. GN 
2d, — ſubtrafted from E. gives 2 come . 


A Wy e 3 


S 
3d. = ſubrrafted from a gives b 


T — = 
I 3 1 — 
4th. 2 ſubtracted from gives —7 == 
20 
ag—bb 


Examples of multiplication in ſractions. 


The multiplication of fractions is performed by 
nultiplying the numerator and denominator of the 
multiplicand, into the numerator and denominator of 
te multiplicator reſpectively. | 

Thus 1ſt. L = E 

r 
2d. 2 x2 = L. 
47 6r 2497 &r 
. 


G 3 4th 
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b 
4th - =D = 
34 60 ab 
th. —X20b= =15 4 
5 46 46 5 
t 
6 ere as — banc 
_ 5 84 404 10 
2% % 94. 
1 ab" ab 16 


WR | 1 5 
g „ e. AAN 
h. d en — —y—B. — 
lot . 7 
Iith. 2 =xd +5 e Lt = : 
Leer f 
This multiplication might alſo be performed thus: 
.E 
44— 
7 
2 * 
e 7 . 
65 — ES, e 
th, Lon 5 ace 55 
12 a+ xa ſ— 2 


Or, aa —= N — See the work: 
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Examples of diviſion in fradtios. 


Diviſion in fractions is performed by multiplying 
the direct terms of the dividend into the inverted 
terms of the diviſor : thus, 


i). > (be 44 A) 4 (= 
r c, a 
1 a ac 4 a 
sth. * 2 . or a6 
1 c 
ey....4.act+bf 
Ui 44+) CD c N 
| xa a 
7th. /b) Ya 3 ri for if we make x 
Va 5 
* » We mall have xx = = ande = 


G 4 I ſhall 
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I ſhall only give one example more, and that ſhall 
be of the rule of proportion, as follows: f 7 gives 


c „ ˙ er ke 
FL what will - agg 3 77 for 7 the ſe- 
cond number, multiplied into —the third, produce: 
46 «neo WRT EPR 

47 and this divided by the e 


0 


bee 
adf 
| Of equations in Algebra; and particularly of 


ſimple equations, together with the manner of 
reſolving them. Y 


23. An equation in Algebra isa propoſition wherein 
one quantity is declared equal to another, or where 
one expreſſicn of any quantity is declared equal to 
another expreſſion of the ſame quantity: as when 
we ſay 4 ; where 5 is ſaid to poſſeſs one ſide of 
the equation, and-+ the other, 7 

An affected quadratic equation is an equation 
conliſting of three different ſorts of quantities; one 
wherein the ſquare of the unknown quantity is con- 
cerned, another wherein the unknown quantity is 
ſimply concerned, and a third wherein it is not con- 
cerned at all: as if x R 2 i; ſuppoſing x to be 
an unknown quantity, Hons SN 

If either the term wherein the ſimple power of x 
is concerned, as — 2 x, or that which is called the 
abſolute term, to wit, 3, be wanting, the equation 
is ſtill a quadratic cquation, though incompleat. 
Some indeed there are, who rank this latter fort of 
equations under the denomination of ſimple equa- 
tions; and tp ſhall we, upon account of their eaſy 
reſolution; though, properly ſpeaking, a ſimple 
equation is that wherein ſome ſimple power of the 


unknown 
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unknown quantity is. concerned, all others being ex- 
cluded : as if 3x= 6; 2x 3=4x—5, Cc. 
The uſe of theſe equations is for repreſenting more 
conveniently and more diſtinctly the conditions of pro- 
blems, when tranſlated out of common language 
into that of Algebra. As for example; let it be 
propoſed to find a number with the following pro- 
perty, to wit, that 2 of it with 4 over may amount 
to the ſame as Nr of it with 9 over: here, putting 
x for the unknown quantity, the condition of this 
problem, when tranſlated out of common language 
into that of Algebra, will be repreſented by the 


2 2 3 
lowing equation, to wit, 25 + 4 = + 9: for 


Soars Ws 


3 of x, that is, f of 3 therefore — + 4 


n = a 8 
e ſignifies 4 of x with 4 over: and ſince this expreſſion, - | 
0 according to the problem, amounts to the ſame with | | 
j the other, to wit, 25 +9; hence it is that we pro- 

i f 
nounce them equal to one another. | 

n Now ſince, in the foregoing equation, as well as in | 
de almoſt all others ariſing immediately from the con- | 
N- ditions of problems themſelves, the unknown quan- | 
is tity is embarraſſed and entangled with ſuch as are | 
n- known, the way to diſengage it from ſuch known | 
be quantities, ſo that itſelf alone poſſeſſing one (ide of | 

the equarion, may be tound equal to ſuch as are en- | 

x tirely known on the other, that is, in the preſent caſe, | 
he to determine the value af-the unknown quantity x, is 
on what is commonly called the relolution of an equa- 
at. tion : for the effefting of which, ſeveral axioms and 
of proceſſes are required; ſome whereof, namely ſuch 

1a- 


as moſt frequently occur, I ſhall here put dowa ; the 
aly reſt I ſhall rake notice of occaſionally, as they offer 
lc WF themſelves, 1 ; 


| 


wy | | 7 


106 | Reg0LuTION Of || Box. I. 
Of the reſolution; of fimple equation. 2 


AX10M 1. 


Whenever a fraction is 10 be multi lied by a_whole. 
number, it will be ſufficient to. Me te, only the numera- 
tor by that number, retaining the denominator the Same 
as before. Thus + multiplied. into 2, gives 3, for 
the ſame reaſan that 4 ſhillings multiplied into 2 gives. 
5 rt thus in the firſt example following, 

2 1 K 


2 en into I; gives ff WW 


I2 
Axio 2. 


Bur if the 2 number into which the fraftien is 
ta be multiplied, be equal to the denominator of the 
fraction, then throw away the denominator, and the 
numerator alone will be the product. Thus the fraction 


4 — AGO into b, gives — or a: thus in the firſt 


b 
21 * 
example, Ps = multiplied i into 2, gives 2X3 and 7 


multiplied' into 12, gives 21%, 
AX1OM 3. 


If the two fades of an equation be multiplied or 
divided by the ſame number, the_two produtts, or quo- 
tients, will ſtill be = 80 each mag Thus in the 


firſt example, where — : - +4=EZ+9; if both 
ſides of the IR; be aalliplied into 3, we ſhall 
have 2 * Þ 122 — = 27; and if again this laſt 


equation be a into 12, we ſhall have 
24 + 144 = 21 $4 324+ 
N Ax Ion 


* 
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„ ien. 


Fa quantity be talen from either fide of an equation, 
and placed on the other with a contrary fign, which- is 
commonly called tranſpoſition, the two ſides will be equal 
to each other. Thus if 7＋ 3 lo, tranſpoſe 4-3, and 
you will have 7zz10—3 : thus if 7—3=4, tranſpoſe 
— 2, and you will have 7 =4+3 :-thus if (as in the 
firſt example) 24x+144=21x4-324, tranſpoſe 21x, 
and you will have 24x—21x45-144==324, that is, 
23x+144=324; and if again in this laſt equation you 
tranſpoſe 144, you will have 3x==324—144=180. 

Tranſpoſition, therefore, as it is here delivered, is 
nothing but a general name for adding or ſubtracting 
equal quantities from the two ſides of an equation; 
in. which caſe it is no wonder if the ſums or differences 
ſtill continue equal to each other. As for inſtance, in 
this equation a gc, tranſpoſing — we have a=c 
＋: and what is this, after all, but adding & to both 
ſides of the equation? for if 5 be added to a—b, the 
ſum will be a; and if þ be added to c, the. ſum will 
be cb; therefore a=c-]-b again in the equation- 
abc, tranſpoſing +b, we have a=c—b, which is 


nothing elſe but ſubtracting b from both ſides of the 
equation. ek | 5 


I ̃ö!he iſt Proceſs, 


I, uuben an equation is to be reſolved, fractions be 
found on one or both ſides, it muſt be freed from them by 
multiplying the whole equation into the denominators 


of thoſe fractions ſucceſſively. 
The ad Proceſs, © 


After the equation is thus reduced to integral terms, 
if the unknown quantity be found on both ſides the equation, 
let it be brought gy tranſpe/ition to one and the ſame fide, 


Viz. to that fide which after reduction will eæbibit it 
affirmative | 


7 | The 
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The 3d Proceſs. 
Alter this, if any looſe known quantities be found on the 
ſame fide with the unknown, let them alſo be brought by 
tranſpoſition to the other fide * the equation. 


| The 4th. Proceſs, 
If now the unknown quantity bas any coefficient "i 


it, divide all mY that os and and be ee wil 2 
"ane 


The 5th W 

F the whole equation can be divided by the besen! ; 
quantity, let ſuch a diviſion be made, and the equation 
will be reduced to a more ſimple one. Thus in the 16th 
example you have 61 5x—7xxx==48x; divide the whole 
equation by x, and you wall — 615—7xx=48. 
la the 13th example you have 2. ; divide 

1 Fa 

the whole by x, which is done by dividing only the © 
| numerators of the two fractions, and you will have 
5. 35 


K—2 Nome 3 | 1 n 


The 6th Proceſs. | 
If at laſt the ſquare of the unknown quantity, and not 
the unknown quantity itſelf, appears to be equal to ſome 
known quantity on the other fide of the equation, then 
the unknown quantity muſt be mage equal to the ſquare 
root of that which is known. Thus in the 14th ex- 
ample we have xx=36;.therefore #==6, and not 18: 
in the 15th, we have xx=564 ; therefore x==$, the 
ſquare root of 64, and not 32, its half. 


Lxamples of the reſolution of fumple equations. 


24. This preparation being made, I ſhall now give 
ſomy examples of the reſolution of nern equations; 


and 


| 
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and my firſt example ſhall be the equation given in 

the laſt article, in order to trace out the number there 

deſcribed. | 
2580 Example - 

＋4 27. 

In this equation it is plain, that there are two frac- 


' * £ 
tions, , and 28, which muſt be taken off at two 


ſeveral operations, thus : as 3 is the denominator of 
the firſt fraction, multiply the whole equation by 3, 
and you will have 2x+ = z. again, as the 
denominator of the remaining fraction is 12, multiply 
all by 12, and you will have 24x144=21x+324; 
which is an equation free from fractions. 
2dly, It mult in the next place be conſidered, that 
in this laſt equation 24x+144=21x4-324, the un- 
known quantity is concerned on both ſides, to wit, 
24x on one ſide, and 21x on the other; tranſpoſe 
therefore 21x, and you will have 24x—21x+144= 
324, that is, gx4+T44=324. If it be aſked why ! 
choſe to tranſpoſe 21x rather than 24x; my anſwer 
is, that had 24x been tranſpoſed, the unknown quan- 
tity, or its coefficient at leaſt, after reduction, would 
have been negative, contrary to the rule in the ſecond 
proceſs; for, reſuming the equation 24x 144=21x4- 
324, if 24x be tranſpoſed, we ſhall have 144=21x— 
24K ＋ 324, that is, 144=—3x45324: but even in 
this caſe, another tratiſpoſition will ſer all right ; for 
if —3x be tranſpoſed in this laſt equation, we ſhall 
then have 3x-1444-324 as before: all that can be 
ſaid then againſt this lalt way is, that it creates unne- 
ceſſary tranſpoſitions, which an artift would always 
endeavour to avoid. | 
3ah, Having now reduced the equation to a much 
greater degree of ſimplicity than before, to wit, 2x-J- 
144=324; becauſe the unknown quantity 3x has 
| ſtinl 
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ſtill a looſe quantity, viz. 144 3 wich; it, tranſpoſe 
thas quantity 144 to the other ſide of the equation, 

you will have 3x=2324—144, that is, 35 2180. 

N. B. By a looſe quantity I mean ſuch a one as is 

joined with the unknown by the ſign F or —, and 


not by way of multiplication, as is the coefficient 3 in 


the laſt equation. 

athly, By this time the quantity x is very neat being 
diſcovered; for if 4x=180, it, is but dividing, all 
by 3, and we ſhall have x=60 : 60 therefore is the 
number deſcribed in the laſt article by this property, 
to wit, that 3 of it with 4 over, will amount to the 
ſame as +7. of it with 9 over: and that 60 has this 
property, will now be eaſily made to appear ſynthe- 
tically; for + of 60 is 40, and this with 4 over is 443 
moreover 2 of 60 is 35, and this with nine ovens 
alſo 44. 


N. B. A demonſtration that proves the connection 


3 any number and the property aſcribed to it, 


is either analytical or ſynthetical: if this connexion 


is ſhe vn by tracing the number from the property, 


the demonſtration of it is called an analytical demon- 
ſtration; but if it is ſhewn by tracing the property 


ſrom the number, the nnn is then: 40 


be ſynthetical. > 


Here multiply by 3, and you will have 1 
== 18 ; multiply again by 5, and you will have 


10x-180=12x4-90; tranſpoſe 10x, and you will 
have 180=1 2x—10x-1-90, that is, 180=2x 490, or 


rather 2x--90==180, for I generally chooſe to have 


the unknown quantity on the firſt ſide of the equa- 
tion: tranſpoſe go, and you will have 2x=1 80—90, 
| That is, 2X==30 z divide by 2, and you will Rave 
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The Proof. 

The original equation vn —>+ 12 2 — 4 XK. 
n we have = —= 30, oy _ 7 * 12 . 42: 
again, . 4 36, and 6 4 42: there- 


fore — - + 122 1 55 6, e the amount of both 
is as | 
Example 3. 
2 —＋5 2 — 2: therefore 37 -T20 2 = — 6 185 
therefore 18244 20=20x4-48; therefore 1 2 20x— 
18x48, that is, 120=2#4-48 ; therefore 120—48 
SDax, that is, 2K 292; therefore x=36, 
The Proof. 

85 Fs ESO |. 1 

- The original equation was 5 + 3 2 5 72 : now 


if x==36, we ſhall have 7 =27, and +5 D 32: 


we ſhall alſo have ==.30, and = 2=3 23 there- | 


fore if x=36, rue ſhall have v4 + 5 = 2- + 2. 
Example 4. | 


* 228 2x 


8 -8: : therefore7x—go0=—" — 643 


10 10 
therefore 70x —400=72x—649 ;'therefore—4o00= 
72x—70x —640, that is, —400=2x—640, or rather 
 2x#—640=—400; therefore eee, that is, 
ax 240; and x 120. 


The 


ö 
| 
| 
| 
| 
| 


= _ - = La oy % 
\ ; ke YT — 
re CO ⁰ V ³¹·.n Re ow—__ 0 
- =_ 
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The Proof. 


The original equation, A 5 = ——8 but x 


= 120; therefore = ros; therefore = 5100 : 


| moreover = —108; therefore . —8 r 2100; there- 
| | 10 7b "$0: 2 
ee eee 
fore gels nr 8. | 
Example 5. 
"af = 62 x 
- E—8=74—: therefore 5%—72== 666: | =. ; 


therefore 60 x—864 = 7992— 63x; therefore 60 * 
+63x—8604=7992, that is, 123x—864 = 7992 ; 


therefore 123xz=7992-+-864, that is, 123x=8856; 


and x=72. 
W i The Proof. \ | 
The original equation, _ =74—E; — 


| therefore®” ==40; therefore . —8 = 32: again, 


2 l. therefore 74 


- =74— 42==323: there- 


fore FE — 7 | 


x 


Example 6. 


x 


=2 3 therefore x 24=1 - there 


fore 84—192==1152—6x; therefore 8x]-6x—192= 


1152, that is, 14X—192==1152 ; therefore 14x= 


11527192, that is, 14x=13443- and #z=96. 


"01 | 


The 
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The Proof. 
The original equation, 5 —4824— 3 75 * 963 
* E 8 | 2 
= E—4=12 : again, 8 ==12; therefore 24 8 
=24—12=12; therefore —— 42824 — . 

6 8 
Example 7. 
g6— — 3% nd =q8—2—: therefore 224— 3x = 192 
4 


— =; therefore 1992 = —24X=1536—20x5 


therefore 1792 =15 26þ-24x — 20x, that is, 1792 


21636 ＋ 4x; therefore 1792 — 1536 = = : 4s that 
is, 44 2 563 and x== 64. 


The Proof. 
The original equation, 56— 15 =48— 17 + ws 


64z 8 —= = #8; therefore 86— 5 = 56 


— 48 = 8: again, 5 = 40; therefore 48 — * 
=48—40z=8 ; therefor S 56 5 =48—E. 
Example 8, 


GE a = 8: therefore 324 — 4 * 72; there- 


fore 324 = 72 + 4x; therefore 32 72 = 4£ 
that is, 4X=252 3 and x==63, * ; 


H The 
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The Proof. 


The orjginal equation, 36 — La =8; z; 


therefore 5 =28; therefore 36 — 9 = 36 — 28 


= 8. 
| Example 9. 
. 8 f | 3 
2 = . therefore 1 IM 


3 
therefore 10x = 528 — 12 x; therefore 4 123 


2528; that is, 22K 2528; and x=24. 


The Proof. 


The original equation, N = ä 3 1241 
therefore 57 = 16: again, 4 x = 96; therefore 


os ” IF 
176 — 41 =176 — 96 803 therefore ———= 


8 17 6—4 
= — therefore ==; 2 E. 
5 3 5 


Example 10. 


n : therefore 3 -. 2 


221163 1 18 x + 720 — 20x = R, that 
is, 720—2x=696; therefore 720 = ＋ 696; 

therefore 720 — 696 = 2x, that is, 2x==24 z and 
5 I 


The 


Ire 
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The Proof. 


The original equation, = + —— : 2 293 


£=123 therefore E=9; * Ws therefore 


180—5 

180 5 1 = 180 — 60 D 120; therefore . — 
$0 

== = = 4 therefore — — — I = 29, 


Example fi. 


1 
„ 
Multiply by 2 x ＋T 3, and you will have 45 = 


114K 171 


; multiply by 47 — 5, and you will 


4X—5 
* 180x—225=114x+171; therefore 180 * 
114 — 225 171, that is, 66x —225 = 171; 
therefore 66x == 171 ＋ 225, that is, 66x = 396; 
and x=6. 


The Fed. 


The original equation, — . = x==6 
CE rs an—g nt 
therefore 2x = 12; haakes 2 x+ 3 = 15; there- 


45 45 
tore ——== = 2: again = 24; therefore 
2x#+ 3 15 . 4 


4x—5 ig; therefore ” — = = 33 theres 


fore —42_ — 57 . 
r 


H 2 . Example 


N 
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125 — = 216 : therefore 128 = 3 =Y 
3 —4 51 —6 5-0 
therefore 640 x — 768 = 648 1 864 therefore 
768 = 648x— 640 x — 864, that is, —768=8x 
— 864 ; therefore + 864 — 768 = 8 x, that is, 8 x 

=96; and x=12, 


The Proof. | 
. 2 | . I 28 21 6 | 
The original equation, ot = — 3 X=12; 
therefore 3 x=36; therefore 3x — 4 = 32; there- 


fore 3 199 = 4: again, 5 x = 60; there- 
34 32 
216 216 


fore 51 — 6 543 therefore — = — = 4; 


. 
128 216 


3—4 51—6 


therefore 


Example 13. 
42 35x 


divide both numerators by x, and 
aX—2 = 
42 35 


you will have — = therefore 42= =— . 2 = 

K—2 K«„—3 K—3z 
therefore 42 x—126 = 35 x—70; therefore 42 * — 
35 * — 126 = 70, that is, 7 * — 126 =—70; 
therefore 7 x = 126 — 70, that is, 7 56; and 
4 = 8. 


The Proof. 


The original equation, — 2 z #=8B there- 
X—2 K„—3 


6 
fore à—2 263 4273363 therefore Hf = == 


= 5b 


Art. 24. SIMPLE EQUATIONS. 117 
=56: again, x—3=5; and 35x=280; therefore 
32, =——==56; therefore >= — 2 
8—3 5 K—2 Nm 
Example 14. 
XX—=I2 Xy—4 zax—12 


= : therefore xx—12= + 
* 4 Y 4 
therefore 4 xx — 48 = 3xx — 12; therefore 4 xx — 
3 * —48 = — 12, that is, ax — 48 = — 12 
therefore xx = 48 — 12, that is, xx = 36; and 


4 268. 


The Proof. 


ar- 12 K* — 
T hs original equation, = : 5 


x==6; 


therefore xx = 36; therefore xx — 12==24 ; there- 
Xx— 12 24 


fore — : again, x * — 4 = 323 
—_ — 12 
therefore eee. = 32 28 ; therefore — — = 
2 + | 4 
x*—4 | 
3 | 
Example 1 5. 
2 —_— 8 = 12: therefore 5xx — 128 = 192; 
I 


therefore 5 xx = 192 + 128, that is, 8 * * 
therefore xx = 64 ; and x = 8. 


The Proof. 


The original equation, 2 —8 =12; vx =8z 


= 320; 


therefore xx=64 ; therefore 5 xx = 320 ; therefore 


5 xx _ 320 66 
— = — = 20: therefore — 92 20 — 8 
16 16 . ah 16 

= 125 


Example 


H 3 
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| Example 16. 

Giga — 7 xxx= 48 x: divide the whole by u, 
and you will have 615 — 7xx = 48; therefore 615 
= 7xx—- 48; therefore, 615 — 48 ex, that is, 
T*x=467 ; therefore, xx=81 ; and x=9. 


: The Proof. 


The original equation, 615 à — paxx= 48x; 

=9; therefore x x = 81; therefore xxx = 729; 
7 xx x = 5103; again, 615 x = 5535; therefore 
615 — 7xxx = 5535 — 5103 = 432: laſtly, 48x 
2432; therefore 615% — 7 = 485. | 


THE 


1 


THE 


— 


- o *. . Ss 74 AMT 
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Preparations for the ſolution of Algebraic problems. 


N ſolving the following problems, 1 

ſhall make uſe of a ſort of mixt Alge- 

bra, uſing letters only in repreſenting 

unknown quantities, and numbers for 
ſuch as are known. This method, as I take it, will 
be the beſt to begin with: but afterwards, when my 
young ſcholar. has been ſufficiently exerciſed in this 
way, I ſhall then introduce him into pure Algebra, 
which he will fad much more extenſive than the for- 
mer, not only as it enables him analytically to find 
out general ſolutions, taking in all the particular 
caſes that can be propoſed in the problem to which 
the ſolution” belongs, but alſo as it enables him after- 
wards to demonſtrate the ſame ſolutions or theorems 
ſynthetically. | 

And becauſe I am not yet to ſuppoſe him ſkilled in 
any of the mathematical ſciences, I ſhall draw my_ 
problems, generally ſpeaking, from numbers, either 
conſidered abſtractedly, or elſe as they relate to com- 


mon life. IE ; 
M54 If 
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If a problem be juſtly propoſed, it ought to have 
as many independent conditions comprehended in it, 


expreſsly or implicitly, as there are unknown quan. 


tities to. be diſcovered by them ; and it muſt be the 
chief buſineſs of an Algebraiſt, to ſearch out, ſift and 
diſtinguiſh theſe conditions one from another, before 
ever he enters upon the ſolution of his problem. 

I ſaid, that ſo many conditions ought to be com- 
prehended in the problem expreſsly or implicitly, 

cauſe it may happen, that a condition may not be 
expreſſed in a problem, and yet be implied in the na- 
tute of the thing: thus in the 44th problem, where 
ſeveral rods are to be ſet upright in a ſtreight line, 
at certain intervals one from another, it is implied, 
though not expreſſed, that the number of intervals 
muſt be leſs than the number of rods by unity. 

Sometimes a condition may be introduced into a 
problem, that includes two or more conditions : as 


when we ſay, four numbers are in continual propor- 


tion, we mean, not only that the firſt number is to 
the ſecond as the ſecond is to the third, but alſo, 
that the ſecond number is to the third as the third is 
to the fourth. 

Whenever a problem i is propoſed to be folved alge- 
braically, the Algebraiſt muſt ſubſtitute ſome letter of 
the alphabet for the unknown quantity: and if there 
be more unknown quantities than one, the reſt muſt 
receive their names from ſo many conditions of the 
problem: and if the problem be juſtly ſtated and ex- 
amined, there will ſtill remain a condition at laſt, 
which, tranſlated into algebraic language, will afford 
him an equation, the reſolution-whereof will give the 
unknown quantity for which the ſubſtitution was 
made; and when this unknown quantity is once diſ- 
covered, the reſt will be eaſily diſcovered by their 
names. Suppoſe there are four unknown quantities 
in a problem; then there ought to be four conditions: 
now the firſt unknown quantity receives its name ar- 
bitrarily without any condition; therefore the other 


three 
„ 


- 
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three muſt take up three of the conditions of the 


problem for their names; and the fourth condition 


will {til} be left to furniſh out an equation. 

The learner muſt here be very careful to make no 
poſitions but what are ſufficiently juſtifiable, either 
from the expreſs conditions of the problem, or from 


the nature of the thing; all the liberty he is allowed 


in caſes of this nature is, that he is not obliged to 
draw out the conditions in the ſame order as they are 

iven him in the problem, but may make uſe of them 
in ſuch an order as he thinks will be moſt convenient 
for his purpoſe; provided that he does not make uſe 
of the ſame condition twice, except in company with 
others that have not been conſidered. 


My method in the forty-four following problems 


will be, to put down the anſwer immediately after 
the problem, and then the ſolution : for, in my opi- 
nion, this way of putting down the anſwer firſt, will 
not only ſerve to illuſtrate the following ſolution, but 
may alſo ſerve to fix the problem more firmly in the 
minds of young beginners, who are but too apt to 
neglect ir, and to ſubſtitute chimerical notions of their 
own, that are not to be juſtified, either from the con- 
ditions of the problem, or common ſenſe, 

After the learner has run over ſome of theſe prob- 
lems, and has got a tolerable inſight into the method 
of their reſolution, it will be very proper for him to 
begin again, and to attempt the ſolution of eve 
problem himſelf, and not to have recourſe to the ſolu- 
tions here given, but in caſes of abſolute neceſſity : 
but after the work is over, he may then compare his 


own ſolution with that which is here given, and may 


alter or reform it as he thinks fir, 


'The ſolution of ſame problems producing fimple 


equations. 6 


PROBLEM 1. Fr 
26. What two numbers are theſe, whoſe difference is 14, 
and whoſe ſum, ben added together, is 48? 


* 


Anſ. 
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| Anſ. The numbers are 31 and 17: for 31—17z 


14; and 41+17=48. 


SOLUTION. 


In this problem there are two unknown quantities, 


to it, the two numbers ſought; and there are two 
conditions; firſt, that the leſs number when ſubtracted 
from the greater muſt leave 143 and ſecondly, that 
the two numbers when added together muſt make 48: 
therefore I put x for the leſs number; and to find a 


name for the greater, I have recourſe to the firſt con-' 
dition of the problem, which informs me, that the 
difference betwixt the two numbers ſought is 143 
therefore, if I call the leſs number x, I ought to call, 


the greater x4-14: thus then I have got names for 
both my unknown quaatities, and have ſtill a condi- 


tion in reſerve for an equation, which is the ſecond: 


now according to this ſecond condition, the two num- 


bers ſought, when added together, muſt make 48; 


therefore x and x-|-14 when added together muſt make 


48; but x and x14 when added together make 2x 
+14; whence I have this equation, 2x 14==48;. 
therefore 2xz=48—14==34 ; therefore x, or the leſs 


number=17, and x14, or the greater number=31, 
as above. 


In our ſolution of this problem, the notation was 


drawn from the firſt condition, and the equation from 


the ſecond; but the notation might have been drawn 
from the ſecond condition, and the equation from the 


firſt, thus: put x for the leſs number ſought; then 


becauſe the ſum of both the numbers is 48, if you 
ſubtract the leſs number x from 48, the remainder. 
48—x will be the greater number, ſo that the two 


numbers ſought will be x, and 48—zx : ſubtract the 
former number from the latter, and the remainder or 


difference will be 48—2x; but, according to the firſt 


condition of the problem, this difference ought to be 
143 thereſore 48—2x==14: reſolve this equation, 
and you will have x=17, and 48— * 31, as above. 
| | PROBLEM 
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PROBLEM 2. 


27. Three perſons, A, B and C, make a joint contri- 
bution, which in the whole amounts to 76 pounds: of 
this, A contributes a certain ſum unknown ; B con- 
tributes as much as A, and 10 pounds more; and C 
as much as both A and B together : I demand their 
ſeveral contributions. | 
Anſ. A contributes 14 pounds, B 24, and C 38: 

for 14 T1024, and 14 F-24238, and 14-24-38 

2276. 


SOLUTION. 


In this problem there are three unknown quantities, 
and there are three conditions for finding them out ; 
firſt, that the whole contribution amounts to 76 
pounds; ſecondly, that B contributes as much as 4, 
and 10 pounds more; and laſtly, that C contributes 
as much as both A and B together. 

Theſe things being ſuppoled, I firſt put x for 4's 
contribution; then ſince, according to the ſecond con- 
dition, B contributes as much as 4, and 10 pounds 
more, I put x10 for B*s contribution; laſtly, ſince 
C contributes as much as both A and B together, 1 
add x and x--10 together, and ſo put down the ſum 
2x--10 for C's contribution: thus have I got names 
for all my unknown quantities, and there remains (till 
one condition unconſidered for my equation, which 
is, that all the contributions added together make 76 
pounds; therefore I add x, and x 10, and 2x+10 
together, and ſuppoſe the ſum 4x+20==76; there- 
fore 4X==56—20=56; therefore x, or £s contri- 
bution, equals 14; x10, or B*s contribution, equals 
15 and 2x10, or C's contribution, equals 38, as 
above. | 


| -PR0aSLEEN 3; | 
8. Suppoſe all things as before, . except that now, the 
' whole contribution amounts 10 276 pounds; that of 
| 14 Bi „ 
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this, A contributes @ certain ſum unknown; that B 
contributes twice as much as A, and 12 pounds more; 
and C three times as much as B, and 12 pounds more; 
1 demand their ſeveral contributions, | 
Anſ. A contributes 24 pounds, B 60, and C 192 
for 24X212==60; and 60Xx3-12=192; and 249 


60-+192=276. 


SOLUTION. 

Put x for A's contribution; then, becauſe B con- 
tributes twice as much as A, and 12 pounds more, 
B's contribution will be 2x12 ; therefore, if C had 
contributed juſt three times as much as B, his contri- 
bution would have amounted to 6x36; but, accord- 


ing to the problem, C contributes this, and 12 pounds 


more; therefore C's contribution is 6x4-48; add theſe 
contributions together, to wit, x, 2x-12, and 6x+ 
48, and you will have 9gx-60==2 76 : therefore 9x= 
276—60=216; and x, or A's contribution, equals 
24; whence 2x12, or B's contribution, equals 60; 


and 6x--48, or C contribution, equals 192, as above. 


ADVERTISEMEN T. 


I know not whether it may not be thought imper- 
tinent here to put the learner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2x12, and 6x48 were found, by ſubſtituting 


24 inſtead of x. 


0 PROBLEM 4. | 

29. One begins the world with a certain ſum of monty, 
which he improved ſo well by way of traffic, that, at 
the year's end, he found he had doubled his firſt flock, 
except an hundred pounds laid out in common expences ; 
and ſo be went on every year doubling the laſt year's 
ſtock, except a hundred a year expended as before; and 


at the end of three years, found himſelf juſt three times 
- 45 rich as at firſt: What was his firſt. flock? _ 
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Anſ. 140 pounds: for the double of this is 280, 


and 280—100==180 pounds at the end of the firſt 


year; the double of this laſt is 360, and 360—100= 
260 pounds at the end of the ſecond year; again, the 
double of this is 520, and 520—100==420 pounds at 
the end of the third year; and 420 pounds is juſt 
three times as much as 140 pounds, his firſt ſtock. 


1 


Put x for his firſt ſtock, that is, let æ be the num- 
ber of pounds he began with; then the double of this 
is 2x, and therefore he will have 2x—100 at the end 


of the firſt year; the double of this is 4x—200; 


therefore he will have 4x—200—100, that is, 4x— 
zoo at the end of the ſecond year; the double of this 
is 8X — 600; therefore he will have 8x—600—100, 
that is, 8x—700 at the end of the third year; but 
according to the problem, he ought to have three 
times his firſt ſtock, that is, 3x, at the end of the 
third year; therefore 8x—7002=3x; therefore 8x — 
32—700=0, that is, 5x—700=0; therefore 5x= 

700; and x, or his firſt ſtock, equals 140, as above. 
To this problem I ſhall add another of a like kind 

for the learner to ſolve himſelf. 

One goes with a certain quantity of money about hin ts 
a tavern, where he borrows as much as he had then 
about him, and out of the whole, ſpends a ſhilling ; 
with the remainder he goes to a ſecond tavern, where 
be borrows as much as he had then left, and there 
alſo ſpends a ſhilling ;, and ſo he goes on to a third, 
and a fourth tavern, borrowing and ſpending as be- 
fore; after which he had nothing left: I demand how 
much money he had at firſt about him. 

Anſ. 4.5 of one ſhilling, that is, 11 pence farthing. 


PROBLEM 
30. One has ſix ſons, each wheredf is four yearsolder than 
bis next younger brother, and the eldeſt is three times 
as old as the youngeſt : What are their ſeveral ages? 
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7. 
32. One has @ leaſe for 99 years; and being * how 
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Anſ. 10, 14, 18, 22, 26, 30: für 30, the age 


of the eldeſt, will then be juft three times 10, that is, 
three times the age of the youngeſt. 


SOLUTION. 
For their ſeveral ages put x, x-|4, x-8, x12, 


| x4-16, xo; then according to the problem 1 ＋20 


the age of the eldeſt, ought to be equal to 3x, that is, 
three times the age of the youngeſt ; ſince then 3 
* E20, we ſhall have 3x—x==20, that is, 21 20 


and x=10, as above. 


PROBLEM 6. 

31. There ts a certain fiſh whoſe head is 9 inchis ; the 
tail is as long as the head and half the back; and the 
back is as long as both the head and the tail together : 
I demand the length of the back, and of the tail. 
Anſ. The leageh of the back is 36 inches, and 


that of the tail 27: for 27 2 .,; and 36==9-+27. 


SOLUT-ION. - 
For the length of the back put x; then will x be 
equal to the length of both head and tail together, 


by the ſuppoſition; therefore if from x, the length 


of the head and tail together, you ſubtract 9, the 


length of the head, there will remain x—9 for the 


length of the tail; but according to the problem, the 
tail is as long as the head and half the back; rhere- 


fore 1 therefore 2x—18=x18, there: 


S that is, x—18=18; and x, the 


length of the back, equals 18--18=36; therefore 


; —9, the length of the tail, equals 27, as above, 


PROBLEM 


much of it was already expired, e that two 
thirds of the time paſt was equal to four fifths of tht 


Hime to come; I demand the times paſt, and to come. 0 
An 
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. Anſ. The time paſt was 54 years; and the whole 
term of years was 99; therefore the time to the 
expiration of the leaſe was 45 years: now 2 of 54 is 
36; and + of 45 is 36, 


, SOLUTION. | 
Put x for the time paſt; then, ſince thewhole term 
of years was 99, if x the time paſt be ſubtracted from 
99 the whole time, there will remain 99 -& for the 


2x | 
time to come; but 2 of the time paſt is —; and ? 


9 — * 
22 a = 22 = there- 


5 | 
fore = = 32 S; therefore 2 x = = NS. 


of the time to come is 4 of 


Fg Ba Iox=1188—12x; thinks ox IZ 
1188, that is, 221 2 11883; and x the time paſt = 54 
years; therefore 99 - the time to come equals 45 
years. 

To this problem I ſhall add two Others of the ſame 
nature, without any ſolution. 


Firſt, To divide the number 8 4 into two fuch parts, that 
three times one part may be equal to four times the otber. 
Anſ. The parts are 48 and 36: for in the firſt place, 

484-36==84; and in the next place, three times 48 

144= four times 36. 


Second, To divide the number 60 into two ſuch parts, 
that a ſeventh part of one may be equal to an eighth 
part of the other. ' 

Anſ. The parts are 28 and 32; for in the frft place, 
28--32==60; and in the next place, + of 28 equals 
4=x of 32. | 


Piotr 8. 

33. IL 15 required to divide the number 50 into tes ſuch 
parts, that + of one part being added 1 I-+ of the 
other, may make 40. 

| Anf. 
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Anſ. The parts are 20 and 30: for in the firſt place, 
z20 3 OS 50; and in the next place, à of 20, which 
is 15, added to 4 of 3o, which is 25, makes 40. 


SOLUTION, 
Put for one part, and conſequently 30x for the 
other part; then we ſhall have 4 of x == and 2 of 


250—5x 


g0—r=z ——— but, according to the problem, 
theſe two added together ought to make 40 whence 


: : X , 250—5x 
we have this equation, 5 —— 2 = = 40: mul- 
I000— 20x 


tiply by 4, and you will have 31 =160; 


6 
multiply again by 6, and you will have 18x--1000 
—20x==960, that is, I000—2xz=960 ; therefore 

 1000=2x4+960; and 1000—960=2x, that is, 2x== 

40; and x, which is one of the parts ſought, will be 

20; whence 50—x or the other part will be go, as 
above. 


Other two problems of the ſame nature. 


Firſt: It is required to divide the number 20 into 1w0 
ſuch parts, that three times one part being added 15 
Ave times the other may make 84. | 


 Anſ. The parts are 8 and 12: for 8-|-12=20; and 
 883+12X5, that is, 24+60==84. 
Second: I is required to divide the number 100 into 
two ſuch parts, that if a third part of one be ſub- 
trated from a fourth part of the other, the remainder 


may be 11, | 
 Anſ. The parts are 24 and 76 ; for firſt, 24 added 
to 76 makes 100; and ſecondly; part of 24, which 
is 8, ſubtracted from + of 76, which is 19, leaves 11. 


PROBLEM 


CY Is CY Wi 


V0 
10 
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PROBLEM 9. 


34. Two perſons A and B engage at play; A has 72 
guineas and B 52 before they begin; and after a cer- 
tain number of games won and loſt between them, A 
riſes with three times as many guineas as B: 1 de- 
mand how many guineas A won of B. 

Anſ. 21: for 72 ＋ 21 =93; and 52 — 212313 
and 93=31X3. | 


' SoLwvu TION. | 
Put x for the number of guineas 4 wonof B, and 
conſequently that B loſt; then will 4's laſt ſum be 
72x, and B's laſt ſum 52—x now, according to 
the problem, 4's laſt ſum is three times as much as 


B's laſt ſum; that is, three times 52—x, or 156— 
zr; therefore 72J-x==1 56—3x; therefore 724+x-3x 
=156, that is, 72+-4x=156 ; therefore 4x=156— 
72 284; therefore x, the money A won of B, equals 
21 guineas, as above. 


0:5. 0K MB: WS | 

35. One. meeting a company of beggars, gives to each 
four pence, and bas ſixteen pence over; but if he 
would have given them fix pence apiece, he would 
have wanted. twelve pence for that purpoſe : I demand 
the number of perſons. 8 


Anſ. 14: for 14X4-+16=72=14X6—12. 


SOLUTION. 

Put x for the number, of perſons; then if he gives 
them four pence apiece, the number of pence given 
will be four times as many as the number of perſons, 
that is, 4x ; therefore 4 x 416 will-exp:eſs all the 
money he had about him; and ſo alſo will 6x — 12 
by a like way of reaſoning; therefore 4x 4.16 = 6 
—12; therefore 16=6x——4x—12=2x—12 ; there- 
fore 2x==16-+12==28 ; and x, the number of perſons 
equal 14, as above. 1 22 | 

- I PROBLEM 
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PROBLEM 11. 


36. What two numbers are thoſe, whoſe difference is 4, 
and the difference of thoſe ſquares is 112 ? - 
Anſ. 12 and 16: for 16—12=4, and 16xX16— 

12X12, that is, 256—144=112. 


SoLUTION, 


The leſs number, x. 44 
The greater, K 14. E44 
xx-4x1-16 
l Nax 
. The ſquare of the greater xx+8xÞ16 
if The ſquate of the leſs, 2 T 


The difference of their ſquares, * r 
whence 8x41 16=112; therefore 8x=112—1 6==96; 
therefore x the leſs number equals * and x-|-4 the 
greater equals 16, as above. 


PROBLEM. 12. 


3 7. What two numbers are thoſe, whereof the gre ater 
is three times the leſs, and the ſum of a oe ſquares is 
five times the ſum of the numbers? 

Anſ. The numbers are 6 and 2, whoſe ſum is 8: 
now 6 = 3 times 23 and 6X6--2x2=40==5 times 8. 


Co 
" = _ 
> * - — — — — — — — _ — 
4 . . edn rr cnncqtik I Y 4 
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i SOLUTION. 
The leſs number x. 


4 The greater, 2266 
1 3 9 2 Their ſum, 4. 
| | The ſquare of the leſs, xx. 


1} | The ſquare of the greater, gxx. 
- The ſum of their ſquares, 10xx. 

a But, according to the problem, the ſum. of their 
ſquares is g times the ſum of their numbers, that is, 


5 times * or 20x therefore I OXXZZ208 3 and 105 
| = 20; 


#. 


„ DD om: tr .. 


S 20; and x the leſs number 2; whence 3 the 
greater equals 6, as above. | | | 


PROBLEM 13. 


38. What two numbers are thoſe, whereof the leſs is to 
the greater as 2 to 3, and the product of whoſe mul- 
tiplication is 6 times the ſum of the numbers ? 

Anſ. The numbers are 10 and 15, whoſe ſum is 
25: for 10 is to 15 as 2 to 3. This will be plain by 
putting the queſtion thus; if 2 gives 3, what will 10 

ive? for the anſwer will be 15: theſe numbers will 
alſo anſwer the ſecond condition of the problem; for 
10XI 5==1 50==22 5X0. | 


SOLUTION, 


N Put for the leſs number; then to find the greater 
+ number ſay, if 2 gives 3, what will x give? and the 
anſwer is = therefore, if x ſtands for the leſs num- | 


der, the greater number will be i their ſum will 


2X 


* 


Tz, r and the product 


=, or —, but, accord - 


ing to the problem, the product of their multiplica- 
ton ought to be fix times the ſum of their numbers, 


* , 2x 
he 42 
os —» Of 


of their multiplication xX 


4 W - 09 Ac 
that is, fix times . or — ; therefore © Po 


—, and gx*==30x; and 3x zo; and æ the leſs 


number equals 10 therefore — the greater number 


equals 15, as above. FD 
12 Prone. 


”— 
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PR OI N 14. 


39. Two perſons A and B were talking of their money; 
ſays A to B, Give me five ſhillings of your money, and 
. 4 ſhall have. juſt as much as you will have left; ſays 
B to A, Rather give me five ſhillings of your money, 
and J ball then have juſt three times as much as you 
will haue left + How much money bad each? 
Aaſ. A had 15 ſhillings, and B 25: for then, if 
A borrows 5 ſhillings of B, they will have 20 fhil- 
liags each; on the other hand, if A lends B 5 ſhil- 
lings, then will 4 have 10 ſhillings left, and B will 
have' 30, which is three times as much. 


SOLUTION, 


Put x for 4's money; then it A borrows five ſpil- 
lings of B, A will have x-+5, and B by the fuppol. 
tion, will have the ſame left, to wit, x5; but ir 
B, after having lent 4 five ſhillings, has x45 left, he 
mult have had L x-þ-10 before; therefore if x repreſents 
#5 money, ro will repreſent B's : let us now ſup- 
poſe B to borrow: 5 ſhillings of A; then will B Have 
* EI 5, and A will have x—5; bur, according to the 
problem, B in this caſe ought to have three times 2 


much as A has, left, that is, three times x — 3, ot 
3 is; therefore 3 ig; therefore 24—i 
—L5==15, that is, 2&— 15 15 therefore 2y==157 
15 zo; therefore x, Of A's money, equals. 15 (hit 
We! and e or B 57 25 e 


P6511 75. 


40. What tevo numbers are uboſe, tbe product ef be 
multiplication is 108, and whoſe ſum is 4 28. to tepid 
their difference ? * 

An/..18 and 6 : for the produdt of their multiplia 
tion is 1083 and their ſum 24, is equal to twice the 

difference 12. | 2 1 


SOLVUTION 


* 


t 


* 
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For the greater number put ; then, had their 
fum been ros, 1 ſhould for the other number have 
put 108 -] but it is not the ſum of their addition, 
but the product of their multiplication, that is equal 
to 1083 therefore, ik one number be called x, the 


8 
ther will he — which I thus demonſtrate: let y be 


the other number then will xy or xy=108 by the 

fupp poſition; divide both ſides of the equation by x, 
, g "4 

and you will hong #1} _ AS Was to be demon- 

ſtrated. This being admitted, the difference between 


140 „ 
the grocer number x, and the leſs — FT is & = 


ka their ſum 1 4 ow. by the condition of 


the problem, this ſum ought | to be eequal to twice the 


24A 108 3 46 
difference, that is, to. twice rn or 2 * — 2 7 
216 108 


therefore 24 - 4 1 therefore 2xx—216 
' " £ 


=xx+108; ; therefore. 2Fx—xx—216=108, that | is, 


az—210 = 198; therefore, xx = 108 + 216=324; 


198 
therefore x the greater number equits . 1855 and — 


br by 


the leſs equals 6, as above. 


#FY T7 © 7% 


PA OR L E 1 16. 


41. Lis required to divide the number 48 into two ach 
parts, that one part may be three timæs as much above 
20, as'the other wants of 20. 


Anſ. The two parts are 32 and 16: e ede 


moreover 32 is 12 above 20, and 16 wants 4 of 20, 
and 12 is three times 4˙ 8 
„ eee 1 3 1 orion, 


| 
| 
| 
| 
[| 
| 
1 
| 
| 
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L | 
SOLUTION. 


Put x for the leſs number ſought; then will 48—x 


be the greater, and the exceſs of this greater aboye 
20 will be 28—x, as is evident by ſubtracting 20 
from 48—x: again, the exceſs of 20 above the leſs 
number (which is, what the leſs number wants of 29) 
is 20—x; and according to the problem, the former 
exceſs is three times the latter, that is, three times 
20—x ; or 60—3x; whence we have this equation, 
28—x=60—3x; therefore 28—x-3x==60, that is, 
_ 28--2x=60; therefore 2x=60—28=32; therefore 

x the leſs part=16, and 48—x the greater = 32, as 
above. | EY 


_ Another ſolution of the foregoing problem. 


Put x for what the leſs number wants of 20; then 
will the leſs number be 20—, the greater 20 ＋ 3x, 


and their ſum 402; but, by the problem, their 


ſum is 48 therefore 40+2x==48; therefore 2x==48 
—40==8 z. therefore x==4 ; whence 20— the leſs 
number = 16, and 20-+3x the greater 32. 


PROBLEM 17, 


42. One has three debtors, A, B, and C, whoſe parti- 


culur debts be has forgot; but thus much be could re- 
member from his account, that A's and B's debts to- 
. together amounted to 60 pounds; A's and C's to 80 
pounds; and B's and C's to 92 pounds : I demand the 
particulars. Lode 


Anſ. A's debt was 24 pounds, B's 36, and Ge. 56; 


for 244-36=60, 24-+56=80, and 36--56==92, 
| SOLUTION, | 


Put x for 4's debt; then, becauſe 4's and Fs to- 
gether made 60 pounds, B's debt will be 60—x; 
again, becauſe A's and C*s together made 80 pounds, 
Ci debt muſt be 80—x : now ſince; according to the 
h 1 problem, 


— 


nere e . 


= 


F A = 7 
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problem, B's and C's debts when added together 
make 92 pounds, I add 60—x, and 80—x together. 
and ſuppoſe the ſum 140—2x==92; whence 2x92 


=140; and 2x=140—92z=48; and x, that is, A's 


debt, 224 pounds: whence 60—+x, or B's debt, 36 
pounds; and 80—vx, or C', is 56 pounds, as above. 


PROBLEM 18. 


43. One being aſked how many teeth he had remaining 
in his bead, anſwered, Three times as many as he hid 


loft ; and being aſked how many be had loft, anſwered, ' 


As many as, being multiplied into +. part of the number 


left, would give all be ever had at firſt: I demand 
how many be bad loſt, and how many be bad let? 
Anſ. He had loſt 8, and had 24 left: for then 24 


the number left, will be equal to 3 times 8, the 


number loſt ; and moreover 8 the number loſt, mul- 


tiplied into 4, that is, into 4 part of 24 the number 
left, will give 32==24+8, all he ever had at firſt. 


SOLUTION. 


Teeth loft, *. 
| 1 
In all, 411. 


5 , * x ; : | 
part of the number left =: or —3 this, multi- 


plied into the number loſt, makes * x or = but, 
according to the problem, this product is equal to all 
he ever had at firſt; whence = =4#; and xx=8x; 


ind x, the number loſt, =8 ; whence zx, the number 
left, 24, as above. 


3 


PROBLEM 19. 


44. One rents 25 acres of land at 7 pounds 12 fillings 


per annum ; which _ con/iſts of two ſorts, the bet- 


- r . 
1 — ——— wer po — 299 5 — 2 


b n [ | 
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ter ſort he rents at 8 ſhillings per acre, and the worſe 
at 5: I demand the number of acres of each ſort. 

Anſ. He had 9 acres of the better ſort. and 16 of 
the worſe: for 9 times 8 ſhillings=72 ſhillings; and 
16 times 5 ſhillings=80 ſhillings ; and 52-+80==152 
ſhillings = 7 pounds 12 ſhillings. 


SOLUTION, 


Put x. for the number of acres of the better ſort; 
then will 25—x be the number of acres of the worſe, 
ſort, becauſe both together make 25 acres; moreover, 
ſince he paid 8 ſhillings an acre for the better ſort, he 
mult pay 8 times as many ſhillings as he had acres, 
that is, 8x: and ſince he paid g ſhillings an acre for 
the worſe fort, he muſt pay 5 times as many ſhillings | 
as he had acres of this fort, that is, 25 — x X 5, or 
125—5x put both theſe rents together, and they 
will amount to 8x4125—5x, or 2x-125 ſhillings; 
but they amount to 152 ſhillings by the ſuppoſition; 
therefore 3x+125==152; therefore 3x=152—125= 
27; therefore x, the number of acres of the better 


fort, = 9, and 25—x, the number of the worſe ſort, 
== 16, as above. 


\ 


| PROBLEM 20. | 
45 One hires a labourer into his garden for 36 days upon 
tbe following conditions; to wit, that for every day he 
laboured, be was to receive two ſhillings and fixpence 
and for every day be was abſent, be was to forfeit one 
ſhilling and fixpence: now at the end of the 36 days, 
aſter due deductions made for his forfeitures, be received 
clear 2 pounds 18 ſhillings: I demand how many dq. 
be laboured, and bow many he was abſent, 
Anſ. He laboured 28 days, and loitered 8 : for 
28 half-crowns amount to 3 pounds 10 ſhillings due 
to him for wages; and 8 eighteenpences amount to 
12' ſhillings due from him in forfeitures; and this lat- 
ter ſum ſubtracted from the former, leaves 2 pounds 
x8 ſhillings to be received clear. 
* S0LUTION, 


ds 


Ny 


N 
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Put & for the number of days he laboured ; then 


will 36—+x repreſent the number of days he was ab- 


ſent: again, ſince he was to receive go pence for 
every day he laboured, the pence due to him 1a wages 
will be zo xx, or 3ox; and ſince he was to forfeit 18 
pence for every day he was abſeht, the pence due 


from him-in forfeitures will be 18X 36—x, or 648 


ig x: ſubtract now 648—18x, the pence due from 


him in forfeitures, from 3ox, the pence due to him 
for wages; or, which is all one, add 18 x—648 to. 
20x, and there ariſes 48x —648, the pence to be re- 
ceived clear: but he received clear 2 pounds 18 ſhil- 
lings, or 696 pence, by the ſuppoſition ; therefore 
48x—648=696; therefore 48x=6484-696=13443 - 
therefore x, the number of days. he laboured, =28; 
and 36—x, the number of days he loitered, =8, as 
above. 25 


PROBLEM 22. 


47. One lets out a certain ſum of money at 6 per cent. 
ſimple intereſt ; which intereſt in 10 years time wanted 
put 12 pounds of the principal: What was the prin- 
cipal? 5 
Anſ. The principal was 30 pounds, and the intereſt 

18 pounds =30—12 : for as 100 pounds principal 

is to its annual intereſt 6 pounds, ſo is 30 pounds 

principal to its annual intereſt r.8 pounds; and 
therefore its 10 years intereſt will be 18 pounds. 


Solurro x. * 


Put x for the number of pounds in the principal; 
then, to find its intereſt for one year, ſay, if 100 


pound principal give 6 pounds intereſt, what will x 


* 1 o * 6 , | 
principal give? and the anſwer will be —= ; this will 
* 180 


be the intereſt of x for one year, and therefore its 
ws intereſt 
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. 6ox 6k 3 

intereſt for ten years will be rn, but, 
according to the problem, this intereſt is to bex—12, 
for it is to want Juſt 12 pounds of the principal, by 
the ſuppoſition; therefore x — 12 = 573 therefore 


53x—60=3x; therefore 5x—3x—60==0, that is, 2x 

oe o; therefore 2x=60, and x the principal=30 

and = the ro years intereſt = 18 pounds, as above. 
PROBLEM 23. | 


43. One lets out 98 pounds in two different parcels; one 
at 5, the other at 6 per cent. /imple intereſt; and the 


intereſt of the whole in 15 years amounted to 81 


pounds : What were the two parcels ? 

Anſ. The parcel at 5 per cent. was 48 pounds, and 
the other at 6 per cent. was 50 pounds: for in the 
firſt place, 48-|50==98 ; and moreover, the annual 
intereſtof 48 pounds at 5 per cent. amounts to 2 pounds 
8 ſhillings; and the annual intereſt of 50 pounds at 
6 per cent. is 3 pounds; therefore the whole intereſt 
amounts to 5 'pounds 8 ſhillings in one year; and 
conſequently to 81 pounds in 15 years. 


SOLUTION, 


Put x for the number of pounds in the parcel at 5 
per cent. and conſequently 98 — x for the number 
of pounds in the other parcel at 6 per cent.; then, to 
find the annual intereſt of x, ſay, if 100 pounds 
principal give 5 pounds intereſt, what will x give? 


- and the anſwer will be —= : again, for the other par- 


cel, ſay, if 100 pounds principal give 6 pounds in- 
tereſt, what will 98— give? and the anſwer will be 


88 — | 
: N81 add theſe two intereſts together, to wit, 


5x 
100 


100 
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and l 


* and the ſum will be 2 e-£38—6p 
100 100 


. . 
that is, = this is the intereſt of the two par- 
cels for one year; and therefore, in 15 years time, 


* 8820—1 . L : 
the intereſt muſt amount t = 2E; but it a- 


mounts to 81 pounds, by the ſuppoſition; therefore 
8820—15x 


— — 


100 


2813 therefore 8820 — 15x 8100 


therefore 88 20 gr ,- 100; therefore 1 5x=8820— 


8100==720 therefore x, the parcel at 5 per cent.==48 


pounds; and 98—x, the parcel at 6 per cent. = 50 


pounds, as above, 


PROBLEM 24. 


49. 4 gentleman hires a ſervant for a year, or 12 months, 
and was to allow him for his wages fix pounds in mo- 
ney, togetber with a livery cloak of a certain value agreed 
upon: but after ſeven months, upon ſome miſde- 

meanor of the ſervant, be turns him off, with the 


aforeſaid cloak and 50 ſhillings in money; which was 


all that was due to bim for that time: I demand the 
value of the cloak. Et | 
Anſ. The value of the cloak was 48 ſhillings : for 
then his whole wages for 12 months would be 168 
ſhillings; and by the rule of proportion, his wages 
for 7 months would be 98 ſhillings; whence ſub- 


tracting 48 ſhillings, the value of the cloak, there 


would remain 30 ſhillings due to him in money. 
277 
Put x for the value of the cloak in ſhillings ; then 


will his whole wages for 12 months be zx-120; and 


his wages for 7 months, may be found by the golden 
ZI : | 


rule, laying, as 12 is to 75 ſo is x+120 to , 


but, 
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but, according to the problem. his wages for 7 months 


was the cloak and 50 ſhillings in money, that is, 


1 ' 840 
1-50; therefore Se . 72; therefore 124 A 
600=7x4-840; therefore 12x#—7x-|-600==840, that 


is, 5x--600==840'; therefore 5x==840—b00=240; 


therefore æ, the value of the cloak in — is 4, | 
as above. 4 


{p06 = n OBLEM 25. 


50. One diſtributes 20 ſhillings among 20 people, giving 


6 pence apiece to ſome, and 16 pence apiece to the 
"Feſt: I demand the number of perſons of each 4 
minalion. 

An. There were 8 perſons who received 6 pence 
apiece ; and 12 who received 16 pence apiece : for 
in the firſt place, 8+12=20 perſons; and ſince 8 
ſixpences are equivalent to 4 ſhillings, and 12 ſixt*en- 


pences to 16 ſhillings, we ſhall have i in the next place, 


7 * 16 .= 20 ſhillings. 


SOLUTION. 


Pur x for the number of perſons who received 6 pence 
apiece; then, ſince there were 20 perſons in all, 20—x 
will be the number of thoſe who received ſixteenpence 
apiece: the number of pence received by the former 
company will be 6; and the number of pence re- 


ceived by the latter will be 20 & 16, that is, 320 
—16x; and therefore the whole number of pence 
received will be 6x-+-320—16x, or 320—1ox ; but, 
according to the problem, there: was received in the 
whole, 20 ſhillings, , or, 249 pence; therefore, 320— 


10x=240; therefore iox249=320; therefore 15 


=320-—240==80; therefore x, the number of 
ſons who received ſixpence apiece, is 8, and #4 
quently 20-4, the number of the reſt, is 12, 48 
above. 


PROBL IM 
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PROBLEM 26. 


51. It is required to divide 24 ſhillings into 24 pieces, 
conf i/ting only of ninepences and thirteenpencehalf- 
Pennies. 

Anſ. There muſt be 8 ninepences, and 16 thirteen- 
pencehalfpennies; for in the firſt place, 8-|-16=24 
pieces; and ſince 8 ninepences are equivalent to 6 
ſhillings, and 16 thirteenpencehalfpennies to 18 ſhil- 
lings, we have in the next place 6--18=24 ſhillings. 


| | | | Sorvrion. 


Put æ for the number of ninepences, and conſe- 
quently 24—vx for the number of thirteenpencehalf- 
pennies : now the number of halfpence equivatent to 
the former is 18x, becauſe there are 18 halfpence-} in 
every ninepence; and the number of halfpence equiva- | 
lent to the latter is 24—xX27, or 648 — 27 x, be- | 
cauſe there are 27 halfpence in every thirteenpence- 

haltpenny piece: therefore the number of halfpence 8 
equivalent to the whole will be 18 x ＋ 648 — 27 x, | 
that is, 648—gx; but, according: to the problem, the ll. 
, whole amounts to 24 ſhillings, or 57 6 halfpence ; there- 
: fore 648—gxr=576; therefore gaxÞ576=648 ; there- 
. fore gx=648—576=72; therefore x, the number of 
r 


ninepences, is 83 and 24—x, the number of thirteen- 
pencehalfpennies, i is 16, as above. 


— —— laum—— — — — — 
— — — — — 
. 


5 ROB LEM 2 Te 
t, FR 2, Tw 700 perſons, A and B, travelling yogether, A with | 
e 100, and B with 48 pounds about him, met a com- | 
— pany of robbers; ⁊obo took twice as much from A as | 
x From B, and left A. thrice as much as they Aft B: 7 4 
7 demand how much. they took from each. | 
I Au They took 44 pounds from B, and twice as | 
as much, that is, 88 pounds from 4, ſo they left B 4 
2 and A 12 pounds, which is 3 times 4. 
M R © SOLUTION. ] 


- 
— ——— 
— — 
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"JoL UT ION. 
Taken from B, x. 
from A, 22. 
Left B, 48—. 
Left A, 100—2x. 


But, according to the problem, they left A three 
times as much as they left B, that is, three times 
48—x, or 144—3x; therefore 190—2x=144—3x; 
therefore 100—2x-3x=1 44, that is, 100+ x==1 44; 
therefore x, the ſum taken from B,=144—100==44; 
and 2x, or 88, is the ſum taken from A, as above. 


* 


PROBLEM 30. 


55. There are lebo places 154 mils diſtant from each 
other ; from whence two perſons ſet out at the ſame 
time with a deſign to meet, one travelling at the rate 


of 3 miles in two hours, and the other at the rate of 
5 miles in 4 hours: I demand bow long and bow far 


each travelled before they met. 

Anſ. As our travellers were ſuppoſed both to ſet 
out at the ſame time, and they muſt both meet at the 
ſame time, it follows, that each muſt perform his 
Journey in the ſame time; I ſay then, that each per- 


formed his journey in 56 hours: for if in 2 hours 


the firſt travelled 3 miles, in 56 hours he muſt travel 
84 miles, by the rule of proportion: in like manner, 
if in 4 hours the ſecond travels 5 miles, in 36 hours 


he muſt travel 70 miles; and 84+70= 154 miles, 


SoLUuTION, 2155 
Put x for the number of hours each travelled; 


then, to find how many miles the firſt travelled, ſay, 
if in 2 hours he travelled 3 miles, how far did he 


travel in x hours? and the anſwer is =; then for 
5 the 


( 
0 
{ 
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the other ſay, if in 4 hours he travelled g miles, how 


far did he travel in x hours? and the anſwer is . 


| 
therefore both their journies put together make = 
+ = but they both travelled the whole diſtance, 
154 miles; therefore — += = 154; therefore 3x 


+ * = 308: therefore 12 1 4 10x, that is, 22x 
= 1232 ; therefore x, the number of hours each 
travelled, = 56; therefore , the number of miles 


the firſt travelled, = 84; and . the number of 


miles the ſecond travelled, = 70, as above. 


PROBLEM 31. 


56. One ſets out from a certain place, aud travels at the 
rate of 7 miles in 5 hours; and 8 bours after, another 
ſets out from the ſame place, and travels the ſame 

road at the rate of 5 miles in 3 bours: I demand bow 
long and how far the firſt muſt travel before be is over- 
taken by the ſecond, _ 3 3% 
Anſ. The firſt muſt travel 50 hours, and conſe- 
quently 70 miles; the ſecond mult travel 50—8, or 

42 hours, and conſequently alſo 70 miles: ſince 

then they both ſet out from the ſame place, and the 

ſecond traveller has now travelled as far as the firſt, 

he mult have overtaken the firſt. h 

SOLUTION. | 
Put & for the number of hours the firſt travelled, 
and conſequently z—8 for the number of hours 


wherein the ſecond travelled : then, to find the miles 
| travelled 


7 
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travelled by the firſt, ſay, if in 5 hours he travels 
7 miles, how far will he travel in x hours? and the 


anſwer is * then for the other ſay, if in 3 hours 


he travelled 5 miles, how far will he travel in x—8$ 


3 © 
hours, and the anſwer i is ara but as theſe. two 


travellers both ſer out "ALE the ſame place, and. mot 
come together at the fame place, it follows, that they 
muſt both travel the ſame length of ſpace; therefore 
2 = = po, therefore 5x — 40 = Ren there - 
fore 257 200 21x; therefore 2 57 — 21K — 200 
Do, that is, 4x—200==0; therefore 4x=200; and 
we, the hours travelled by the firſt, = go; whence 
x—8, the hours travelled by the ſecond, = 42; 


5 the miles travelled by the firſt, = 70; and 


— —, JH miles travelled vy the ſecond, = = PR 
above, | 
| P R O L E N 36. 


61. 4 ſhepherd. driving a flock of ſbeep in time of war, 
meets a company of ſoldiers who plunder him of half bis 
flock, and half a ſheep over ; the ſame treatment he meets 
«01th from a ſecond, a third, and a fourth company, 
every. ſucceeding company plundering him of half the 
ock the laſt had left, and half a ſheep. over; inſomuch 
that at laſt he bad but 7 Peep left : I demand-how many 
be had at firſt. © 
Anſ. His flock at firſt confiſted of 127 ſheep; 

Lo if the firſt company had only robbed him of half 

his flock, they would have left him 634 ſheep; but 

as they plundered bim of half his flock, and half a 

' ſheep over, they left him only 63 ſheep; in like 
manner the ſecond company left him 31, the third 

155 and the fourth 7. 

N. B. 


. 


my — — td 
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N. B. Before I enter upon the ſolution of this 
problem, I mult put the lezrner in mind of what he 
has been told before, (introduction, art. 13.) to wit, 
that a fraction may be halved two ways, either by 
halving the numerator, or doubling the denomi- 
nator. 


ens 


Put x for the number of his firſt lock; then, had 
the firſt company only taken half his flock, they 


would have left him the other half, viz. = but they i 


took half his flock and half a ſheep e therefore 


they left him Juſt ſo much leſs, to wit, — 2 


2 
0 — again, had the ſecond company only taken 
half what remained, they would have left him half, 


$ wit, ; but by taking hals a ſheep more, they 


7 1—3 


„ ; in like manner the third company left 
ts | CNS 
= 45 a — - ri . F 
RI I HT & I, 
iD — 0 } but 


hey left him 7 ſheep, by the ſuppoſition ; therefore 
= Th and 2—15 2112; and x his irg num- 


but ber — 
if a [= 1 as above. | 
like PROBLEM 37. 


hird b:. One bn a certain number of eggs, balf whereof 
be buys in at 2 à penny, and the other half at 3 
| K 


. 5 
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penny ; thaſe be afterwards ſald out again at the rate 
f 5 for twopence, ang, contrary. to his expetatian, 


loft , by the bargain : what was. the number 


of bis e 

2% Lie number of bis eggs was 60; half 
Wi. at two a penny coſt him 15 pence; and the 
other half at three a penny, ten pence ; and the 
whole 25 pence: but 60 eggs ſold out at 5 for two 
pence, would only bring him in 24 pence, as appears 
by the rule of proportion; therefore he loſt a penny 
by. the bargain. / 


SOLUTION. 
put x for the number of 8855 then ſay, if 2 egg 


coſt one penny, what will = — one half of his eggs 


colt? and the anſwer will be I and for the fame 


"reaſon the other half at 3 a peany will 2 him 


= : ſo that for the whole he muſt pay — 77 55 or 12 =; 


again ſay, if five eggs were- ſold for re 4 


were x eggs ſold | for ? and the anſwer will be = 


therefore— will be the number of pence he received 


| for his eggs; ſubtract this from r, the pence he 


paid for them, and the remainder >= — 7 „or 


= will be his loſs ; but by the ſuppoſition he loſt 


one penny; therefore — 88 = and æ the number of 
eggs will be 60, as Bach 


PROBLEM 


of 


A! 
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PROBLEM 39. 


64, 1t is required to divide the number 90- ae 
ports, that one part may be to the other as 2 10 3. 
Anſ. The numbers are 36 and 54: for in the firſt. 

place, 36-54 o; and in the next place, if both 
36 and 54\ be Auw dae by 18, the quotients will be 2 
and 3; whence I infer, chat 36 is to 54 as 2 to 3; 
for à common diviſion by the ſame number cannot 
alter the proportion of the numbers divided; and 
therefore if after this common diviſion, the quotients 
be to one another as 2 to 3, the dividends muſt be 
alſo in the ſame proportion. 


SOLUTION. 


Put x for the leſs part, and 90 - for the other; 
then will x be to 90 as 2 to 3, by the ſuppoſition; 
but by art. 15, whenever there are four proportionals, 
the product of the extremes will be equal to the 
product of the middle terms; here the extremes are 
rand 3, whoſe ptoduct is 3x; and the middle terms 


are go and 2, whoſe product i is 180— 21; there- 


fore zr 80—2x; therefore gx=180z ; und x, the 
leſs part, 36 and 90 — &, the greatet, = 54, as 
above. 


PROBLEM 41. 
66. What number is that, which, being ſeverally added- 
to 36 on 52, will make the former ſum to the latter 


as 3 t0 45 
Anf. The number is 12: for 36-12 is to 52-Þ12, . 
as 48 is to 64, as 7 is to 74, as 3 to 4. 


Put » for the number GE; 25d you will have 
this proportion; 36--x is to 52 ＋ as 3 to 4 . Whence' 
by multiplying extremes and means you ill have 
44 ＋A 56g; therefore 2 56 chere | 
fore #'the number ſought = 12, as above. 

K 2 PROBLEM 


Bound at the ſame price, and both of the ſame ſort of 
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bp PROBLEM 42. 4 


67. A bookbinder ſells me to paper books, one contain - 
ing 48 ſheets for 3 ſhillings and 4 pence, and another 
containing 75 ſheets for 4. ſhillings and 10 pence, both 
paper: I demand what be allows himſelf for bind- 

ing. by 6k. 0 
45 He reckoned 8 pence for binding; ſo that the 

price of the paper of the firſt book was 32 pence, and 

the price of the paper of the latter g0 pence : now 
if this anſwer be juſt, the two prices ought to bear 
the ſame proportion to one another as the two quanti- 
ties of paper; and ſo we ſhall find them: for 32 pence 

are to 50 pence as F are to , that is, as 16 to 25; 

and 48 ſheets are to 75 ſheets as , are to , that is 

alſo, as 16 to 25. 


SOLUTION. 


Put x for the number of pence reckoned for bind- 
ing; then we ſhall have 40— for the price of the 
paper in the firſt book, and 58 — for the price of the 
paper in the ſecond book; and 40— will be to 58x 
as 48 to 75; multiply extremes and means, and you 
will have this equation, 2784—48x=3000—7 gx; 
therefore 2784-|-27x==3000 ; therefore-27#=216; 
and x the number of pence reckoned for binding 
28, as above. $80 


0 PROBLEM 43. 3 

68. What number is that, which, being ſeverally added ts 

13, 27, and 45, will give three numbers in continual 
proportion. 5 

N. B. Three numbers are ſaid to be in continual 

proportion, when the firſt is to the ſecond as the ſe - 

cond is to the 2. = | 
Anſ. The number ſought is 9: for 15-|-9=24 ; and 
27+9==36; and 45 9 54; and 24 is to 36 as 36 


is to 54: for 24 is to 36 as 7+ is to 45, that is, as. 


2 [0 


41 13” wv _ we os ©» 89 


© 


Art. 68, 70. producing Simple Equations. 149 
2 to 33 and 36 is to 54 as 37 is to 54, that is alſo, as 
2 to 3. 
Solur rox. 

Put x for the number ſought; then we ſhall have 
this proportion, x15 is to x27, as & ＋-27 is to 
_— where the two middle terms are x / and 

27: multiply extremes and means, and you will 
have this equation, xx-6ox+67 5z=xx|-54x+7 29; 
therefore 60x-4-67 5=54x4-729 z therefore 6x41-67 5 


27293 therefore 6x=54 z and x the number ſought 
Sg, as above. 


Of the method of reſolving problems wherein more 
unknown quantities than one are concerned, and 


repreſented by different letters. 


70. Hitherto we have uſed but one fingle letter in 
every problem for ſome one unknown quantity in it; 
and if there were more, the reſt received their names 
from the conditions of the problem ; but in caſes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one another, 
| this method will be found very difficult; and there- 
fore, in ſuch caſes, the Algebraiſt is allowed to uſe as 
| many different letters as he has unknown quantities, 
provided he finds out as many independent equations 
for diſcovering their values; ſee art. 92: for though 
in every equation wherein more unknown quantities 
than one are concerned, they hinder one another from 
being found out, yet if as many fundamental equa- 
tions at firſt be given as there are unknown quan- 
tities, it will not be difficult, in many caſes, from 
theſe to derive others that are more ſimple, till at 
laſt'you come to an equation wherein but one only 
unknown quantity is concerned, in which caſe all the 
reſt. are ſaid to be exterminated. 8 
Whenever two or more equations are propoſed, 
involving as many unknown quantities, theſe equa- 
s | K 3 tions 


= — 


d 
6 
a8 
to 
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tions mult firſt be prepared by freeing. them from frac. 
tions where-ever there are any, and by ordering every 
particular equation ſo, that all the unknown quanti- 
ties may poſſeſs one ſide of the equation, and ſuch as 
are known the other; or elſe, that all the quantities 
Ky poſſeſs one ſide of the equation, and a cypher 
the other ; it will be alſo convenient, that in every 
particular equation, the unknown quantities be placed 
Jo laying down rules for exterminating unknown 
quantities, 4 ſhall begin with the ſimpleſt caſe firſt, 
which is that of two equations, and two unknown 
quantities; and when I have given as many examples 
as ſhall be thought proper in this caſe, I ſhall chen 
proceed to others where more unknown quantities are 
to be exterminated. | | 
But here 1 muſt not forget to advertiſe the reader, 
that, as I am now treating of ſimple equations, and 
problems producing fuch equations, I ſhall not med- 
dle with any caſes of extermination which lead to 
equations of higher forms: when I come to treat of 
quadratic equations, I may then perhaps add ſome- 
thing further upon this ſubject; but to undertake to 
explain all the various methods of exterminating un- 
known quantities would be an endleſs taſk, and a 
molt intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet ſuppoſe 
to he ſo far gone in Analytics, as to be willing to pur- 
Chaſe this ſort of knowledge at any rate. BY, 
Let then æ and y be two unknown quantities to be 
found out by the help of the two following equations, 
4 en, and 6x—7y=4.: or the queſtion may be 
ſtated thus: if 4% — gya, and 6x—7y=4, what are 
x andy? Now as theſe equations want no preparation, 
put them down one under another; then upon a bye 
piece of paper multiply the firſt equation (4x—zy=2) 
by 6 the coefficient of. in the ſecond equation, and 
the product will give this equation, 24x—30y=12 3 
again, multiply the ſecond equation (6x—7y=4) by 
: : | * 4 7 


7 | 


2 ADV. ED. . 
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4, the coefficient of x in the firſt equation, and the 
product gives 24x—28y=16; ſubtract now either of 
theſe two laſt equations from the other, and x will be 
exterminated : I choofe in the preſent caſe to ſubtract 
the former equation from the latter, that the coeffi- 


cient of y after ſubtraction may be ate thus; 


24x—285=16 _ 
24X—309=12 


=. 


From this ſobrraftivn you have the following equa- 
tion, 2y==4, which put down under the two brit equa- 
tions to make a third; then reſolve this third equa- 
tion 2y==4, and you will have Y=2, which put down 
under the reſt for a fourth equation, 

Having thus found the value of y=2, put this 
lue inſtead of y in the more ſimple of the two firſt 
equations, ſuppoſe in the equation 4x—5y=2, and 
you will have4x—10=2; whence 4x=12, and x g, 
which. put down for x fifth equation, and the work 
is done; for is now found equal to 3, and y equal 
to 2, and theſe numbers three and two being ſubſti- 
tuted for x and y reſpectively, will anſwer both the 
conditions of the queſtion, that is, you will have 
nnn and nie 


1ſt Equ. 4x—5y2=2. 
2d, SY =. 


9 


zthi «„ *=3. 


The coefficients of x, che quantity to be extermi- 
anos] in the two firſt equations, were 4 and 6: now, as 
theſe numbers admit of a common divifor without 
any remainder, namely 2, divide them both by 2, 
and the quotients will be 2 and 3; uſe now theſe 
numbers 2 and 3 inſtead of 4 and 6, and the opera- 


tion, as well as the 3 reſulting from it, will 


K 4 become 
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become more ſimple: for the firſt equation multiplied 
by 3 inſtead of 6, gives 12&—15y=6, and the ſe- 
cond equation multiplied by 2 inſtead of 4, gives 
12x—14y=8; and the difference of theſe two * 
tions is y=2. 

Another way of exterminating the unknown quan- 
tity x is as follows: find out the value of x in reſpect 
of y, in the more ſimple of the two firſt equations; 
then, ſubſtituting this value inſtead of x in the other 
equation, you will have an equation, wherein y alone 
is concerned: thus in the foregoing . example, the 
firſt equation was 4x—5y==2, — 4x=5y+2, 
ahd X=" 242 


z ſubſtitute now this value —.— 


| inſtead of x 1n the ſecond equation, G by 
king 6 —— , aud you will have this equa- 


tion, IE yg; ; therefore 209-+12—at1= 


163 8 29 ＋12 16 z whence 2y==4, and 
242 


Dez; and x, or =3, as before. 


G , What has here been ſaid concerning the 
extermination of the quantity x, may as well be ap- 
plied to the other quantity y, except that its coeth- 
cients 5 and 7 will not admit of a common diviſor, 
as did the numbers 4 and 6. 

2dly, Of the two different ways of extermination 
here laid down, ſometimes one will be found more 


expeditious, and ſometimes the other, as will appear 


by the following problems. 
3 aq, In the caſe. of two unknown quantities, if the 
value of either of them can be had in integral terms 
in both equations, equate the two values one to the 
other, and you will have the other unknown quantity, 
by means whereof the firſt will alſo be known; and 
this n a third way of extermination, whereof 


. : there 


2 
2 — -a A AA — = &o Hee be 


22. 
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there are ſo many examples in the following problems, 

that nothing more needs here to be ſaid of it. 
Whenever two quantities, as x and y, are multi- 


plied together to produce a third, xy, the two multi- 
plicants x and y are called factors, or efficients, in 


which caſe, each is ſaid to be the other's coefficient ; 


thus, in the quantity xy, & is ſaid to be the coefficient . 
. of y,. and y the coefficient of x; therefore, if in any 


quantity wherein x is concerned as an efficient, its co- 
efficient be deſired; divide that quantity by x, and 
the quotient will be the coefficient: thus if the quan- 
tity 12x—yx be divided by x, the quotient is 12—y; 
therefore in the quantity 12x—yx, the coefficient of 
x 18 12—9. = MT; 
ADVERTISEMENT. 5 


The reader muſt now no longer expect to haye all 
ſimple equations reſolved to his hand, as hitherto has 
been done. If, after ſixteen examples of ſimple equa- 
tions reſolved, and the ſolution of forty- four Alge- 
braic problems, he be ſtill at a loſs how to reduce a 
ſimple equation, it muſt proceed from a weakneſs 
that either admits of no cure or deſerves none. 


PrOBL E M 45. 


71. What two numbers are thoſe, the product of whoſe 


_ multiplication is 144, and the quotient of the greater 
divided by the leſs is 16? 23 2 
"SOLUTION. 


| Put x for the greater number, and 7 for the leſs; 
and the queſtion when abſtracted from words will 


ſtand thus: if xy=144, and 7 16, what are & 


and ye . 
The firſt of theſe equations wants no preparation, 


and therefore may be put down thus; 


Ezqu. iſt, xy 2144. 
R The 
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The ſecond equation, when prepared according to 
the laſt art. will feand thus; © 12 
FE Kqu. 2d, #—16y=0, | | 
Multiply the firſt equation by 1, the ſuppoſed co. 
efficient of x in the Tecond, and the quotient not 
being altered by ſuch a multiplication, will be Y 
144; multiply alſo the ſecond equation by y, which 
according to the foregoing art. is the coefficient of x 
in the firft, and you will have xy—16 yy=0 ; ſub- 
tract this latter product from the former, and you will 
have, Equ. zd, * 16yy=144; whence 
= Equ. 4th, * 23. 
Subſtitute now g inſtead of y, or zx inſtead of xy 
in the firſt equation, and you will have gr=144, 
and conſequently, | 
7, Bon. Th wo *=48. 4 
So that the numbers at laſt are found to be 48 and 
33 and they will anſwer the conditions of the queſ- 


4 5 12:40 HE 
tion: for 48ð 322144. and = K 


Equ. iſt, z) 2144. 
2d, 4 — 165 =0, 
3d, 505 I byy 44. 
4th, * 3. 


Another ſolution of the foregoing problem, from the 

laſt article. . a 

Having found from the ſecond equation that æ 

165% put 16y for x, or 165 for xy in the firſt 

equation, and you will have 16 yy = 144; whence 
y and x may be found as before. me 5 | 


| ProOBLEM 46, 
72. It is required to find two numbers with the follow- 


ing properties, to wit, that the firſt with half the 
ſecond may make 20; and moreover,” that the ſecond 


with a third part of the fir/t make 20. 
* It may 8 


f 
. 
{ 


4 
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SOLUTION. 

Put & for the firſt number, and y for the ſecond, ' 
andthe fundamental n will ber PA 20, and 


1+7= =20; which being prepared according to art, 


70, will ſtand thus; 
Equ. iſt, 3 
Equ. 2d, x+3y==60. 
Subtract the firſt equation from twice the cond, 
and you will have 
Equ. 3d, * gy==80; whence 
Equ. 4th, * y==16. 
Put 16 inſtead of y in the firſt equation, and you 
will have 2x-j-162=40, whence _ 
Equ. gth, x *==12, 
Therefore the numbers ſought are 1 2 ad 16, and 


not 16 and 12, though 16 was found firſt ; becauſe 
#=12 was put for the firſt number. That theſe num- 


bers will anſwer the.conditions of ＋ queſtion i is plain: 
for 12 + 'f or 12+8==20; and 16-þ , or 164 


840. 
Another ſolution from art. 70. 


Having found from the ſecond equation that 1. 
60—33, put 60— 3 for x, or 120—6y for ax in the 


firſt equation, and you will have I20—b6y+y=40 3 
whence y=16, as before. 


v4 PROBLEM 45. 


73. One exchanges 6 French crowns and two French 4 
lars for 45 ſbillings; and at another time g crown 
and 5 dollars of the ſame coin for 76 ſhillings: I de- 
mand the diſtinf# values of a crown and of a aller. 


SOLUTION. 


Put x and y for the number of ſhillings a crown and 
a dollar are reſpectively worth, and the equations will 
ſtand thus 3 | Equ. 
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Equ. 1ſt, 6x-2yz=45. 

Equ. 2d, gx+5y==76. 
Subtract 3 times the firſt equation from twice the 
ſecond, and you will have | 
| Equ. zd, 4y==17; whence 

Equ. 4th, * y==4+ ſhillings; 
. that is, 4 ſhillings and 3 pence; put now 4+ for y 
or 8x for 2 y in the firſt equation, and you will have 
6x+84=45, and 6x==364, and 

Equ. 5th, x Gr: | 
that is, 6+ ſhillings, or 6 ſhillings and a penny; 
therefore the value of a crown was 6 ſhillings and a 
penny, and that of a dollar 4 ſhillings and 3 pence; 
and theſe values will anſwer the conditions of the queſ- 
tion; for, at this rate, 6 crowns will amount to 36 
ſhillings and 6 pence, 2 dollars to 8 ſhillings and 6 
pence, and the whole to 45 ſhillings; moreover, 9 
crowns will amount to 54 ſhillings and 9 pence, 5 
dollars to 2r ſhillings and 3 pence, and the whole 
ſum to 76 ſhillings. | | 


PROBLEM 48. 


74. 1 is required to find two ſuch numbers, that half 


the firſt together with a third part of the ſecond may 

make 32; and moreover, that a fourth part of the firſt 
together with a fifth part of the ſecond may make 18. 

SOLUTION, | 

Put x andy for the two numbers, and the funda- 


| ' | * 
mental equations will be— += 3 2,and— +7 = 


18; which equations, when duly prepared, will ſtand 
thus; Equ. iſt, gx+2y=192- | 

| Equ. zd, 5x44y=360 _ 
Subtract ; times the firſt equation from 3 times the 
| ſecond, and you will have | 
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whence, and from the firſt equation, you will have 
zu Tay, or 3x EI Z20 = 192, which gives 5 
qu: sch, «„ a... | 

So the numbers are 24 and 603 and they will an- 

ſwer the conditions of the queſtion: * , that 

is, 12-|-20==32;, and moreover, * + , that is, 


6+1 2=18 . ; | 
PROBLEM 49% 
15. Two perſons A and B were talking of their ages: 
ſays A to B, 7 years ago I was juſt three times as 
old as you were, and 7 years bence I ſhall be juſt twice 
as old as you Till be: I demand their preſent ages. 
ö l SOLUTION. | 
| Let a and b repreſent the preſent ages of A and B 
reſpectively; then their ages 7 years ago were a—7 
and 5—7, and their ages 7 years hence will be a+7 
and b-7; whence, and from the conditions of the 
problem, may be derived the two following funda- 
mental equations : 8 


 6—7z=b—7x3=36—21, and 
a4+7=b4-7x2=2b+14. 

From the former of theſe two equations, to wit, a—7 
=3b—21, we have a=3b—14; from the ſecond 
equation, to wit, a7 ==2b-14, we have a=2b--7 ; 
therefore 34—14=2b4+7, ſince both are equal to a; 
| whence þ=21, and 2b+7, or a=49. 5 
5 A therefore was 49 years old, and B 21 years old; 
which is true: for then, 7 years before, 4's age 
would be 42, and B's 14; and 42 is three times 14: 
4 ons the other hand, 7 years after, 4's age would be 
56, and B's 28; and 56 is twice 28. Ky 


„ 


PROBLEM 50. 


76. A jockey has two horſes, A and B, whoſe values are 

ſought : be has alſo two ſaddles, one valued at 12 
Pounds, the other at 2: now if he ſets the better 
ſaddle 
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. ſaddles upon A, and the worſe ſaddle upon B, A will 
then be worth twice as much ar B; but on the other 
band, if he ſets the better ſaddle upon B, and the 
worſe ſaddle' upon A, B will then be worth three. 
| times as much as A: I demand the values of the horſes, 


SOLUTION, 


AQ I „ a = 36t 3 = 


| Let à and b repreſent the prices of the two horſes 

| A and B reſpectively in pounds; then if the better 

| ſaddle be ſet upon A, and the worſe upon B, A will 

© . be worth a-r2,. and N will' be worth 42, and the 

firſt fundamental equation will be a -Z AX 

. 26-4; on the other hand, if the better ſaddle be 

ſet upon B, and the worſe upon 4, then B will be 

6 worth +12, and A will be worth ag, and the ſecond 

|. fundamental equation willbebC-Trz - Fzg as: 

| in the firſt fundamental equation, where a 12 2, 

| we have a=26—8; ſubſtitute therefore 2.8 inſtead 

| of a, or rather 64—24 inſtead of 3a, in the ſecond 

fundamental equation (whictris 344-6=b4-12), and 

you will have 64—24-+6, that is, 6&18=b-+12; 

whence b=6,, andi2b—8,. or ar: A then was va- 

lued at 4 pounds, And B at-6,-and they will anſwer 

the conditions of the queſtion, as any one may eaſily 

7 PPPoE T. | | 

77. There is a certain frattiong <whith if an unit be added 

to the numerator, will be equal to 3; but if on the 

contrary an unit be added to the denominator, the 

ration will then be equivalent to +: I demand the 
numerator and denominator of tbè fraction. 


*® 


So LUTION 

Call the fradion , and you will have theſe two - 

fundamental io! — : the 
amen al equations, ” hand, * t 


former 


be SW -- Wo. 
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former of theſe equations, when reduced, gives y==2x 
3, and the latter gives y=4x— 1; therefore 4x—1 
= gz, becauſe both are equal toy; whence x the 


numerator of the fraction is 4; and 3x3, or y, the 
denominator is 15; and the fraction itſelf is, +; 
which if an unit be added to the numerator, will be 
15 or ; but if an unit be added to the denomina- 
tor, it will be 2, or 4. + BY 

| PROBLEM: 52. 
78. There is a certain fiſhing rod conſiſting of two parts, 

whereof the upper part is to the lower as 5.to-7; and 

moreover ꝙ times the upper part, together with 13 


times the lower, is equal ta 11 times the whole rod and 
36 inches over: I demand-the length of the tuo parts. 


42 SOLUTION. | 
Put x for the length of the upper part in inches, 


and y for the lower; then will x--y be the length of 


the whole rod, and ſince & is to as 5. to 7 ex Apo- 
the, by multiplying, extremes and means according 
to art. 15, you will have 7x==5y for a fundamental 
equation: again, as times the upper part, together 
with 13 times the lower, is equal to 11 times the 
whole rod, and 36 inches aver, you have qx 1 
II I-36 for a ſecond, fundamental equation: 
the latter of theſe two equations gives x=y—18, and 
conſequently 7x=75—126 ſubſtitute this value in- 
ſtead of 7x, in the firſt fundamental equation, where 
7x==5y,, and you will have 7y—126==5y; whence 
y=63; and y—18, or x==45. . 

The upper part therefore was 45 inches, and the 
lower 63, as will appear upon trial. 


| PROBLEM 53. 85 | 
79. One. lays: out 2 ſhillings-and fixpence in apples and 
- . pears, buying bis apples at four, and bis pears at five 
a penny; and afterwards accommodates bis neighbour 
with half bis apples and one third part of bis pears 


3 | for 
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for thirteenpence, which was the price be bought them 


at: 1 demand how mam he bought of each ſort. 
SOLUTION. 


put x for the number of apples, and y for the number 


7 Pears; then if 4 apples coſt one penny, æ will coſt 


5 pence ; and for the ſame reaſon y will coſt — 71 pence, | 


and you will have 7 * ==30 for a firſt fundamen- 


tal equation: again, the price of = half of his apples, 


will be —and the price of 75 a third part of his 


pears, will be — 2 55 and you will have 5 =+ 5 = 12 
for a ſecond 8 equation. Ra | 
Equ. iſt, 5x+4y=6oo. 
Equ. 2d, I 5x-j-8y==1 560, 


Subtra& the ſecond equation gon three times the firſt, 


according to art. 70, and you will have 
Equ. zd, * 4y==240; whence 
Equ. 4th, y==60. 
Subſtitute now 60 for y, that is, 240 for 45 in the 


| firſt equation 5gx-+4y=600, and you will have 5x+ 


240=600; whence » 
Sn th; “ *=272. 


Therefore the number of apples was 52, and the 


number of pears 60, as will appear upon trial, 


nean . 
83. 4 certain company at a tavern found, when they 


came to pay their reckoning, that if they had been 


three more in company to the ſame reckoning, they 


mig ht haue paid one ſhilling apiece leſs than they did; 


and that, bad they been two fewer in company, they 

muſt have paid one ſhilling apiece more than they aid; ; 

7 demand the number of perſons, and their quota. * 
SOLUTION. 


n 
4 
r 
x 
r 
d 
P 
t 
t 
b 


Ne 


oS. 


Art. 83,88. - producing Simple Equations. 1561 
PD So LT ION. 

Put « for the number of perſons, and y for the 
number of ſhillings every one actually paid; now if 
4 perſons are to pay 5 Gillings apiece, the whole 
reckoning muſt be 4 x f or 20 ſhillings; therefore if 
x perſons are to pay y ſhillings apiece, the whole 
reckoning muſt be & or xy ſhillings: this being laid 
down, ſuppoſe them now to be three more in com- 
pany; then will the number of perſons be #43; ; and 
to find what every particular perſon ought to pay in 
this caſe, the whole reckoning muſt be divided 
by x3, the number of perſons, and the quotient 
+5 will be every one's particular reckoning ; but 
according to the problem, every one's particular rec- 
koning in this caſe would have been one ſhilling leſs 

e | n 
than it actually was, that is, y—1; therefore 4 
i; in like manner the ſecond condition of the 


p * 1 ed 1 | * + 
problem furniſhes this equation, —— . f the 


firſt of theſe equations, to wit, — — = , being 
reduced, gives x==39—33 and the ſecond equation, 

to wit, —_ Ae being reduced gives x 
therefore 4y—3==29þ2, and y==5z whence 2j T2, 


or x=12, 5 
So there were 12 perſons in company, their reckon- 
ing 5 ſhillings mw and their whole reckoning 3 
pounds, or 60 ſhillings ; which anſwers the condi- 
tions of the queſtion : for 53==4, and 73=6. 
| 1 PROBLEM G1, ö | 
88. What tte numbers are thoſe, whoſe fum is twice, 

and the product of whoſe multiplication is twelve times 
their Efrence? h on 
2 8 L SOLUTION, - 
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S8Sorlur ron. 


Put x for the greater number, and y for the leſs; 
then will their difference be x—y, their ſum x1, 
and the product of their multiplication xy or yx; and 
the equations will be x+y=2x—2y, and yy=12x— 
125; whence N f. 

E qu. iſt, x—3958=0. 
Equ. 2d, 124—yx—12yz=0, 


Multiply the firſt equation by 12—y, which, by art, 
70, is the coefficient of x in the ſecond, and the pro- 
duct will be 124—yx—36+3yy=0 ; ſubtract this 
Equation from the ſecond, and you will have 
Equ. 3d, 24y—3yy==0; whence 
Equ, 4th, y=8; and © 
Equ. 5th, ax==24. 
And the numbers 24 and 8 will anſwer the conditions, 
- Otherwiſe thus: by the firſt equation x= ay, and 
gx=12y ; ſubſtitute 4x for 12 in the ſecond equa- 
tion, and you will have 12#—yx—4x==0; divide by x, 
and you will have 12—y—4=0o, and y=8, and x of 
2y9=24, as before. | 


PROBLEM 62, 


89. What two numbers are thoſe, whoſe difference, ſu 
and produtt are to each other as are the numbers two, 
bree and five reſpectively; that is, whoſe difference 

15 to their ſum as two to three, and whoſe ſum is {0 
.* their produtt as three to five? 


SOLUTION. 


Put x for the greater number, and y for the leſs; 
then will their difference be x—y, their ſum xt, 
and their product yr; and we ſhall have theſe two 
proportions productive of two equations, 1ſt, x—y is 

; D A as 270 3, Do 3#—Jy=2xÞ2yz 2d, x 
sto as 3 to's, whence 2yx=5x-]-:y; the refglv- 
tion follows ; . wy 1 TY wid 901 


. 10 — 
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Equ. iſt, #—5y=0, 

Equ. 2d, g gy =0. 
Multiply the firſt equation by 3 y—5, the coefficient 
of x in the ſecond, and the product will be 2yx—5x 
YH o; ſubtract this from the ſecond equa- 
tion, and you will have, 

E qu. 3d, 135-30 ro; whence 
Egqu. 4th, y=2, and 
_ Equ. 5th, x=10. | 
And the numbers 10 and 2 will anſwer the conditions 
of the problem. | 
Otherwiſe thus: by the firſt equation x==5y; ſub- 
ſtitute therefore x inſtead of 5y in the ſecond, and 
you will have 2yx—5x—x=0 divide by x, and you 
will have 3y—5—1==0, and y==2,, as before. 
PROBLEM 63. 5 
go. It is required to find two numbers ſuch, that if 
their difference be multiplied into their ſum, the pro- 
duct will be five; but if the difference of their ſquares 
be multiplied into the ſum of therr ſquares, the product 
will be ſixty-froe. | | 
SOLUTION. 
Pat x for the greater number, and y for tha leſs; 
then will their difference be x—y, their ſum x+y, 
1 and the product of their ſum and difference multiplied 
y together will be-, by art. 11; then will x —p* 
5 =5 by the ſuppoſition, and x*=5-4yy ; ſquare both 
'v WW fides, and you will have & t ih again, 
the difference of the ſquares of the two numbers 
ſought is x*—4*, and the ſum of their ſquares « ＋＋, 
aud the product of theſe two x4—y4; therefore x4—y4 
Ss by the ſuppoſition, and x*=65;+4 ; but x4 was 
„ before found equal to 2 3100 +54; therefore 25 - 
o Ml 19 394=65+54; whence y*==4, and y=2 ; ſubſti- 
is WI fre now 4 for y* in the firſt fundamental equation, 
Ly WW Vhich was & -g, and you will have z*—q4=5, 
u- and æ g; therefore the numbers ſought are 3 and 2, 
which will anſwer the conditions. 
qu. 3Y Se. L 2 PROBLEM 


16 
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ProBLEM 65. | 


9 3: Three perſons, A,B andC were talking of their money; 
, © ſays A % B and C, Give me half of your money, and 
- 1 jhall have d; ſays B to A and C, Give me à third 
part of your money, and I ſhall have d; ſays C to A 
and B, Give me a fourth part of your money, and 1 "ſpall 
have d. How much money had each ? 

N. B. The letter d is here ſuppoſed to ſu 
place of ſome known quantity, which is left un 2 
mined till the calculation is over. 


SOLUTION. 


Let a, $ and c repreſent the money of A, B 1000 
reſpectively, and we thall make thele three funda- 
mental equations; 


WE Ls Ser 


Theſe equations, after due preparations: according 
to art. 0 will ſtand 50 E 1 
„ 2 +c=2 
_ Equ, 2d, z Tc zd. a 
Equ. 3d, a Ac Add. 
Subtract the firſt equation from twice the ſerond, and 
you will have 
Equ. Ah, 244 
Subtract the third equation from rom che ſecond, and you 
Will have K 
Equ. 5th, _ * 2b——3c=—d, 
Subtract five times the fifth equation roms twice the 
fourth, and you will have 


Equ. Eh, #. 19629. 
Equ. th, * c= . f 


Art. 99. producing Simple Equations. 16g 
Put this value for c in the forth equation, and you 
will. have Zb+, that is, 53+E =44d; therefore 


65b4-1 34=684, herefor 85b=5 56, and = = = 


us, ; therefore 
17 | 
Equ. st, 5 *= 228 


Put now the two values of h and e already found, in- 
ſtead of þ and c in the firſt equation, and 2 11 


have 2a -A c, that is, 244 E or 20 —= 
=2dz es 344-F244=344; _ 34a=10d, and 


==; therefore 
34 17 | 
1 Va. ooh? a * » = 54 
17 
So that the numbers are at laſt found to be a 
5d | _ 13 4 


1 Af whence it follows, that if 


any cob be put for 4, that will admit of the num- 

ber 17 for a diviſor, the quantities a, þ and c will 

come out in whole numbers: as if 4 be made equal to 

4 17, the quantities a, þ and c will be, 5, 11 and 13 
reſpectively; and the numbers will anſwer the condi- 


tions. of the problem; for —— —,or5412=173 


11 +5423, ITT — or 13-4 


J. 
Advertiſement. I 1 the reader does not need to 
be told, that the numbers a, & and c muſt always be 
underſtaod to be of the ſame denomination with the 
number & as, if the number d ſignifies ſo many guineas, 
Ss "St | the 
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the numbers a, © and c muſt alſo ſignify guineas; if 
ſhillings, ſhillings; if pence, pence; 


Equ. 1ſt, 24+b-+c=294. |Equ. 6th, * “ 171 34 
2d, a+3Þ+c=34.] mth, ** c= 5 
3d, ab-4c=44. | 8th, * þ * =, 
4th, * 5d N goth, a #= x 
gth,*2þ—3c=—4, | 


A. SCHOLIU MM, 


94. Of the foregoing equations, the firſt, ſecond 
and third, wherein the quantity à is concerned, may 
be called equations of the firſt rank; the fourth and 
fifth, wherein the quantity & is concerned, and out 
of which the quantity à is excluded, may be called 
equations of the ſecond rank; the ſixth, wherein c is 
concerned, and out of which both a and 5 are exclu- 
ded, may be called an equation of the third rank; and 
ſo on, were there ever ſo many unknown quantities. 

Whenever the equations of any particular rank are 
given or found, in order to derive from thence equa- 
tions of an inferior rank, the Analyſt is at liberty to 

combine thele firſt equations by pairs as he pleaſes, 
provided he does but obſerve theſe two things; firſt, 
that every equation of the given rank be ſome time 
or other coupled with ſome other equation of the ſame 
ſet, ſo as that no equation be left out of the account; 
ſecondly, that in every particular combination, one of 
the equations be ſuch as was never made uſe of in any 
combination before, and the other ſuch as hath been 
concerned in ſome combination before, excepting the 
firſt pair. It is not to be denied but that the artiſt 
may, if he pleaſes, vary ſometimes from this laſt pre- 
cept; but it he always obſerves it, it will be altoge- 
ther as well. | 3 1 H E. 


„„ Gen Doan i Coo Sada 


THE 


Of the compoſition and reſolution of a ſquare raiſed 


from a binomial root. 


101. ITHERTO we have been chiefly 


concerned in ſimple equations: 
it is now high time to apply our- 
ſelves to the reſolution of qua- 
dratics; in order to which, ſomething muſt be ſaid 
concerning the nature of a binomial, upon which 
that reſolution entirely depends. 
Now a binomial (at leaſt as it is hete uſed) is a 
quantity conſiſting of two parts or members, con- 
nected together by the ſign + or —, as a, * — a, 


b Wd 
=_—_ N and a ſquare raiſed from a binomial 
root is nothing elſe but the ſquare of ſuch a quantity: 
thus the ſquare of 1 ＋ is xx T- 5 and that 

7 72 * 124 
bb | 


b , | 
of — 2 is xx — bx * 


A 


3 | 2 ＋ 


— 
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| f 
4 

; 

| * 
n | — —y 7 

* ＋ 2. that is, & 1 1 Ks, ( 

— —— 4 . 


The difference betwixt theſe two ſquares ariſes from 
dhe different ſign of 5; and that whe affects the ſe- 


cond- member; for the third member — will be the 


fame, whether the quantity 4 be affirmative or nega · 
tive; therefore, if thoſe caſes be thrown into wm" it 


will ſtand thus: The ſquare Ex , Tur A EI 


to wit, I when the root a+, and — br when 


| b 3 | 
the root is 1 — 2 Now of the three members that ( 


2 this ſquare, the firſt aw is the ſquare of x, a 
nd + bx. is the root of that ſquare multiplied 
. ee +35. fas i au of amtie. and . 


ax TUS Tx; . 1 and d member =>, ik 


the ſquare of gs — "that i is, the ſquare of half the a 


coefficient of the ſccond member; whence may be 5 
deduced the two following obſervations. 4 


OBSEEVATION 


Art. 101. raiſed from a binomial root. 169 


OBSERVATION 1. 


Whenever we meet with a quantity. conſiſting of twe . 
members, as xx+bx, whereof one, as xx, is a ſquare, 
and the other Ebx is the root of that ſquare multiplied | 
into ſome given coefficient tb; whenever I ſay we meet 
with ſuch a quantity, it may be conſidered as an imperfett 
ſquare raiſed from a binomial root, and may eaſily be 


compleated by adding 22 that is, by adding the ſquare 


of. balf the coefficient of x in the ſecond term: thus 
xx ＋ 6x when compleated becomes xx ＋ 6x 4-9; 
xx — $x when compleated becomes xx — 8x + 16; 
xx+ 3x when compleated becomes æx＋ 23x +2; for 
here the coefficient being 3, its half will be 3, and 


the ſquare of this will be 4: again, xx + 15 when 


compleated becomes x1 = 4 7 for here the ſe- 


cond term ia and therefore the coefficient of x is 


2 by art. 703 but the half of 2 is 4, and the ſquare 


of this is +3 again, xxy— 2 when compleated be- 


2 1 R 
comes xx — _— + =; for here the coefficient is 


4 

, whgſe half is — Fr, and the ſquare of this is + 

145 laſtly, * — _ when. compleated becomes 

RA, 7... ; for here the coefficient is _ , 
„ „ ” a 
3, 4b: ob | 1 

its half — 2e and the ſquare of this is * 


Oss VAT LoD 


4 
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OBSERVATION 2. 


In the ſecond place it may be obſerved, that the root 
of ſuch a ſquare when compleated, that ts, the root of 


| b 
xx+bx - - will always be x 1 2 that is, it will 


always be the ſquare root of the firſt member, togetber 
with half the coefficient, of the ſecond : thus the ſquare 
root of xx-6x4-9 will be x3; that of xx—8x4-16 
will be x— 4; that of wx + 2x + will be x 


25 chat of wh 7 + 7 villbe ET, that of æx— 
5 N 
8 1 2 will be —25 and laſtly, that of «x 


Ar. 6 | | 
1 
. 2 4 


The common form to wwhich all quadratic equations 
ought to be reduced in order to be reſolved. 


102. Since an affected quadratic equation, as we 
have elſewhere defined it (art. 23,) is an equation 
conſiſting of three different ſorts of quantities; one 
fort whercin the ſquare of the unknown quantity ts 
concerned, another fort wherein the unknown quan- 
tity is ſimply concerned, and a third fort wherein it 
is not concerned at all; it follows, that all quadratic 
equations whatever may be reduced to this form, 
viz. Ax x BTC; wherein A, B and C denote 
known integral quantities whether affirmative or 


negative, and x the quantity unknown, the ſign + 
on the latter ſide of the equation Bx+C, ſignifying 


no more than that the two quantities Bæ and C are to 
be added together according to the common rules of 
addition, wheher they be both affirmative or both ne- 
gative, or one affirmative and the other negative: this 


will eaſily be allowed, if it be conſidered, that quadra- 
5 tic 


9 
* 
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tic equations, like all others, may be freed from frac- 
tions after the ſame manner as ſimple equations; and 
when that is done, there needs no more at moſt, than 
a bare tranſpoſition of the terms to reduce them to 
the form above deſcribed: we ſhall however give ſome 
examples of the reduction of quadratic equations to 
this form, amongſt thoſe that follow. 


A general theorem for reſolving all quadratic 
equations. 3» | 
103. This preparation being made, let now ſome 
general quadratic equation be propoſed to be reſolved, 
with which all particular equations may afterwards be 
compared, and by means whereof thoſe equations 
may be more readily reſolved ; as for example, let 
the general equation in the laſt article be propoſed, 
to wit, Axx=Bx4-C; and let it be propoſed to find 
the value or values of x in this equation; here, tranſ- 
poling Bx, I have Axx—Bx=C; and then dividing 
by A in order to free xx the higheſt power of x from 
its coefficient, I have xx — T=7 this done, I 
conſider the firſt fide xx — 7 as an imperfect ſuare 
raiſed from a binomial root; and accordingly I com- 


pleat that ſquare by art. 101, to wit, by adding 
35 


44A 


that is, by adding the ſquare of half the 


coefficient of the ſecond term; but if muſt be 


444 
added to the firſt ſide of the equation to compleat 
the ſquare, it. muſt alſo be added to the other fide to 
preſerve the equality ; otherwiſe, by an unequal addi- 
tion, the equation would be deſtroyed: this equal 
addition then being made, the equation will ſtand 
thus, 
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B BB 
oh, ny" {+5245 27 L . but the 


tro fraftions Land- 7” when thrown into one, 
give PIE, which, dividing by 4, gives 
3 . 8 xx — 7 * 744 = 
2 therefore the ſquare root of one fide 
will +a to the ſquare root of the other; but the 
ſquare root of the fraction 2 


44 „ . at leaſt as it 
here ſtands in letters, cannot be extracted, becauſe, 
though the denominator 44A be a ſquare, yet there 
is na literal quantity whatever which being multiplied 
into itſelf will produce BB-r4AC; therefore, to put 
this numerator into the form of a ſquare, let us 
ſuppoſe BB-44C=5s; eu the equation will 


1013 e for a reaſon 


formerly given, to wit, becauſe — — when multi- 


pliedi into itſelf will produce T oat — as well as I FI and 


therefore, by the very definition of the ſquare root, 
Wee ee nde Xo. as good a right to be ſtiled 


the ſquare root of —3 OTF as the latter; therefore this 
equation will now be reduced to » ſimple ons, 2 


Nun 
will ſtand thus, x— Ty = + — 


BS. N __ B—s : 
3 that is, x I and = ST, 2 E. . 


Thus we ſee that every quadratic equation neceſſa- 
rily admits of two numbers or roots (as they are 
called) which will equally anſwer the condition of the 
equation, that is, either of which being put equal to 
*, will make the two ſides of the equation equal one 
to the other; and theſe two roots, in all arts and ſci- 
ences where quadratic equations are concerned, are of 
equal eſtimation, whether they be affirmative or nega- 
tive, or. one be affirmative and the other negative: as 
for example, in Geometry, if a line drawn from any 
point towards the right hand be conſidered as affirma- 
tive, a line drawn from the ſame point to the left 
hand ought to be conſidered as negative; for let AB 
be any line drawn from the fixt point A to the. point 
B on the right hand, and then imagine the point Þ to 
move towards A; here then it is plain that the nearer 
B approaches towards 4, the leſs will be the affirma- 
tive line AB ; when the point B coincides with A, the 
line AB muſt be looked upon as nothing, and there- 
fore, when the point B by a continuation of its mo- 
tion has paſſed through A, ſo as to lie on the left 
hand of . the line AB ought now to be looked upon 
as negative, having paſſed from ſomething through 
nothing into negation; and yet a line of this nega- 

tive kind is as rde a line as any of the affirmative 
kind; and therefore the negative roots of quadratic 
equations, which exhibit negative lines, ought to be 
of equal eſtimation with the affirmative roots that ex- 
hibic affirmative lines; and the ſame will be the cafe 
(I ſay) of all other arts and ſciences where quadratic 
equations are concerned: but in common life, where 
negative quantities have no place, the affirmative roots 
of quadratic equations are only allowed of in the reſo- 


lution 
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lution of problems, the negative ones being for = | 
moſt part excluded, 

N. B. 1ft, The root of any quantity whether, in 
numbers or letters, that cannot be expreſſed, is called 


a ſurd: thus Vz is a ſurd, and ſo alſo is VAN; 
and it was for this reaſon, that I made 4/B BNA 
Z=5, or, which is all one, BBA =. 
_ 2dly, The quantity C and ply uently 440 will 
ſometimes be negative; in which caſe the quantit Ws, 
or BB+4 AC mult be looked upon as the ſum of. the 
affirmative quantity BB and the negative one 1A 
when added together according to the common rules 
of addition. 
34h In many of the following examples, the 

learner muſt be very careful to form a right eſtima- 
tion of negative quantities: thus for inſtance, if 5 
that is, +-x=—3, he muſt make 4x, or CA x32 
12; but he muſt make — 4x, or —4X— =—+12; 
ſo likewiſe —x, or —1x, or —1x—3 muſt be made 
equal toÞ+ 3, Ge. 


Aſynhetical Funden of the foregoing there 


104. In the laſt article i it was demonſtrated analy 
tically, that if Arx be equal to Bx+C, then x myſt 


neceſſarily be equal be both to —-- De, and to 21 fop- 
poſing to be equal to 25 0 Now it may a 
not be improbable but that the learner, eſpecially if 
he has any taſte or genius. may have a curioſity to 
ſee the ſame demonſtrated again fynthetically, that is, 
to ſee it e that if x be made equal 


A or = or — — „then A muſt neceſſarily be equal to 


Bx4C: it is therefore to oratify the learner in this 
particular, that! have added the following Roy 
Krgtidn, NS AWD , ; 


CasLs 
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CAs E iſt. A . 8855 


- Bobs 
L — — , 
et x = — 7 then you will have xx = 


BB+2B5-1-55 
4AA 
will have Arx (or one fide of the general equation) 


BB-1-2 B 
ual t - 
equal to ——7" ; for a fraction may be multi- 


1 multiply both ſides by A, and you 


plied by dividing the denominator, as well as by 
* 


multiplying the numerator: again, ſince x = 
=; 


double both the nume- 


rator and denominator 12 thi raft 

| is | 

vill not affect the value of the fration, oe which 
u Wl 


2 =o 2Bs 
have Bx ö therefore Bx -C 24. 2 
44 | 


15 1 
+< C __2 440 BB-|-2Bs-1-B 
e 12 8 1460 


2284 5 . 
becauſe BB-j-4AC=5s by the ſuppoſi- 


tion; ene Arx==Bx+C 
= » ſince each (i 
to the ſame quantity . | h ah is equal 
3 4 


you will have N 


CASE 2d. 


Let now x» = T's ang you will 
= . wi 

2 8 2 have x & = 
— "WF Arx (or the firſt ſide of the general 


"equion BB—2Bs-1-5s 
Ls and again; Bona PETE = 


2BB—2Bs 
A 


— — — — —— 
- 
= 


— 
i TT CES — — — 


—— Ae —— Gr .. 222 K — . —ꝓ̃—g ——U— — — 
= 


BB—12Biehss | 


Various examples of the reſolution of fected qua- 


manner as the 


of the general one, it follows, that the reſolution of 


 bxx=5x—1 ; therefore 4 in the general equation an- 


+ of — — 4 ——ä — 2 — 
= 
bo 


* 2 i end, — — — — — — 
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2BB—2Bs 2BB—2Bi4-4.AC 


WE therefore Bx -C . 


I 3 therefore Arx=Bx4+C, becauſe each 


nde is equal to the ſame quantity ===, | 


dratic equations, both with and without the 
general theorem. „ 


Ex AMYLE I. 


10g. Let the equation propoſed to be reſolved be 
Gaxx=5x—1., This particular equation, as well as 
all thoſe that follow, may be reſolved after the fame 
| general one in art. 103: but as theſe 
reſolutions are very often attended with fractions very 
troubleſome to the young Analyſt, and as theſe par- 
ticular equations are nothing elſe but particular caſes 


theſe equations muſt neceſſarily be included in the re- 
ſolution of the general one; and conſequently, that 
theſe equations will be much more eaſily and readily 
reſolved by referring them to the general one: how- 
ever, for the ſatisfaction of the learner, 1 {hall reſolve 
ſome of theſe equations both with and without the 
general theorem: and firſt I ſhall reſolve the equa- 
tion propoſed by the help of the general theorem thus; 
in the general equation, art. 103, we have Axxz=Bx 
C; in the particular one already propoſed, we have 


ſwers to 6 in the particular one, B anſwers to 5, and 
C to —1 3 therefore, if the partieular equation be re- 
ferred to the general one, its. reſolution will be as 
follows: 4=6, B=5, C=—1, BB==25, 4 AC==——243 
therefore 55, or BB-+4 AC, will be the ſum of 25 and 


* 


>” 


% \ 
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3 B 

—24=1 z therefore 5=1, = i 

5—1 | I . | p ; 2 8 
= . therefore the two roots of this equation 
brx= x1 are 3 and 3. The reſolution of this equa- 
tion in numbers, without ghe general theorem, is as 
follows: Equation, 6xx=5x—1; therefore 6xx—5 x 

5X I | 


be conſidered as the two firſt members of a ſquare 
raiſed from a binomial root; the coefficient of the ſe- 


cond term is —=2 „ Its half , and the ſquare of this 


2 5 7 | * . | 5 
REY which expreſſion I chooſe to make uſe of ra- 


ther ban Ts for a reaſon that wilt preſently be ſeen; 
add now 3 to both ſides, that is, to one 


ſide to compleat the ſquare, and to the other to 
preſerve the equality, and you wilt have #x — = 4 


lte how it is certain that 


I2XI12 6 I2X12 
| 1 . 28 > + « lp, 
the fractions — and E muſt be reduced to tlie 
| I2X12 | 


lame denomination in order to be added together into 
one ſum; but if this be done the common way, it 
will be impoſſible to obtain the ſquare root of that 
ſum without a further reduction; therefore, to avoid 
this, I enquire: what number the denortiinator 6 muſt 
be multiplied by to make it 12X12 the ſame with the 
other denominator, and the anſwer in this cafe, as 


well as in all others of this kind, will be very eaſy ; for 


2X6=12, and therefore 12x 2&6, or 24Xb==12X12 5 
therefore I multiply both the numerator and denomi- 
| M nator 


1 1 n of offetted Bod Ul. 


| — 4 
nator of the fraction — _ into 24, and fo have 2 


A 
and this added to the other fraction zx 


2, and now the equation will be xx SE, + 
25. I 


= 12712 extract the root of both ſides, and 


— — — 1 — 
=». WS — 3s - _ 


— 2 — 
Tha 
- I —_ - _ <4 E 


ly 
| 
1 
| 


2 2 — — 
* — 
_—_ 20 1 — 


2. 3 
you will have x — = 235 3 x = 1 7 


bor kk and Aa rg. therefore x = br 4. | 


3 
This may alſo be proved ſynthetically ek : let 

x=þ, then you will have ææ , and 6xxz==*, or 13: 

again, 5$Y=3==24; therefore 5x—1=1F ; therefore 

6xx=5x—1, finee each equals 1. 

Let us now ſuppoſe x=4, and you will have xx 
==, and 11 or 3: on the other hand you wil 
have gx==4 or 14; therefore 5x—1=2 ; therefore 
Ger f! thefe two fractions therefore will an- 
ſwer the condition of the equation; and there are no 
other numbers beſide theſe, whether whole numbers 
or fractions, that will do it. | 


= a Mb 1 9 


Exanyar 2. EY 
Let the equation to be reſolyed de —̃— 
+45. Here tranſpoſing —2& we have Rm LI 
24%, . whence 3x#=24x—45 z and thus we ha 
duced the equation propoſed to the forim of rhe ge⸗ 
veral one in art. 102; wherefbre applying thak 
ral equation to this particular Ohe, the re 
art. 103, will be as follows: A3, 2245 45, 


3 576, LET —540, 35=576—540=36, 5=b, 
* 1 3 fo = 33 therefore x==5, or 33 and this 
_"Mlfiforther cally appear, by 3 5 or. 3 fors 


2 = 17 


8 2 = *p4 


23 
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in * original equation thus; x=5; therefore 24x 

=120; xx=253 therefore 24x—2xx=120—50= 

which is one fide of the equation: on the other 0 

we have æð4ð2!4 5=25+45=70; therefore24x—2xx= 

x*-45. Again, let xz=3, then we ſhall have 24x= 

72, and xx=29, and 24&—24r==54 f on the other 

hand, xx+45==54 ; therefore 24x—2xx=xx445. 

| This laſt equation when reduced to the form 
of the general one in art. 102, ſtood thus; 34 


24Yx—45 : but this equation might have been re- 


duced to a more ſimple one of the ſame form by di- 
viding the whole by 3, and then the equation would 


have ſtood thus, xx=8x#—15: in which caſe we 


ſhould bave had A=1, _ 7 BB . 
440 — 60, $5==4., 2, - Dy 22 8575 — == 3, as 


before: the ſolution of the foregoing equation in the 
common way is this, xx—8#=—15 ; therefore com- 
pleating the ſquare, xx—8x+16=1 ; therefore ex- 


T4+1=5, or 3. 
E x AMPLE . 
jon to be reſolved be 22-144 
ZX 14-0 Hence by tranſpoſitions we have 
a dert $x#—8x4-444,and 80x44=5xx+444z 
and Sn go, and xxz=1 6x—60; which equa- 
tion being reſolyed like that in the laſt example, gives 


io, . 6; which may allo be eaſily ſeen by ſub- 
ſtituting 10 or 6 for x in the en — 


EXANr EA 1 


Let te equation to be reſolved be — 15. 
Here we have xx-|-115=28x, and && = 28K&—1153 
Which equaton being reſolved like that in the ſecond 


ample, gives 4=23, or 53 the progf whereof is 
M 2 Ex- | 


tracting the 1quare root, 4 A 3 therefore * 


— — 


1 


- —— — S r, — — 
. 
- = — 
- 2 * K „ - - - - —— 
* 2 — 3h fe we - = — © — 


is thus; let x=+8; then rg, and—— —5==10: 
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EXAMPLE 5. 


UND Lot COL Lage 5-45 al 
Let the equation to be reſolved ve 


A 48 5 1201 5 | 
therefore 120—=gx= — 5 ; therefore 100 — gaxd- 
480=120x; therefore 5xx + 120x = r00x + 480; 
therefore 5xx==—20x-Þ- 480; therefore (dividing by 5) 
xx=—ax4+96; therefore in this caſe, A=1, B=—4, 

=96, BB==16, 44C=384, 55=1 64-384=400, 5= 
„. 22429 4g 225_12=45020 


20 — * 8 — — —12 
therefore in this equation, x, or — 12: the proof 
120 120 


W | 12045 6 120 
ain, x+-4=12, and =10: therefore — 
again, +4 3 4 x4 Bw | * 5 


1 22 


ws 5 Was. 1 n 20 
= Again, let x=—12; then — ==—10; 
* ＋4 N a + _ 


120 | 
therefore, — —5=—10—z==—15: onthe other 


120 120 
YA 
120 120 


=—15; therefore — —5= Ee, The reſolutio 


hand, x+4=—1 2+4=—8 therefore 


* 


. 
= 


in the common way is this; xxz==—4x+96 ; there · 
fore ax 4x=96 therefore xx AY -A = ioo; there. 
fore x42=+10; therefore  x=—2+ 10=+8, or 
. REG ts 
EXAMPLE 6. 


Let the equation to be reſolved be 2xx+-3x==65; 
therefore 2xx=—3x4+65 ; therefore in this caſe, 
A=2, B=—3, C=65, BB==9, 4A4C=5 20, $$==529, 
23423 e ee ing | 


S=23, To 


I 


2 — 92 5 


L 
— — 
— 


- 5.24 
* 


169—29. 130 
5 el 
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—6= therefore in this equation, x5, or —6z : 


that x=+-5 will eafily be ſeen; and that x=—63 : 


or that —6F being ſubſtituted for x will make 2xx 


; | 7 1 
+zx=65, I thus demonſtrate: x==—6 = —— 


therefore xx= 


+ 169 
4 


—13 _—39 
$117” HOY 


; therefore 2xx= 229 ;and + 


: therefore 2 xx 3 x = 


= 65 The reſolution in numbers; 

2xx1-3x==65: therefore xx =, — xy — - == 

Sn, canis += = +33, 
gh ad WIRD? | 


2 


=+5, or —6=, 


Pw. 


Let the equation to be reſolved be gar 1401 ; 

therefore gxx=1x- 140. Here A=9, B=1, C140, 
B-bs 

BB=1, 4 AC=g040, $2=5041, yt, E =. 


3— 8 
BS — 5 : ; therefore = or 89 :thelat 
; 8 2 
ter caſe I thus demonſtrate; * — 3 | D* 
therefere g . 9&1 2 again, 
—35 735 


—Tz, that is, —— 2 , therefore OXX—X 


EY = 140. ta: münden thus; 


M 3 NE 9 


; * 


be Reſolution of afield Neg: 
| ite therefore ar IEA 25 there 


KY” 3 182 


be + man = ＋ * 


Ach 1 TT T extract ts root of both fides, 
_ that] is, of ay —— RT on one fide, and of | 
50g1 


5 TR. on the Aber. and you will have hor! + | 


19˙ berg 7 + or —33. 


| eee, : 8. 


0 
Tet the equation to be reſolved be — =, +4 

EIT IONS 22 L348. 15 6 

: T5 = 74 therefore 45 T7 — —— 14xþ , 
'*_  21;therefore 180x225: dard-348=56xx-r 544 


+105; chat is, 41244+57 36= 56xx-]1 54x-+-105 ; 
therefore 2 58#»+-373==36xx4105 ; therefore g 
2 58x--468 ; therefore{dividing.by 2) you have 28 $ 
==129x2 343 which ggyation being com ared wick x4 
the general one exhibited'in art. 103. gives A=28, 
B=129, C=234, K 4AC3=26208, a te! 


$549» io. 2 = FF 55 29 chete 


8 fore in this radation lt or 10 both which 
I thus demonſtrate: firſt x=6; wende 2+Þ3z=154 
therefore 1255 =3 3 moreover, wg theres” 


fare gag 2 therefore e 8 n +4 


=7r 
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art 1954 
11 9 

=7: ſecondly, 1 = —1 1 22 44 therefore 2 x 
bn rpg Pot | . 


therefore 85 + - is ths quotient of 2 Pha by 


170 but this 1 according to the rules of frace 


tional diviſion, js 235 = 2101 therefore 3 


= 219g aged, 4.5 = > therefore 4 #5 
me: MES inn, Me $1 Fd 1.1.48 

— 4 22 —; therefore is the — * 
Of T5 2 rs 4 


of — — 5 drided by — I! ; but this quotient is 


— — N = 


116 
=210—203=7« 


T +50 


The reſolution of this equation in the common 
vay is as follows; 56x5—258x=468 3 therefore 


— = 48 : here che coefficient of the ſecond 
56 4.x 


em is — 5,4 in > half — 722, and the ſquare of 
16641. ? 


it 


this ——=> 3 add this ſquare to both ſides, and you 


5656 56X56* 
2 6 I 16641 — 86 16642 
vill have ax — 86 FT a7 56X66 © 58 T 7ox5e 5656 
26208 + 5 


Sexe 56x45 
N en ui f - See 
WH 1 
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. on the other, and you 


184 


on one ſide, and of 


W 


„* 


e ee 


EXAMPLE 9. 


Leet the equation be 15x—xx=56; then this equz- 
tion being reſolved by the general theorem gives 
x==8, or 7; and in the common way it is thus re- 
ſolved; 15x—xx==56; change all the figns to make 
xx affirmative, and you will have xx—15x#=—56; 


: whence ax—15x+ 7 56+ = there- 


fore x — —=+—>, and x = 8, or 7; but what 


] chiefly intend by this example is, to ſhew, that in 
. reſolving a quadratic equation by the general theorem 
there is no neceſſity of making any tranſpoſition to 
exhibit xx affirmative when it would otherwiſe have 
been negative; as for inſtance, in the equation here 
propoſed we had 15x—xx==56; tranſpoſe 15x, and 
you will have —xx, that is, — 1læx—1 5e let 
this equation be referred to the general one in art. 102, 
and reſolyed hy the general theorem in art. 103, and 
you will have A=—1, B==—15, C== 356, BB==22, 


BLE —15 - —14 
AC=—22 SEZ1L,S=1 —=— = 
44 = 224, RN eel 


* | B—5 | pep | 


How the learner is to proceed when the roots of 8 
_ quadratic equation are inexprefſible. 

106, As there are but few ſquare numbers in 

compariſon of the reſt, and as all quadratic equations 

| 3 ae 


ns 
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are reſolved by extrafting the ſquare root, it follows, 
that there are but few quadratic equations capable of 
an exact numeral ſolution in compariſon of thoſe that 
are not: but as the ſquare root may be extracted to 
any degree of exactneſs we pleaſe, the reſolution of a 
quadratic equation, which depends upon it, may 
alſo be performed to any degree of accuracy what- 
ever; as will appear by the following example. 


EXAMPLE 10. 


Lt the equation be x#x—4x--1=0, or Xx=4x—1T, 
Here A=1, B==4, C=—1, BB=16, 4AC=—4, 
| B4s a4+v12 B—s 
WP = —, an 


| | x12 te 12 
; therefore x = 2 , or 4 I but 


let us enquire in the next place, whethere theſe two 
fractions are not capable of being reduced to more 


$6=12, NI 2, 


4—+/12 


ſimple terms; firſt then it is plain that 27 and I 


ſay further that 2 Vs; for 12 3X4 ; there- 


fore Y 12 2 N 3 Xx 4 = 3 X 23 therefore 


a1 


EN VZ; whence it follows, that x=244/3, or 


2—4/3; but 4/3 extracted to three decimal places 
gives 1.732: therefore 2+4/3==3 .732, and 2—v/3 
==.263 ; therefore #= (nearly) 3.732, or .268, as 
will be further evident from the proof following: 
firſt x3. 7323; therefore xx 13.927824; and 4æ 
14-928; therefore 4x—xx=1.000176; therefore 
XX—4X==—1.,000176 ; therefore ax—qy+1 = — 
.000176:=0 very nearly; ſecondly, let = .268 and 
you will have xx==.071824 and 4x=1.0724 and 4x— 
xx =1.000176; therefore xx — 4x=—1.000176; 
therefore xx—43Þ1=—.000176=0 very nearly; 

N therefore 


5 s i Relelvion of dite Book it, 


i anſwered to as many 
root of 3 was extracted. 


It may ſeem ta ſome chaps a paradox to aſſert, that 


though — two ſurd values of the unknown quantity 


ound in chis and the like caſes, are not to be expreſſed 
in numbers, yet they may be demonſtrated to be 
juſt: Thus I ſhall demonſtrate, that if either of the 


two values of x found in the laft caſe, to wit, 
2+4/3, or 2—+/3, be ſubſtituted for x, we ſhall 
have this equation. #x—4x-+1=0, which was the 
equation there . propoſed: in order to this, make 


/3==5; and firſt, let x=24-v/g, or 1; and we 


ſhall have xe==45þ-454-6, and —qx=—8—45; and 
xXX—=<3=4 + 45-55 —8—45=55—4 ; but if SN 3. 


r a and 55—45=—1 ; therefore, xx—4x=—1, and 
xx — A- FI O: ſecondiy, let _— or 2—g, 
andwe ſhall have xx Au, and —4x 45, 
and Ono as e; 4 — 
r =O. | 


| | Of alf * 2 in 4 leg, = equation, and 


"267; The roots of . b equations are not 
only very. often inexpreſſible, but ſometimes even 


eee as will appear by the TIEN —_— 


"ExamePLs 11. Nen! | 
Let n vation be Ar. TGS o, 5 


e B==4, C=—6, B=16, 2; —24. 


8, An. 2. = £25, — - 


ET but FED eue there- 


therefore-i id both caſes, the condition of the equation 
ures. or cyphers, as is ae 
to the number of decima Places to which the { quare 


of * * * - ” 
% 1 $1 4 q — fore 
L. n ; 
Ce -* 7 : 


1. = ml 


nw TT © 


a 


= = 


ti 


> - &, -— 8 A 
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zu; therefore 


2A; therefore in this equation, #=2-þ 


fore T = VLAN 


8 | 


either affirmative or negative, being multiplied into 
itſelf, will produce a negative, it follows, that 4/——2 


is not only an inexpreffible quantity, but alſo an im- 
poſſible one; and conſequently, that the two values 
of x in this equation 2+4/—2 and 2—4/—2 will 
both be impoſſible. | OY 


NM. B. Though the roots of this laſt equation be 


impoſſible in their own natures, yet they may be ab- 


ſtractedly demonſtrated to be juſt, as in the laſt ar- 


ticle, by making $=4/—2, and conſequently s9=—2. 

From what has been ſaid concerning impoſſible 
roots, it appears that one root of a quadratic equation 
can never be impoſſible alone, but that they muſt 
either be both poſſible or both impoſſible: for it ap- 


pears from the reſolution of the laſt equation, that 


the impoſſibility of the roots flows from the impoſſi- 


bility of the quantity s, or of the ſquare root of 5s 
when it is negative; now when is poſſible, both the 


roots of the equation 2 and = will be poſibles g 


2 A 
on the other hand, when -s is impoſſible, both the 
roots muſt neceffarily be impoſſible. 5 


Since the poſſibilicy or impoſſibility of the two roots 


of a quadratic equation depends upon the quantity s 
being affirmative or negative, it follows, that £454 


- 
— 


s and conſequently s equals nothing, the roots vin 


be in the limit between poſſible and impoſſible : now g. 


if So, we ſhall be = ney 4 2 


241 24 74 
therefore the two unequal roots of a quadratic equa - 
tion grow nearer and nearer to a ſtate of equality aa 
they grow nearer and nearer to a ſtate of Mrs 


3 


* 
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but do not come to be equal till they come tothe limit 
| berween poſſibility and „ 


How to find the fam and produc if two roots 

a quadratic equation without reſolving it: 
. alſo how to generate a quadratic equation thai 
Hall have any two given numbers whatever for 
ts 88 


1 108. In a . equation of this * form, 
to om Axx=Bx4-C, the ſum of the roots will alway 


be = 7 » and the produ#t of their multiplication — "Fs ; for 
B. 3 —s 


the roots of ſuch an equation were N and — 2 21 
$8.8 


£2 


the ſam whereof | is — Or —3 and if theſe two roots 


24 


TV! 3 together, their product will amount to 
BB— 
—4¹ —— ; but 5s=BB-1-4AC as was formerly ſup- 


poſed, art. 103; therefore 55 —BB=—=4 AC, and 


x BB —5ss 
8 AC; amore, Ix" FF r the product 
—440 —0 
of the two roots, equals 772 F th 


Therefore if A=1, that is, if the equation be 
| #x==Bx--C, the ſum of the roots will be B, and their 
product — C; that is, as the equation now ſtands, 
the fum of the roots will be the coefficient of the 
unknown quantity on the ſecond ſide of the equation, 
and their product, what we call the abſolute term, 
| with i its ſign changed. . 

Hence we have an eaſy way to form a quadratic equa: 
nion whoſe roots ſhall be any two given numbers whatever : 
as for inſtance, ſuppoſe 1 would have a quadratic 
0 equation whoſe roots ſhall be the two numbers 3 and 


43 


— ad” endo. eg os AT va. Af. 
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4; here it is plain that the ſum of the two numbers 
- and 4 is 7, and that the product of their multipli- 
cation is 12; therefore | form an equation whercof 
one fide is xx, and the other fide is 7x—1 2, to wit, xx 
=7X—12; and the roots of this equation will be the 

iven numbers 3 and 4, as will appear from the re- 
olution: if I intend the two roots to be 3 and —4, 
their ſum will be —1, and the product of their mul- 
tiplication — 12, and the equation xx = —# + 12: 


if the roots are to be z and +4, their ſum will be 


+1, the product of their multiplication —12, and 
the equation #x=x+12 : laſtly, if the roots are to 


be —3 and —4, their ſum will be —7, the product 


of their multiplication +12, and the equation xx= 
—7x—12. I ſhall demonſtrate one general caſe ac- 
cording to the reſolution given in art. 103, which will 
be ſufficient to ſhew the way to all the reſt : let then 
the roots propoſed be p and 9, whoſe ſum is P. 
and the product of whoſe multiplication is pg; and 


the equation will be xx =pÞqxx— 29; now if this 
equation be referred to the general one, we ſhall have 


A=1 5 . 57 Tf 


424A 

2 
1 B—s I. cor 1 
= = n —=93 therefore 


the two roots of this equation are p and g 2, E. D. 
I think I ought not to omit here, 8 if any one 


; heb a mind to form a quadratic equation with any 


two given impoſſible roots whatever (it | may be al- 


| lowed the expreſſion), it may be done by the forego- 


ing rule, provided that theſe impoſſible roots be in 
ſuch a form as is proper for a quadratic equation: 
as for example, ſuppole I would form a quadratic 
equation with thele two impoſſible roots, to wit, 
242% 3 and 2—4/— 2 . I put s for —3 ; for though 
no poſſible quantity multiplied into echt can produce 
I 2 NC» 
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| k& negative, yet an impoſſible one may, that being the 
very thing wherein the impoſſibility Lnfiftsz- tis 


then 55=—3, I have = /—3, a and ſo the two roots 


| ob dy ag will now be 2 Pa, and 2 — 5; the 
Tum of theſe two roots is 4: and the product of their 
multiplication 4— ; but if ss=—3, AZ, and 
4—$=4+3=7 ; therefore the equation with theſe 
roots will be xx==4x—7 : and this will be further 

evident by the reſolution; for if xx=4z—7, tha i 


if #x—4#==—=7, we ſhall havexx —4x+4=—3, and 
=. and e or 2——3. 


How 10 determine the figns of the Poſſible roots of 
25 48 quadratic ae, hes put refoloing th 


A10ð00. If all the terms of a quadratic equation be 
throvn on one fide of the equation, ſo as to be made 
equal to nothing; and if the term wherein xx, the 
quare of the unknown quantity is concerned, be 
made the firſt, that wherein x, the ſimple power is 
| concerned, be made the ſecond, and the abſolute 
term, as it is called, be made the third; the number 
of affirmative and negative roots in ſuch an equation . 
may be found by the following rule, to wit, As often 
as the ſigns are changid in paſſmg through all the terms 
From ibe firſt to the laſt, of ſo many affirmative roots 
will the equation cums; but as often as the figns are 
#he ſame, Jo many negative roots. wit be found in. the 
equanon,” This is true in all equations whatever, 
though at preſent we ſhall only demonſtrate it in the 
| <caſc of a quadratic equation: but firſt we ſhall give 
* een explication of the rule. 


* 


CASE I. 


{kay the equation be axx—bs4-c=0. Here der 
are two changes in paſſing through the terms from 
jag 2 to the laſt, to _e from axx to bx, and 

| from 


- ka. 4 — MAKES _ _— 
_ 


bt — _— . 


ſing from Taxx to bx, there is no change of 


affirmative « 


= — = - 
? bf o wy 
4 "2 


$ _ 


. Thx 


Wann E. quitions? * 


from —bx to Fc; therefore "the roots 
tion are both affirmative. * 


Art. tog. 


of e 


42 * 5 3 


* + ' —_ 


S 


Let the equation be Cu KDE, Haw Hes 
x to —bx is one change, and from —bx'to,—c 


is none; N this equation conſifls s of an all- a 


mative and a negative rot. = 
gs 3 N 
Let the equation be axx-|-by—c=0. Herek in; paſ- 


but in paſſing from bx to —e there is a a change 
therefore this equation W Kan. rmatiys 
and a negative root. 12 e 


| C43 4. 3 
Laſtly, let the equation be axx4-b =0. | Here 


there are no changes, and conſequent y the roots of 


this equation are both negative. All thele hep 
ſhall demonſtrate in the following: manner. A ls 
* 


G Send fi drod ret”: 
Let Aga ation be aur luce A or axx . | 


Hon the product of the two roots is — 2 — by the laſt 


article, that i is. the product of the two roots is an 
, and therefore thoſe roots tut 
either be both affirmative or both negative but they - 


cannot be both negative, becaule their funis 755 by 
the ſame Hs therefore they 


| mative. 


* bt by OW: 


east a 
Let the deere 


Here the produc n — 7 1 and o- 


r 5 


- 
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ſequently thoſe roots muſt be of different kinds, one 
. and the other negative; and becauſe their 


ſum, 12 is an affirmative quantity, it is an argu- 


ment that the greater root is affirmative. 


Cas 3. 


hs, Let the equation be axzbx—c=0, or ar Ir 


Ic, Here again the product of the two roots is 


＋ 40 


2 which argues one root to be affirmative and the 


| other negative; and becauſe their tg — is a nega- | 


tive quantity, it is an indication that of pgs two 
roots, the greater is the OLE: one. | 


+08 
1 * 


C48 2 


Leah, let the e equation be n or aux 
* Here the product of the two roots is 


| + < — an allied quantity ; therefore the roots are 
either both affirmative or both negative; but they 
cannot 'be boch affirmative, becauſe their ſum 1 4 is 


negative; therefore they muſt both be negative. 
Impoſſible roots excluded out if the firegaing rule. 


The rule here given for determining the number 
of affirmative and negative roots relates only to. poſ- 
ſible roots; for impoſſible ones cannot be ſaid to be- 
long to any claſs, either of affirmatives or negatives; 
nay, ſo capricious are they in this reſpect, that in one 
and the ſame equation, the very ſame impoſſible roots 


ſhall ſometimes appear under one form, and ſome- 
times under the other: as for example, this equation 


Li 8 may be filled up two ways without affect- 
ing, 
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ing either the equation or its roots; to wit, either 
thus, #x—0x+3==0, the roots of which equation 
according to the foregoing rule are both affirmative; 
or thus, xx-o0x+-3=0, the roots of which equation, 
though.it be the ſame with the other, and differs only 
in form, are both negative: the reaſon of this abſur- 
dity is, that the two roots of the equation xx4++3=0 
are impoſſible, and occaſioned this confuſion by put- 
ting on one ſhape in one equation, and another ſhape 
in the other i this will further appear from the we 
lution ; for if ho 4 we have xx -g, and x 
/—3, or g, which are both impoſſible quanti- 
ties. Again, the equation « z gg may be filled u 
various ways; as thus, x*—0x*ox—3=0, in which 
equation, according to the foregoing rule, there are 
three affirmative roots; or thus, x*—ox*—o0x—3=0, 
in which equation, there is but one affirmative root 
and two negative ones: hence an experienced Analyſt 
would immediately conclude (as is really the caſe) 
that two of the roots of the equation x*—3=0 were 
impoſſible, and that they ſtood for affirmative quan- 
tities in the former way of putting the equation, and 
for negative ones in the latter. This will further ap- 
pear, when we come to treat of cubic equations. 


Of biquadratics, and other equations in the form of 
2111 ab4. -quadr,atics.. ec 
110. Thus much for the reſolution, nature, and 
properties of 'a quadratic. equation : I ſhall only add 
an example or two more of other equations that ſome- 
times put on the form of quadratics, and have done. 


l | 2, 
ExXaMPLE 12. 


Let the equation to be reſolved be, 2 


8 xx 
116; therefore 1600-|-x4=116xx ; therefore x4= 
!16xx—1600. This equation is, properly ſpeaking, 
| ; N a bi- 


1 1 * 
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a biquadratic, that is, an equation wherein the fourth 


power of the unknown quantity is concerned: -now 
as every poſſible quadratic equation has two roots, 
which will eqyally anſwer the condition thereof, ſo 

a cubic equation, that is, an equation that riſes to the 
third power of the unknown quantity, may have three 
ſuch roots, a biquadratic four, &c. : but the equa- 
tion  x4==116xx—1600, though it be a biquadratic, 
and admits of four roots, yet it is in the form of a 
quadratic, if we conſider xx as the unknown quan- 


tity; in which caſe x4 muſt be looked upon as the 


ſquare of the unknown quantity, and the equation 
muſt be referred to the general one in art. 103, thus; 
A=1, B==116, C=—1600, BB==13456, 440 
mort well, e 
6400, 5$52=70 56, $2=04, IF": 5.400 771 =,16; 


therefore in this equation, xx==100, or 16: now if 
xx ioo, we ſhall have x=+ or — 10; if x*==16, 
we ſhall have x==+ or —4 ; therefore the four roots 
of this biquadratic equation are, +10, —10, +4 
and —4: but though in this equation x has four 
 Ggnifications, ax has but two, viz. 100 and 16, 
either of which being ſubſtituted inſtead of xx in the 
original equation, will anſwer that equality, as may 
eaſily be tried. a INT n 

N. B. Whenever of the four roots of a biquadratic 
equation any two are equal and contrary to the other 
two, the equation will be in form of a quadratic, and 
may be reſolved accordingly. N 


12. - | 
EXAMPLE 13. / WET 


5 1 n 
Let the equation be- —xx= 55: here we have 


76— = SS, andxa-Eg BM 57 6, and x*=—558" 

576; therefore, according to the general equation 

in art. 103, A=1, Þ=—55, r BB==3025, 
wy, 4 


— 9 


440 2304, 8329, 273, 24 ©? IT r 


0 643 


111 


8 => 
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64 therefore in this equation, xxo or—64 : if 
xxz==+9, #==4 or g; if xx=—64, x will be equal 5 
to -64, or 64, both which values are im- 

poſſible; ſo that in this equation x has but two values, 

MW + or z, the other two being impoſſible; and xx 

has two values, to wit, 9 and —64, which are 
both poſſible, and which, being ſubſtituted inſtead of 

| xx into the ofiginal equation, will anſwer that equa- 

lity. From this example it is eaſy to ſee, that a bi- 

* W. quadratic equation may have four roots, and never 

can have more; yet it may ſometimes have fewer, 

| W upon the account of fome of its roots becoming im- 

; WI poſſible; nay inſtances might eaſily be given wherein 

al the roots of a biquadratic equation are impoſſible. 

If any one diſapproves of the reſolutions here given, 

4 he may perhaps reliſh the following better : let the 

equation be A= BY TC; here putting 2 for xx, 

, and conſequently* zz for x4, the equation will be 

ts changed into this common quadratic, Azz=Bz--C; 

4 which being reſolved, z or xx, and conſequently x it- 

r elf will be known: ſuppoſe the equation to be Ax 

95 Bx -C; here putting 2 for , the equation will be 

e changed into a quadratic, as before, to wit, Azz= 

z, the reſolution whereof will give z for x*, and 
conſequently x by an extraction of the eube root: 

ic laſtly, let the equation be A= BVA C; here put- 

er ung zz for x, and z for Vz, the equation will be 

nd . A2 BC, as before; wheace 2, and conſequently 
22 or x will be known. | 


The ſolution of ſome problems producing quadratic 
ye | 24 equarions.. 5 — 


P R 0: 3 I. E M. 69. 


111. I is required to divide the number 60 into two 
ſuch. parts, that the product of their multiplication 
may amount 10 664. 

Na SOLUTION, 
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Soivrion 


ä the parts; then will the other 
part be 60—x, and the product of their multiplica - 
tion will be 60x—ax ; whence the equation will be 
GO 864: thetefore xx-{-864=60x, and æ&ũ 
60x—864 : this equation, compared with the general 


one in art: 103, gives A=1, B==60, C=—864, 
B = 3600, HIS ING nee 1 


2 36, LM 243 therefore the patts fought are 


24 and 36 ; which upon trial will anſwer the condi 
tions of the problem. | | 
| Objervation upon the foregoing problom. 
OBSERVATION : ty 


In this problem we may clearly ſee the heveſſity of 
the unknown quantity's having ſometimes two diſtinct 


values in one and the ſame equation: for here, if 


put for the greater part of 60, the leſs will be 60 
x, and the equation wilt be 60x—xx==864 : ſup- 
poſe now I put x for the leſs part; then the greater 
will be 60==x, and the equation will ſtill be 60x—axr 
— 864 3 therefore, whether * be put for the greater 
or the leſs part, we ſtill fall into the ſame equation 
60x—ax==864 ; whence I infer, that this equation 
muſt either give us both the parts fought, or neither; 


ſince no reaſon can be ſhewn why it ous give us 


one part rather than the other. 
_ Onszxvarion 2d. 


Hence, alſo we ſee the neceſſity ſometimes of im- 
ſſible roots, to wit, when the caſes of problems to 

be ſolved by them become impoſſible : as for inſtance, 
jf any number, as 60, be divided into two parts, the 
. nearer the two parts approach towards an equality, 


as a ic, read fa. end og XS AO o$ o-«- 8 


; | - 3 
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the greater will be the product of their multiplica - 
tion; and therefore, if the parts be equal, the product - 

will be the greateſt poſſible : thus if the parts be 24 

and 36, the product will be 864 ; if they be 25 and 

35, the product will be 875; if 30 and 30, the 

product will be 9o0, which will be the greateſt poſ- 

fible : let us now for once pt an impoſſible caſe, and 

let it be required to divide the number 60 into two 

ſuch parts that the product of their multiplication may 

amount to 901; here the equation will be 60x—xx 

=901 ;, which being reſolved according to art. 103, 
RS, or I, but theſe values 


of x may be reduced to more ſimple terms thus; 
— 4, = IX+4; therefore YA IX VTAD 


/—1X2 j cberefore . AIlbuto 30; there- 


fore the two parts ſought are 30 4-4/—1, and 30 — 
/—1, both which are impoſſible upon the account of 
the impoſſibility of /—1; and yet theſe two parts 
abſtractedly conſidered will anſwer the conditions of 
the problem; for if Ar be made equal to 5, the 
two parts will be zo , and 30— 7 whoſe-ſum is 60, 
and the product of whoſe multiplication is go 
but if =, we ſhall have 55=—1, and — 
+1, and g00—55==901 z therefore the product of 
the two parts, 30 F-; and 301, amount to 
901, as was required. 25 : 


OBSERVATION 2d, 


as we here alſo ſee the neceſſity of both the 
ö roots of a quadratic equation becoming impoſſible at 
j once. Two impoſſible quantities added together, 
q may ſometimes make a poflible one, becauſe one 
quantity may be as much impoſſible one way as the 

| | 3 other 


G 


Q „ 


— 


A 
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other is the contrary way ; thus the twa impoſſible 
quantities o- and 30o— 951 —1 being ade added to- 
gether make 60, the impoſſible ſords TY —1 and 
Ei deſtroying one another; but a poflible and 


an impoſſible quantity when added together can never 
make a poſſible one; and therefore the two parts of 


60 in this problem muſt either be * poſſible, or 
both impoſſible. 


PROBLIM 70. 


112. There are three numbers in continual proportion, 


_ whereof the middle term is fixty, and the ſum of the 


extremes one hundred burn ve: What are the er 
tremes? 


. sSolur tox. 


For the extremes put x and 12 Se, and you will 
have this proportion; x is to 60 as 60 is to 125 —, 
whence, by multiplying extremes and means, yon 

have this equation, 1254—xx==3600, or xx--2600 
=125%, Or x#*=125x#—3600 : here then A=1, B= 
123, ee BB = 15625, 4AC=—14400, 55= 


1225» SZ TT 24 e therefore in this 


equation, #==45, or 80; but x repreſents either ex- 
treme, becauſe, which extreme ſoever x is put for, 

the other will be 12 5, and the ſame equation will 
ariſe, to wit, 125x—xx==3600; therefore the two ex- 
tremes are 45 and 80; and they will anſwer the con- 
ditions of the problem; for 45 is to 60 as 5211 is to Ts 
that is, as 3 to 43 and 60 is to 80 as ID is to 1 55 


which 1 is allo as 3 to 4. 
PrROBLE M 71. 


113. I is required, having given the ſum or the differ- | 
ence of two numbers, together with the Jun of their 
Jquares, to 1 ud the numbers. 


Sorption. 


* 
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Caſe 18. Let the ſum of the numbers ſought be 
28, and the ſum of their ſquares 400 ; then putting 
x and 28—zx for the two numbers ſought, the ſquare 
of the former will be xx, the ſquare of the latter 
»84—56x+xx, and the ſum of their ſquares 2xx— 
56x--784==400; and the ſame equation will ariſe, 
whether x be made to ſtand for one number or the 
other; therefore the two values of x in this equation 
will be the two numbers ſought ; but if 2xx—56x 
784 4, we ſhall have 2xx—56x=—384 ; divide 
the whole by 2 for a more fimple equation, and you 
will have zx—28x=—192 ; and xx=28x—192 
which equation being reſolved according to art. 103, 
gives æ 12, or 16; therefore 12 and 16 are the two 
numbers ſought. | | 

Caſe ad. Let now the difference of two numbers 
be given, ſuppoſe 4, and let the ſum of their ſquares 
be 400, as before; then, putting x for the leſs num. 
ber, and x+-4 for the greater, the ſum of their ſquares 
will be 2xx8x--16==400; whence 2xx+8x=384, 
xx4-4x=192, xx+4x+4=196, x+2z=+14,x=+ 
12 or — 163 now it cannot be ſuppoſed that4-12 and 
is are the two numbers required in the problem, 
for their difference is 30, not 4 ; neither ought it to 
be expected ; for when x was put for the leſs num- 
ber, and x-+4 for the greater, the equation was 2xx| _ 
8x-|-16==400; but if x be put for the greater num- . 
ber, and conſequently x—4 for the leſs, the equation 
will be 2#x—8x-|-16z=400, different from the for- 
mer; ſince then a different equation ariſes according 
as x is put for the greater or leſs number, it canhor 
be expected that one and the ſame equation ſhould 
give both : the true ſtate of the caſe is this; there are 
two pairs of numbers which will equally ſolve this 

* and the equation 2xx|-8x-16==400 gives 
the leſſer number of each pair; for if we make x=12, 
8 | N 4 | and 
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and xJ-4—16, the numbers 12 and 16 will ſolve 
the problem; on the other hand, if we makex=—16, 
we ſhall have x--4=— 12, and the numbers 16 Ind 
—12 will equally ſolve the problem; for their difz 
ference is +4, and the ſum of their ſquares 400 
here then we may obſerye, that affirmative and nega- 
tive ſolutions of problems are of equal eſtimation 
in the nature of things, though perhaps nor amongſt 
men, the narrownels of | our minds contracting our 
views ; but truth does juſtice alike to all: certainly 
negative numbers difter no more from affirmativeones, 
than affirmative ones do from one another, which is 
in degree, not in kind; and therefore, in the nature 
of things, negative quantities ought no more to be 
excluded out of the ſcale of number than alma 
ones, though in nnen life they are ſet aſide. 


WR PROBLEM 72. 


114. What 10 r are best, whoſe ſum is ſeven- 


teen, and the ſum of apron eber one thouſand three 
* Joly bree? 5 


$otvmT'ro Nx, 


For the-two numbers ſought put x and 17—x, and 
the cube of the former will be xxx, and the cube of 


the latter 4913867 Cg 1xx—xxx, as end from 
the following computation : - 


 17—X E 
„ 12 4 
289 — 17A 
. BEES 
289 — 34 ᷣ 
17-1 
9 —7veFina—s 
/ —289x4-34xx 2 


49! NEV 6 787-5 51 1 * 
Therefore 
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Therefore the ſum of theſe two.cubes will be 5 1xx— 
867x4-4913==1343, and the equations will be the 
ſame, whichſoever of the two numbers ſought x is 
made to ſtand for; but if 51xx—867x+-4913=1 343, 
we ſhall have 51*#x—867x=—3570 ; divide the- 
whole by 51, which, though not neceſſary, is how: 
ever convenient, to render the equation more ſimple, 

ſince it may be done without fractions, and you will 
have, xx — 7 o; which, being reduced as in 
art. 103, gives x=, or 10; therefore 7 and 10 are 
the two numbers ſought. 


PROBLEM 73. 


115. Let there be a ſquare whoſe fide is a bundred and 
ten inches; it is required to afſign the length and 
breadth of a reftangled parallelogram er long ſquare, 
whoſe perimeter ſhall be greater than that of the ſquare 
four inches, but whoſe area ſhall be leſs than the 

area of the ſquare by four ſquare inches. 

N. B. By the perimeter of a plain figure is meant 
the length of a line that will encompaſs it round; ſo 
that the perimeter of a ſquare is equal to four times 
its ſide; and the perimeter of a rectangled paralle- 


logram is. equal to twice its length and twice its 
breadth added together. 


SOLUTION. 


Since the ſide of the given ſquare is 110 inches, 
its area will be 12100 ſquare inches; therefore the 
area of the parellelogram ſought will be 12096 ſquare 
inches : again, the perimeter of the given ſquare is 
440 inches; therefore the perimeter of the parallelo- 
gram ſought muſt be 444 inches ; therefore half its 
perimeter, or its length and breadth added together, 
muſt be 222 inches; therefore, if either the length 
or breadth be called x; the other will be 222—x, and 
the area will be 222x—xx==12096 ; which equation 
reſolved according to art. 103, will give x=96, or 
126; therefore the breadth of the parallelogram 
WE 825 | ſought 


\ 
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ſought ad be 96 inches, and the length 126 inches: 
and theſe numbers will anſwer the conditions of the 
queſtion; for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444 z more 
over 1 26x96, or the area, will be 12096, as the 
Problem 2 | 


NG La de 


This problem ſhews how groſsly they are miſtaken 
who think to eſtimate the areasot magnitudes of plain 
figures by their perimeters, as if ſuch figures were 

reater or leſs in proportion as their perimeters were 
S; whereas here we ſee, that the perimeter of one 
figure may be greater than that of another by four 
inches, and at the ſame time its area may be leſs than 
the area of that other by four ſquare inches, This 
error, it is true, does not obtain but in low and vul- 
gar minds, nor there neither any longer than whilſt 
it continues to be a matter of mere ſpeculation, and 
truth and falſhood are equally indifferent to them: 
for whenever men come to apply their notions, and 
find it their intereſt not to be miſtaken, then it is, and 
frequently not till then, that they begin to look about 
them, correct their errors, and entertain more juſt 
and accurate notions of things. The greateſt part of 
mankind have a natural averſion to abſtract think- 
ing, and, where their intereſt | is not concerned, will 
rather ſubmit their opinions to humour, caprice, and 
cuſtom, or be content to be without any opinions at 
all, than they will examine ROY into the nature of 
things. | 


/ 


PAR 74. W 
1 16, One buys @ certain number of oxen for eighty 
uineas; where it muſt be obſerved, that if he had 
dee four more for the ſame money, they would have 
come to bim a guinea pic e : What was the 
number of oxen * 
* — 4 | $oLyt10%, 
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| SoLvTION, : 

For the number of oxen. put ; then to find the 

price of a ſingle ox, ſay, if x oxen coſt 80 guineas, 


what will one ox coſt ? and the anſwer is =, and for 


the ſame reaſon, if he had bought 4 more, that is, 
x44 for the 0 money, the price of an ox would 


have been; 25 but, according to the problem, the 


latter wk is leſs than the former by one guinea ; 


0 9 > 
whence we have this equation ———_—=— there- 


= *I-4 
fore dee therefore do N 4+* or 320 


+76x—xx=80x; e xx-Þ80x=76x4-320 ; . 
therefore xx=—4q4x +320. Here then A==1, B=— 
C=320, BB—=16, 44C=1280, $5=1296, 5=36, 


B B— 
3 therefore x = + 16, or 


—20 z therefore the number of oxen was 16, the ne- 
gative root — 20 having no place in this problem ; 
and this number 16 anſwers the condition of the pro- 
blem; for if 16 oxen coſt 80 guineas, one will colt 

5 guineas : but if 20 oxen coſt 80 guineas, one will 
colt 4 guineas. 


bo; 80 "0g: 7 | 
N. B. The equation =—1= 5 ? gave * = 2 


16 or —20, not becauſe the number —20 would 


ſolve the problem, but becauſe it would ſolve the 
equation; for if we make XZZ—20, we ſhall have 
2 80 

4. e on the other nde, ve 


fag have Tie, and — +4 = — 55 therefore 
if 


” 


30% Fb Solution of Problems - Book III. . 


Þ W 98 
if & be made equal CRE we ſhall barer — 12. 
80 


5 7 becauſe both ſides are equal to—5; and ſo in 


all other caſes we ſhall always find, that the ſeveral 
roots of an equation will be ſuch as will equally ſolve 
that equation, though perhaps they may not be 
equally proper to ſolve the problem from whence the 


equation was deduced : but of this more in another 
57: | 


PROBLEM 75: 


11 17 . A certain company at a tavern had a reckoning of 
ſeven pounds four ſhillings to pay; upon which two of 
the company - ſneaking off, obliged the reſt to pay one 


ſhilling apiece more than they ſhould bave * | *. bat 
_ was the munber of perſons ? | 


sol ur ion. py 


For the number of perſons put x then to find che 
number of ſhillings every man ſhould have paid, ſay, 
if x perſons were to have paid 4 ſhillings, what muſt 


one man have paid? and the anſwer is—==; therefore 
2 14s, is the number of ings every man ſhould 


* is the number 


| have paid; and for the ſame reaſon- . 
| 72 of ſhillings every man did pay; 1 according to 
| 


the problem, this latter reckoning is greater than the 
3 former by = phi: ; whence the —_ will be 


Mp = 5 therefore 1444-x== 


} 
| 
| | | Xt gg or ar- 14228814473 therefore 
\ 


; = therefore 


xx—288==2x; therefore xxz=2x-288, . Here then 
A] ; B=2, ss, BBA, 44C=11 52,8981 156, 


| S234, 


— ̃ ²o¹A 2 2 
4 


> 


\ 
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= 147 =18, is; therefore ib, | 


or—16; but negative roots have no place in this ſort 
of problems; ; therefore the number of perſons was 


18, which anſwers the condition; for 2 —8, and 


PROBLEM 26, : 
F 18. What number is that, which being added to its 
ſquare root will make two bundred and ten ? 


LS Cm 

For the number ſought put xx; then will its coat 
root be æ, and the equation will be xx1-x==210, or 
a — - C 103 where Ari, B=—1, C=210, 


BB=1, 44C=840, en $3E29, 77 = = Is 


bs == 16 cherefore ape 14. or I ; there- 


fore xx or the number ſought equals 196 or 225, | 


ſuppoſing the ſquare root of 225 to be — 151 and 
either of theſe two numbers will anſwer the condition; 

for 196Þ14=210, and 225—15=210, £ 
5 PROBLEM 77. 


119. What two numbers are thoſe, the produ3 of whoſe 
multiplication is one bundred ninety two, and the ſum 


of whoſe ſquares is fix bundred and forty ? 
PE SOLUTION. 


For the two numbers fought put x and = =”; then will | 


the ſquare of the former be xx, and thar of the latter 


268 6 
: "= and the ſumof * . will be xa = 


bg 3 


0 
ö 
: 
„ 
0 
| 


the anſwer will be 


— 
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==640; which equation will be the ſame, whichſoever 
of the two N ſought * is made to ſtand for ; 


but if *r =640, we ſhall have 12 7436864. 


Gdorr; ; and x#+=640x*—36864 : here then PTA 
B=640, C=—36864, B B==409600, 4 4293 
147456, $5 =262144, 512, rs = 376, — 


==64 1 therefore xx=576, or 64 ; therefore 2 
or —24, or g or -; therefore the two numbers 
lought are 8 and 24. 


PROBLEM 78. 


120. One lays out a certain ſum of money in goods, 


which be ſold again for twenty-four pounds, and 

gained as much per cent. as the goods coſt bim J de- 
mand what they coſt bim. 

N. B. One's gain per cent. is ſo much as he gains, 
every hundred pounds he lays out; or if he does not 
lay out ſo much as a hundred pounds, his gain per 
cent. however, is ſo much as he would have gained if 


he had laid out a hundred pounds with the ſame ad- 
vantage : thus if he lays out-20 pounds and gains 2 


pounds, he is ſaid to make 10 per cent. of his money, 
becauſe 20 pounds is to 2 pounds as 100 0 pounds | is 
to 10 pounds. 


SOL UT To N. 


Put & for the money laid out, and the gain will be 
24—x; ſay then, by the golden rule, if in laying out 


x he gained 24—x, what would he have gained if he 


had laid out 100 pounds to the ſame advantage? and 
2400 — loo 


z therefore — 


w 11 be his gain per cent.; but, according to the pro- 


blem, this gain is equal to x, the money laid out; 


2400 - 10% . 


therefore x=- 0 * S ο -f οe 


bs”. ab here 


21 190 
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here then Ar ly B==—100, C==2400, BB=10000, 
p B+s B—s 
f 4AC=9 oo, 19 oo, 52140, 7 * 20, 7 
=—120z therefore the money laid out was 20 pounds; 
therefore his gain per 20 was 4 pounds; therefore his 
gain per cent. was 20 pounds, equal to the money laid 
out. 


PROBLEM 59. 


121. One lays out thirty-three pounds fifteen oillings i: in 
cloth, which be ſold again for forty-eight ſhillings per 
piece, and gained as much in the whole as a ſingle 
piece coft > I demand how he bought in his cloth per 


piece. 


SO Il U TI ON. 


Put x for the number of ſhillings every fi ſingle piece 
was bought for, and the gain per piece will be 48—x; 
ſay then, by the rule of proportion, if in laying out x 
he gained 48 — K, what did he gain in laying out 33 
pounds 15 ſhillings, or 675 ſhillings ? and the anſwer 


vil be 40 r therefore 420078 


will be 


his whole gain; but, according to the problem, the 

whole gain was equal toæ, the money given for a lingle 

32400—67 5x 
* 


32400675 therefore Il, B= — 673, C 32400, 
BB==455625, 4AC=129600, $52=585225,5=765, 


| 777 24 3 20; therefore * K-43, or 


720; therefore the money every ſingle piece was bought | 
for was 45 ſhillings, and the gain per piece was 3 
 thillings 3 but if 45 ſhillings gains 3 ſhillings, 33 
pounds 15 ſhillings, or 675 ſhillings, will gain 45 
ſhillings; therefore the whole gain was 45 ſhillings, 
5g to the money given for a ſingle piece. 


piece; therefore x = ; therefore xx= 


N. B, 


— ODS 


— 


= — D N . a” —  - . __ 2 Þ — — 
33 , FS m oe Acne -o_. 88 
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N. B. It is not impoſſible but that ſometimes. twa 


different problems may produce one and the ſame 


equation; and then the equation muſt provide equally - 


for both : therefore, in ſuch a caſe, though the equa- 


tion has two roots, and both affirmative, yer it muſt 
not be expected that both roots ſhould equally ſerve 
for the ſolution of one problem, and that there ſhould 
be no ſolution left for the other; we ought rather to 
conclude, whenever an equation gives two roots, and 
both affirmative, whereof one only will ſolve the 
3 that produced the equation, we ought, 1 
y, rather to conclude, that the other root is for the 


ſolution of ſome other problem producing the ſame 
Equation ; a curious inſtance whereof we have! in the 


two following problems. 8 


PROBLEM 80. 


1 22. 7 wo travellers, A and B, ſet out from two eg 
C and D at the ſame time, A from C bound for D, 
and B from D bound for C; when they met and bad 
computed their travels, it was found, that A bad 
' travelled thirty miles more than \ and that, at their 
rate of travelling, A expected toweach D in four days, \ 
and B to reach C in nine days : I demand the diftance 
between the two places C and D © 


$oLvuT10 u. 


Put x for the number of miles between c ad D, 
then it is plain that Aand Bboth together had travel- 
led x miles when they met; therefore as much as the 


* travelled by Henceeded 2. Juſt ſo much did che 


milestravelled by come ſhort of=; but, by the fup- 
poſition, A. miles exceeded choſe of B 15 305 ; there- 
fore 4 muſt *  trayelled—-1 5 or. miles; ; 


1 75 and 
1 N 3 


_ 4 _— _ 


| Art. 121. produting Quddratic _ 209 


and B mult have travelled — 5 or 2 2 miles ; 


therefore the remaining AN of &. journey is 
—= miles, which he expects to perform in fout 


days, and the remaining part of B”s journey is 
2 : | 3 
miles, which lie expects to perform in 9 


an: theſe things being allowed, let us now enquire 
into the number of ay each hath travelled 2 3 


and firſt for A ſay, if A expects to travel — 


miles in 4 days, in how many days did he At 


ax FF! 


8 20 
+4430 miles? and the anſwer is — — — 


— 200 — 3 
2 2 7 0 


then for B ſay; if B expects to travel ZE 2 miles in 


9 days, in how many days. did he 1550 — 
— 


| miles ? and che anſwer is 9X*— 39, therefore AM 


+30 


\ - 933 — — 


bath duelle wt days, an d B 222 


＋ 


days from tlie time of their Arſt ſetting out: but as 
they both ſer out at the ſame time, and are now met, 
they muſt both have travelled the fan ſame fumber of 
days; therefore ** BE. 9 : multiply 
e 


both ſides of the equation into x— 30, atid you will 
e 
have + Ne ——f— Er 32, again mul- 


K 430 


——— — VP 


"op by *+39 30, and you will haye 4X * + 39_X 


9 


* 
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x +3o=9 Xx — 3O X 303 extract the _ſquare 
root of both ſides, and you will have + 2 X30 


 =+3Xx—30: this general equation reſolves itſelf 
into four particular ones, VIZ, | 3 


iſt,, +2Xx n 
2d, + 2X* + 30 =—ZXX——30. 
zd,  —2Xx +30=+3Kx— 30. 
: 4th, — 2 X#+ 30=—Z3X#— 30. 


But as the two laſt of theſe equations give but 
the ſame values as the two former, I ſhall only make 
uſe of the two former, thus; 


1ſt, Suppoſe -- 2 x x + 30 = +3 xx —30, then 
we ſhall have zu FGO = -o, and x=1 50. 

2dly, Suppoſe 2xx + 30=— 3x ==, then 
we ſhall have 2x460=—3x4+90, and x==6 ; there- 
fore the diſtance between the two places C and D muſt 
either be 150 miles, or 6 miles; but 6 miles it can- 
not be, becauſe when A came up to B, he had tra- 
velled 30 miles more than B, and had not yet reached 
D; therefore the diſtance between the two places C 
and D muſt be 150 miles; which will ſatisfy the 
problem; for then 4 muſt have travelled 75-þ15, 
or go miles, and B 75— 15, or 60 miles, from the 
time of their ſetting out; therefore A has 60 miles, 
and B go to travel; but if A could travel 60 miles 
in 4 days, he muſt, at the ſame rate, have travelled 
90 miles in 6 days; and if B could travel go miles in 
9 days, he muſt have travelled 60 miles alſo in 6 
days; therefore they both travelled the ſame number 
of days from the time of their firlt ſetting out to 
the time of their meeting, as the problem * 


— 


PROBLEM 81. 


123. Ys travellers A and Bet out from 0 places 
dal * 3 e * 
| | paſs 


AD nne .fr 77 WW 1 Þs 


© 


a, WW TA ICP = 


W 
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paſs through D, and B from D with a deſign to 
travel the ſame way: after A had overtaken B, and 

. they bad computed their travels, it was found, 
that they had both together travelled thi rty miles, that 
A had paſſed through D four days before, and that B. 
at his rate of travelling, was a nine days journey 

_ diſtant from C: I demand the * between the 

two "oe C andD. 


80 1 U 110 m. 


put x for the number of miles from C to D; then 
it is plain, that A muſt have travelled more miles 
than B by x; but they both together travelled 30 
miles, by the ſuppoſition ; therefore as much as 4's 
miles exceeded 1 5, juſt ſo much B's miles came ſhort 
of 15: but the whole difference was b. as above; 


therefore A muſt have travelled 15 +—= 2 DEE E 


— 
2 
miles; therefore 4. diſtance from D, after he had 


overtaken B, was —.— 


miles, and F muſt have travelled 1 or 


miles, which he had tra- 
velled in 4 days, and B's diſtance from' C was 


—— miles, which by the problem he could travel 


T days; therefore, to find how many days each 


travelled. already, fay, if 4 hath. travelled 
— —— miles from D in 4 days, in how many days 


did he travel . — ſince his departure from 


C? and the anſwer is 
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fay, if B could travel 2. miles, the whole diſtance 
from C, in 9 days, in how many days did he travel 
| —— miles ſince his ſetting out from D? and the 


anſwer 1209 2 - 3 but as they both ſer out at the 


ſame time, and A has now overtaken B, they muſt 
both have travelled the ſame number of days; there- 


-E r. 


e- go 
multiply both ſides into 30—x, and you will haye 


; O0 — & X 30—2 
Fe —3z again multiply 


by J Er, and you will have 4 x 30+ x 30-þ x 
=9 X 30—# X 30—#3 but the product of 30—x x 
g30—* differs nothing from the product of 30 x 
q x—30, as will appear upon tryal, and will be be fur- 
l ther evident from hence, that 30—x T and . xX—30 =30 differ 
-no more from one another than an affirmative 


quantity does from an equal negative one, and there- 
ire each multiplied into itſelf muſt give the ſame 
Product, t therefore the equation as it | Now y ſtands | 5, 
4X*Þ+3c 30 X + 30 39 =9 Xx — Z0X#—30z but this 
equation is the ſame with the equation deduced from 
the laſt problem, which juſtifies what 1 obſerved be- 
fore, art. 121, that different problems may produce 
the ſame equation; therefore the two roots of this equa- 
tion will be 6 and 1 50, as in the laſt article; therefore the 
diiſtance between two places C and D muſt either 
be 6 miles, or 1 50 miles; but 150 miles it cannot be, 
becauſe, after A had paſſed from C beyond D, and at 
laſt had overtaken B, they had both travelled but 30 


fore we have this equation, 


— — 2 hae "4%, 
— — — — 


— 1 - ” AV — — — 17 — 

©. ——_—— — . — < oe PEI on — — 7 — 
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miles; therefore the diſtance from CroDmuſt be 6 miles; 
and this number will anſwer the conditions of the pro- 
blem; for then A, when he had overtaken B, had 
travelled 154-3 or 18 miles, and B 15—3 or 12 
miles; therefore A had got 12 miles beyond Din 4 
days time, and B was 18 miles diſtant from C, which 
he could travel in ꝙ days; but at the rate of 12 miles 


in 4 days, A muſt have performed his 18 miles jour 


ney in 6 days; and at the rate of 18 miles in 9 days, 
B muſt have performed his 12 miles journey alſo in 
6 days; therefore, from the time of their firſt ſetting 
out to the time of A's overtaking B, they had both 
travelled the ſame number of days, as the problem 
requires; therefore the ſuppoſition whereupon this 
calculation was founded, to wit, that the diſtance of 
from D was 6 miles, is juſt? | 

N. B. The ſolutions here given of the two laſt 
problems are, in my opinion, the moſt natural, 
though ſomewhat different from the reſt. 


A LEMMA. 


12 * The ſum of a ſeries of quantities in arithmetical 
progreſſion may be had by adding the greateſt and leaſt 


| . terms together, and then multiplying either half that 


ſum by the whole number of terms, or the whole ſum by 
balf the number of terms, or laſtly, by multiplying the 
whole ſum into the whole number of terms, and then 
taking half the produft : thus in the ſeries 2, 4, 6, 
8, 10, 12, where the leaſt term is 2, the greateſt 12, 
their ſum 14, and the number of terms 6; the ſum 
of all the terms taken together will be 7X6, or 14X3, 
or e = 42. This will beſt appear by writing 
down the ſeries 2, 4, 6, 8, 10, 12, and then by 
writing down over it the ſame ſeries inverted, 12, 10, 
8, 6, 4, 2 : for, if this be done, 2, the firſt term of 
the lower ſeries, added to 1 2, the firſt term of the up- 

03 8 
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r ſeries (which is the ſame as the rd and leaſt 
. terms of the ſame ſeries added together) will.make 
14; in like manner, every term of the lower , ſeries 
added to the next above it will make 14 ; therefore 
both the ſerieſes together will be equal to 14 as often 
taken as there are terms in either ſeries, that is, 6 


times 14, or 84; therefore either ſeries taken alone 
wil be equal to 42. 


ey OE ts Ty I ey 2 
2. 4. 6. 8. 10. 12. 


. 
—_Y = F4 
* 
7 


1 


png 14. 14. 14. 14. 14. 14. | 

The deſign of this lemma is, to = the terms of 
a ſeries together, where only the greateſt and leaſt 
terms and the numbef: of terms are known, or ſup- 
poſed to be known; the intermediate terms, being 


either not aſſigned, or too * to 5255 e up 
by a continual addition. 


PR 0 EN 82. 


125. A traveller, as A, ſets out from a certain place, 
and travels one mite the firſt day, two miles the ſecond 
day, three the third, four the fourth, &c; and five 
' days aſter, another, as B, ſets out from the ſame 
 plare, and travels the ſame road at the rate of twelve 
miles every day: I demand how lung and how far A 
mu} travel before be is overtaken A We: - - 


"SOLUTION. 


Por * 5 the nunder of days A cravelled before he 
was overtaken by B; then, to find an expreſſion for 
the number of miles travelled by him in that time, 
J obſerye that in three days A travelled over 12 ＋-3 
miles, that is, he travels over a ſeries of miles in 
arichmetical progreſſion, whereof the number of terms 
is 3, the greatcit term 3, and the leaſt term 1; ; in 

Qur 
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four days he travels over a ſeries whereof the number 
of terms is 4, the greateſt term 4, and the leaſt 13 
therefore, univerſally, in any number x of days, he 
muſt travel over a ſeries of miles in arithmetical pro- 
greſſion. whereof the number of terms is x, the 
greateſt term x, and the leaſt term i; but the ſum of 
the extremes of this ſeries is x1, which, multiplied 
by x the number of terms, gives xxx, the half 


whereof — 2 z therefore, by the lemma foregoing. 


* will be the ſum of this foros, and conſequently 


the miles travelled by 4 before he was overtaken : 
again, if A travel x days, B muſt have travelled 
x—5 days, which at the rate of 12 miles a day, gives 
12x—60 for the miles travelled by B when he over- 
took 4; but as they both ſer out from che ſame 
place, and, are now got together, they muſt have 
travelled the ſame number of miles; whence we have 
| 2 
 24x—120; therefore xx=23x—120; compare this 

equation with the general one in art. 103, and you 
will have A=1, B=23, C=—120, BB==529, 4AC 


1 ine B—s | 
==—480, $49, 73.4.4 15% there 


this, e quation, — 1 21 —60; therefore xx f 


fore x=8, or 15 : now, for the better application of 
theſe roots to the ſolution of this problem, it muſt be 
obſerved, that the problem is more limited” than the? 
equation deduced from it; juſt as if, in tranſlating 
out of one language into another, the terms of the 
latter, inſtead of being adequate to thoſe of the for- 
mer, ſhould be found to be of a more extenſive ſigni- 
fication: in the problem it is only ſuppoſed that B- 
overtakes A, whereas in the equation it is ſuppoſed 
that l and B are got both together by having travelled 
the ſame number of miles from their firſt ſetting out, 
| O 4 without 


Att go 


without ſpecifying whether this ariſes from B*s-over- 


g 
94 
0 
4 
4 
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taking A, or from A's overtaking B; both which 
in this caſe muſt neceflarily happen in the courſe of 
their travels, provided they be but continued long 


enough for that purpoſe: for fince at firſt B is the 
 ſwifter traveller, whenever they come together, it 


muſt ariſe from B's overtaking 4, which happens 
after 4 has travelled 8 days; then, if we ſuppoſe them 
ſti l to continue their travels, B paſſes by A. and con- 


tinues before him for ſome time; but after 12 days, 


A becomes the ſwifter traveller, and muſt neceſſatily 
come up to B again after he has travelled 15 days: 
therefore though the two roots, 8 and 15, will both 
anſwer the condition of the equation, yet but one of 
them, to wit, 8, will anſwer the condition of the 
problem; and that both of them will anſwer the con- 
dition of the equation, will be evident as follows. 

In 8 days A travels over a ſeries of miles whereof 
the number of terms is 8, the greateſt 8, and the 
leaft 1 ; the ſum of which ſeries is 36 miles; but 
when A has travelled 8 days, B muſt have travelled. 
3 days, during which time, at the rate of 12 miles a 
day, he allo muſt have travelled 36 miles ; therefore 
after A hath travelled 8 days, A and B muſt neceſſarily 
find themſelves together: again, in 15 days, 4 muſt 
have travelled over a ſeries of miles, whereof the 
number of terms is 15, the greateſt 15, the leaſt 1, and 
the ſum 120 miles; but when A had travelled 15 


days, & muſt have travelled 10 days, which at 12 


miles a day gives alſo 120 miles; therefore now again 


A and B muſt find themſelves together; and conle- 


quently 8 and 15 equally anſwer the ſuppoſition con- 

tained in the equation. | 
N. B. It we ſuppoſe B after x days to have begun 
to follow A, and to have travelled only 10 miles 4, 
day, he could never have overtaken. A, nor A him, 
ſo that in this caſe both the roots would have be- 
come impoſſible, as will be found by the reſolution 
of an equation founded upon this ſuppolition; 
| PROBLEM 


f 
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err 32. 


126. It is required to divide the number ten into two 
| fuch parts, that the produf? of their multiplication. 
being added to the om of their ſquares, may make 
ſeventy: we 


SOLUTION. 


The two parts ſought, x and 10—yx. 

The ꝓroduct of their multiplication, iox xx. 
The ſum of their ſquares, 2x#z—20x4-100. 

The product of their multi- 

plication added to the ſum f i. L1OO Js. 

of their ſquares, 
Whence x#==4, or 6; but this equation will be the 
ſame, which part ſoever x is put for; therefore the 
two parts fought are 4 and 6, 


PROBLEM 84. 


127. It is required to find two numbers with the follow- 


ing os pens to wit, that twice the firſt with three 
times the ſecond may make ſixty, and moreover, that 
twice the ſquare of the firſt with three times the ſquare 
of the ſecond = make eight hundred and og a 


SOLUTION. 


For the two numbers ſought put x and , Fad we 
ſhall have 


Equ. iſt, 2x--3y=60, and 


Equ. 2d, 2x"*-p35*=840. 
From the firſt equation, 2x+ mY we have 


Equ. 3d, xX - E, and by ſquar- 


ing both ſides we have 
3600—3609--9y 
4 


Equ. 4th, xX 


\ From the ſecond equation, 2x%--333:=840, we have 


Equ. 


- _ — 8 * * * 2 4 


1 
; 
7 
2 
b 


218, The Solution of Problems Book III. 


8 
Equ . 5th, XK = — . — 


Compare the two values of xx in the fourth and 
fifth equations, which muſt neceſſarily be equat one 


3600— 360y--99y 


— 
— 


to the other, and you will have 


— multiply both ſides into 2, by halving the 
denominators, and you will have — 2 2 


=840—2zy; therefore 3600—360y-gyy=1 680— 


6; therefore  3600—360y-1 5yy==1680 z there- 


fore 15yy— 360y=—1920 ; therefore 15yy=360y— 
19203; divide by 15 for a more ſimple equation, and 
you will have yy=24y—128 ; whence y==8, or 16: 
ſuppoſe y=8, then ſince by the third equation x = 


60— | 
—=, we ſhall have x=18 z ſuppoſe y=16, then 


we ſhall have x or s, therefore there are two 
pair of numbers that will equally anſwer the condi- 
tions of this problem, to wit, 18 and 8, and alſo 6 
and 16: for a proof, let us firſt ſuppoſe the numbers 
to be 18 and 8; and we ſhall have twice the firſt 
number with three times the ſecond =36-24=60; 


and twice the ſquare of the firſt together with three 


times the ſquare'of the ſecond equal to 648+ 192= 
840: ſecondly, let us ſuppoſe the numbers to be 6 


and 16; and we ſhall have twice the firſt with three 


times the ſecond equal to 1248 60; and twice 
the ſquare of the firſt with three times'the ſquare of 
the ſecond equal to 72-4-768==840. 


PROBLEM 88. 


128. To find four numbers- in continual proportion, and 


ſuch, that the ſum of the two middle terms may bt 
eighteen, and thit of the extremes twenty-ſeven. = 
8 5 Note, 


4 


þ 


= 
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Note, Four numbers are ſaid to be in continual 
proportion, when the firſt is to the ſecond as the 
ſecond is to the third, and the ſecond is to the third as 
the third is to the fourtn. N 
SOLUTION. 
For the two middle terms put & and y, without 
intending which is to be the greater; then the ex-: 
meme next to x may be found by ſaying, as y is to æ 


ths | 
ſo is & (07s and the extreme next to y may be 


found by ſaying, as & is to y, ſo is t0 255 therefore 
” 5 ; ; F 

the extremes are =Zan 2. and their ſum 2 

* x x 


therefore the fundamental equations are 1ſt, x y= 
* oy? 
| 18, or x =18—y; and 2dly, T3y =-27, or 


* 
y 3 


„ 27; inſtead of x in this equation put 18—y, 
its value in the laſt, and you will have x3 = 5832 — 
972yq4+545*—53 3 therefore x3%+y*=5832—97 29+ 
5%; you will alſo have 27xy or 273X18—y==486y 
—27) 3 therefore 5832—972y+54)y==48 9—2739; 
| tranſpoſe 486 y—27 yy, and you will have 81 yy— 
1458y+5832=0; divide all by 81, which may be 
done without a fraction, and you will have yy—18y-72 
So; which equation being reſolved, either by the 
general theorem or, any other way, gives yz=6,0r 12; 
and ſince the equation will be the ſame, whichſoever 
of the two middle terms y ſtands for, it follows, that 
the two middle terms are 6 and 12; whence the ex- 
treme next to 6 is 3, and that next to 12 is 24; and 
the numbers are either 3, 6, 12, and 24, or 24, 12, 
6, and 3, for either way they will anſwer the condi- 
tions of the problem. 


PROBLEM 
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129. There are three numbers in continual proportion, 


whoſe ſum is nineteen, and the ſum of their ſquazes 
one hundred thirty-three ; What are the numbers ? 


SOLUTION. 


For the three numbers ſought put x, y and x; then 
ſince, by the firſt condition, x is to y as y is to x, by 
multiplying extremes and means we have yy==xz; 
again, by the ſecond condition of the problem, we 
have a+y-pz=19, and 19—y=x-+z, and (ſquaring 
both ſides) 36 1—3839kyy=xx+2xz+zz ; ſubtrat 
y trom one. ſide of the equation, and its equal æ 2 
from the other, and you will have 361-38 y=a#- 
#24-2*=X#*+y*+2*==133 by the third condition. of 
the problem: having thus expunged both x and zat 
once, refolve the equation 461 —2383==133, and you 
will have y the middle term equal to 6, and 19—y, 
or the ſum of the extremes, = 1 3 ; therefore the pro- 
blem propoſed is now reduced to this, viz. Of three 
numbers in continual Proportion, whereof fix the middle 
term, and thirteen the ſum of the extremes, are given, 
fo find the extremes: this problem is of the ſame na- 
ture with that in art. 112, and, being reſolved, gives 


4 and 9 for the extremes; therefore the three num- 
bers ſought are 4, 6, and 9, of 9, 6, and 4. 


PROBLEM B87. 
130. To find tuo numbers ſuch, that their difference 
multiplied into the difference of their ſquares ſhall nate 
 thirty-tevo, but their ſum multiplied into the ſum of 
their ſquares ſhall make two htttared ſeventy-two. 


SOLUTION. 


For the two numbers ſought put x and y; and the 
firſt fundamental equation will be x—y Xx -, or 


——  ——— CU —— 


z—)Xx—yxaby,o'—2xyty xx+y=32; W 3 
u. 


— 
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Equ. iſt, Saves 1. bey | 


The cond fundamental equation is, D = 
2723 therefore 


From twice the ſecond equation 


4 
— ENNISEnR 2 27 * 7 8 


ſubtract & —2 xy+y*= he 
+ 

12 

and you will have S a > 


that ez, therefore 7 = 512, and 


25 12, or the cube root of 512==8: thus we 
have got the ſum of the two numbers ſought, to wit, 
8; whence their difference may 4 * by the ſe 


equation, thus ; Em wn that is, x — 7 


* 4 therefore x——y, or the Abe of che 


two W ſought, equals 23 therefore the problem 
propoſed is now reduced to this; Having given eight 


the ſum, and $wo the difference of the ttwo numbers x and 


y, to find thoſe numbers; and by art. 26 we ſhall have 
x=5, and y=3; which numbers will anſwer the 
conditions of the queſtion, 

N. B. After we had found x-1-y, the ſum of the 
numbers equal to 8, we might have found the ſum of 
their ſquares by the ſecond equation, which gave & A- 


* 25 1 and then the problem would 


have been 3 to this; What two numbers are thoſe, 


whoſe Im: is eight, and the Jum o their RP 2. 


* 
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Jour? which would have produced a quadratic equa- 
tion, as in art. 113, whoſe two roots would have been 


PROBLEM 88. 


131. To find two numbers ſuch, that their difference 
added to the difference of their ſquares may make four- 
teen, and their ſum added to the ſum of their ſquares 
may make twenty-ſix. | | 


SOLUTION. 


For the two numbers ſought put x and y, and you 
will have the two following equations; | 
Equ. iſt, x—y-paf —5f=14. 

Equ. 2d, xy+x*44*=26. 

Add theſe two equations together, and you will have 
2 XX +2x== 40, xx +-x= 20, and x=-4, or — 5; 
again, ſubtract the firſt equation from the ſecond, 
and you will have 2yy2y=12, yy+y==6, and y= 

2, or —3; and as theſe two values of y were ob- 
tained without any manner of dependence upon thoſe 
of x, it is plain that either of the values of » may 
be joined with either of the values of y; and ſo we 
have no fewer than-four pairs of numbers which will 
equally ſatisfy the conditions of the equations, to wit, 
+4 andþ2, +4 and—3, —3 and +2, —5 and—3; 
but it is the firſt pair only, which, conſiſting of at- 
firmative numbers, is proper for the ſolution of the 
problem, thus; the difference of 1155 2 is 2, the 


difference of their ſquares 12, and 2-12 24; again, 
the ſum of 4 and 2 is 6, the ſum of their ſquares 20, 
and 6-20=26 : let us ſee however how the other 
pairs will fatisfy the conditions of the equations; make 
then x equal to 4, y, that is, +y=-—3, and you will 
have —y=+43 ; whence x—y==4+3=7, x'—y*= 
1 6—gz=7, and 7-4-7==14 ; again, x4y=4—3=1, 
and x*+y*==164-9=25, and '1+25=26: in the 
next place, _ x$=—5, and y=-+2, then we ſhall 

| have 
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have x—J=—5—2=—7, *—5*2=25—4=21,and | 


7 ＋21 2143 again, «K =— 5+2=—3, and 
x*4-y*=25Þ4=29, and—3+29=26: laſtly, make 
x=—5, and y=—5, and you will have x—y==—5 
423z=—2, and x*—y*=25—9==16, and —2+16 
=14; again, x+y=—z—3=—8, and x*y*=25 
+9=34 and—8--34==26. 


PROBLEM 89. 


132. What two numbers are thoſe, whoſe ſum, when 
added together, is equal to their product when multi- 
plied together; and this ſum or product, when added 
to the ſum of their ſquares, makes ttoelve ? 


SOLUTION, 


For the two numbers ſought put x and y, and the 
fundamental equations will be 1ſt, x+y=xy 3 and 
ſecondly, x+y+x*44*==12 : in the firſt of theſe fun- 
damental equations, where KH yx, we have zx— 


#=y but yr is the product of y—1 xx, or of 


— — 


*Xy—1 ; therefore *Xy—1=y, and x =—— but 


if inſtead of a, this value be ſubſtituted into the ſecond 


fundamental equation, the equation will riſe to a bi- 


quadratic, for the reſolution whereof no rules have 
hitherto been given; therefore, to extricate ourſelves 
out of this difficulty, it will be proper to have re- 
courſe to ſome other artifice, by trying other poſitions, 
as thus; for the ſum of the two numbers ſought put 
2; then vill z be alſo the product of their multipli- 
cation, by the ſuppoſition ; and ſince this product 2 


added to the ſum of their ſquares gives 12, the ſum of 


their ſquares will be 12—2z ; but every one Knows, 
that if to the ſum of the ſquares of any two numbers 
be added their double product, there will ariſe the 
ſquare of their ſum; therefore t 2—2-22, or 12-|-z 
=2:; which equation being reſolved, gives 2=+4, 

. ; | * Co 3 
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whatever be made equal to y, then theſe two num- 
bers y and wil always have this property, that 
product when multiplied. together; thus if 385, and 
conſequently — . we ſhall have 3+4j==44 
and 3X3 or 2 =44; whence it follows, that this 
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c.; and therefore the queſtion is now reduced th 
this; What two numbers are thoſe, whoſe #5. four, 


|  -and the produtt of whoſe multiplication is four? for the 


numbers ſought, put x and 4—x; and you will have 
4x—xx==4 ; and changing the ſigns, 4#—442=—4; 
and compleating the ſquare, #x#—4x4-4=z0 ; and 
extracting the ſquare root, x—2==+0; whence x=2, 
or 2; for the roots of this equation are equal ; there. 


fore 2 and 2 are the numbers deſired in the queſtion; 
and they will anſwet the conditions; for in the firſt 
place, 2-H-2=4==2X2 ; and in the next place, 4 the 
ſum of 2 and 2, bein 
ſquares, gives 12. 


g added to 8, the ſum of their 


Coroltany. 


From our firſt attempt to ſolve this problem we 
may learn thus much however, that if any number 


their ſum when added 


together will be equal to thei 


problem cannot be ſolved in whole numbers in any 


other caſe than that we have here put. 


PROBLEM 90. 


133. What two numbers are thoſe; whoſe ſum added to 


the product of their multiplication makes thiriy-four, 
and the ſame ſum ſubtracted from the ſum of their 
ſquares leaves forty-two. | 


SOLUTION. 
Here, to avoid all difficulties that would otherwiſe 


ariſe, put 2 for the ſum of the two numbers ſought ; 
then, ſince this ſum added to the product of theit 


7 multiplitation 


” ww: wht ©, oo wax = 


— C7 2 
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multiplication makes 34, the product of their multi- 
plication will be 34—z ; but this ſum z ſubtracted 
from the ſum of their ſquares, leaves 42 ; therefore 
the ſum of their ſquares is 42+z; to this add their 
double product -68—2z, and you will have 110—g 
=2* z whence z==-+10, Sc. and 34—2==24 ; there- 
fore now the queſtion is, I bat two numbers are thoſe, 
whoſe ſum is ten, and the product of their multiplication 
twenty four? and by art. 111, the two numbers ſought: 
are 4 and 6. JE 8 

Whoever would ſee more queſtions of this nature, 
may conſult Bacbet's comment upon the 33d queſtion 
of the firſt book of Diophantus's Arithmerics. 

N. B. Having now done with quadratic equations, 
at leaſt for a time, it may perhaps be expected that, 
according to order of method I ſhould proceed on to 
equations of higher forms: but I ſhall take the liberty 
for once to diſpenſe with that method; not but that I 
intend (God willing) to treat fully and diſtinctly of 
theſe ions hereafter; but in the mean time I - 
think it more adviſeable to employ the reader's 
thoughts in ſome other things, which 1 take be of 
much greater importance, and more proper for his 
information. | 
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and demonſtrating theſe theorems ſynthettcally. 


A 
- 
r — u 
* 


” 
” 


JE ET th. 


—_— — "EY 
> & "TE 


The deſign of this fourth book more fully explained.. 
Art. 1 34 


ITHERTO my young Analyſt 
has been indulged for the moſt 
part in a ſort of mixt Algebra, 
where letters were put only for 
unknown quantities: but if he would reaſon abſtract- 
edly upon his problems, and draw general concluſions 
from them, he mult put letters not only for his un- 
known quantities, but alſo for ſuch as are known; 
and ſo propoſe and ſolve his problems indefinitely. By 
this means, in the firſt place, he will obtain indefinite 
anſwers, which in many caſes are much preferable to 
more particular ones, as they ſuit and ſolve all parti 
cular caſes to which they are applicable; and in the 
next place he will be able to prove his work ſyntheti 
cally ; which A not only confirm his former ana — 
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oy will alſo further inure and reconcile him to the 
ratjons of ſymbolical or ſpecious Atithmetic; and 
ſs render him entire maſter of this ſort of computa · 
tic, A ſufficient ſpecimen of this fort of reaſoning, 
bath in the „ J 1 and ſynthlictical way; has al- 
ready been given iu out general theorem for the reſo- 
10 of a quadratic equation, ſo that no more needs | 
be {aid by way af tion; it remains therefore 
how, that we look hack upon Bae BE the of the problems 
already ſolyed, and ſhew how to ſolve 228 over 
again in general terms, as follows: © 


PROBLEM 1. (See art. 260 


135: What hit numbers are Hoſe, whoſe fer is a, ail 
 Hifference b? 


SOLUTION. 


Put x fot the lefs number; then ill the greater | be 
«+5, and their ſum 4 be: hende Z -I, 


and x (the leis number) will be, whence * b, 
9 2 12 


7 


(th greater iucalker) vil t 
* 2 ſo the grearer number is s found to audi; 


2nd the leſs 8 where a aud b ate ht dope 


mined till ſome particular caſe of this problem is pro- 
poſed to be compared with the general one; and 
then the quantities aand# will not only. be determined 
in that caſe; but the problem may be ſolved by the 
general theorem without any furthet analy/ts. As fot 
example, let it be propoſed, as in art, 26, to find 
two numbets whoſe ſum is 48, and difference 14 

here it is plain that à in the general problem anſwers 


to 48 in the patticular caſe, and b to Fs whence 
94.5 BILL LG | 

"7 * (le greater number) = 3 
| P 5 aid 


nion, they ap 


228. 9 mow. Prem Ne. Ra, 


Fe 00 that the nes * 17; 
which will - anſwer the N of r queſtion. 


Again, ſuppoſe we were to find two numbers whoſe 


ſum is 35, and whoſe difference is g: in this caſe it is 
plain that @ and & have other Ggnifications; for here 


=3 5» and . and IE (or the greater 


| * will be 22 and —— 2 (or the leſs number) 
will be 13. 


Theſe THERE are capable of being tranſlated out 


of Algebraic language into any other; though to no 


great purpoſe that 1 know of, to ſuch as underſtand 
any thing of ſymbolical Arithmetic for, in my opi- 
much more diſtinct as they are, 
and leſs liable to ambiguity. The foregoing problem, 
together with the anſwer belonging to it, being tranſ- 


lated into common Engliſh, will ſtand thus: 


Cas. 


3 99 PA | e 75 


14s tans Baving given the ſum and difference of 


a i numbers, to find the numbers themſelves. _ 

An. iſt. Add the" difference to the Jum, and half 

ob the greater number. a2dly, Sub- 
NES ference from the ow and half the remainder 


will ve the let number. 1 


That this c wann., is plain: for what is 


bo —2 but bat the Lare of the ſum and difference F 


Ag 


added together? 2nd what Ph but balf the re- 


| 20057 after the difference i is ſubtracted from the 
W. come now, in the laſt place, to examine this 


theorem as it am in n terms, ** * * 


2 
| . — 
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ther it will anſwer the conditions of the problem in the 
letters themſelves. It was propoſed to find two num- 
bers, whoſe ſum is a, and whoſe difference is 53 and 
- * ö | FSC a- 
the anſwer was, that the greater number was , 
and the leſs — now that this is a true anſwer, 


will be evident from a bare addition and ſubtraction 
of the numbers themſelves, without any other prin- 


ciples; for 1 be added to D, their ſum will 


be 5 or a, which anſwers the firſt condition of the 


problem ; and if 2 — : be ſubtracted from 2 


the remainder will be 25 or b, which anſwers the ſe- 
cond condition. © | | 
This is that which is called a ſynthetical demon- 
ſtration, and doubtleſs ſhews the truth of the theo- 
rem to which it belongs, as well as the analyſis whereby 
that theorem was inveſtigated ; but not ſo much to the 
-ſatisfa&tion of the mind: for a ſynthetical demonſtra- 
tion only ſhews that a propoſition is true: whereas.an 
analytical one ſhews not only that a propoſition is true, 
but why it is ſo places you in the condition of the 
inventor himſelf, and unveils the whole my ſtery. Syn- 
thetical demonſtrations uſually require fewer principles 
than analytical ones, as will evidently appear, by com- 
paring both, in this very example; and this I take to 
be the reaſon Why the ancients, generally ſpeaking, 
choſe to demouſtrate their propoſitions this way; not 
with a deſign to conceal their analy/is, as ſome have, 1 
unjuſtly enough, iĩmagined; but becauſe this ſort of il 
demonſtration required fewer principles to proceed =. 
ppon, and thoſe too, ſuch as were commonly known, 


os - as 7" 
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1c 6. What three numbers are thoſe, whereof the fi of 
the jt and ſecond is a, that of the rſt and third b, 
a that of the fecond and thirg c? | 


SolLvuTiOoN, 


Pur x for the firſt number ſought ; 9050 will the 
ſecond number be ax, becauſe the firſt and ſecond 
numbers together make 4; for a lite reaſon the third 
number will be x, becauſe the firft and third to- 
gether make þ : add now the ſecond and third num- 
bers together, and you will have a++b—2x=c; there- 
fore 2xe==a+b; * e AO and x (or 


the firſt number) = 5 fubtract now the firſt 


: number 11 From a, or, which is all one, add 


— to a, and you will have the ſecond num- 


ber equal to — * += 3 | A. ho 
_— 3 again, ſabtradt the firſt number 1 f 


from b, and Joy. will have the third number 2 to 

. — 
2 __— LES 

the three! numbers babe, to . 


The ſecond, ks 


- The third, 2 ++ 


To apply this general ſolution to ſome particular, 
caſe, I ſhall make uſe of that. in art. 42, where it was 
- : required 


; and thus we have all 
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fed to find three ſuch numbers, that the ſum of 
' the firſt and ſecond thay make 60, that of the firſt and | 
third 80, and that of the ſecond and third 92: in 
this caſe it is 2 that 2z=60, þ=86, and barg ; 


- or the firſt number - will be 24 f 


therefore A 
e or the ferond number will be 363 and 


4 . che third number will be 563 which 


a upon tryal will be found to be ſuch as the 
problem requires. Bur that the theorems here given 
are not only true in this particular caſe, but are uni- 
verfally ſo, will beſt appear from the ſynthectcal * 
monſtration following. 


aÞb—c 


iſt, The firſt number —, and the 3 num- 
6 tbc 


| pee to the firſt condition, the other Jab de- 
ſtroying one another. 
a- 


2dly, The firſt humber . and the third 


being added together make = = or 4, ac- 


number on 22 i Laing added together make 2 or 

b, according 0 the ſecond condition. ; 
a—b-þc 

Laſtly, The ſecond number — and the third 


number =. «of being added together make — — - of 


£ according, = the third condition. 
This problem may alſo. be ſolved ſomewhat more 
elegantly thus: put s for the unknown ſum of all 
the three numbers ſought: then if c, the ſum of the 
ſecond and third numbers, be ſubtracted from 5s, the 
ſym of all three, there will remain the firſt number 
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: ang third numbers, ſubtracted from s, the ſum of all 
| three, leaves the ſecond number equal to ; and 
 a;the ſum of the firſt aud ſecond numbers, ſubtracted 
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equal to c; in like manner , the ſum of the firſt 


from 5s, the ſum of all three, leaves the third number 
equal to a4 add now all theſe three numbers to- 
ther, to wit, — cc, 5—+ and —a, and the ſum 


Will be 35—a—b—c; but the ſum is 3, by the 9 4 


polition z therefore, 3—0—b—c==5and 4 1 = 


whence we have the following theorem: 
Make INI + Ss; then if the numbers a, bite 


* taken back hwards, and fab ſubtrafted ſeverally From 8, the 
tbree remainders &—C, s—b, and s—a will be the 
three numbers ſought, in order as %g are ſuppoſed in the 


problem. Thus if a = 60, Þ Bo, and c = 92, a 
| before, we ſhall have IE or 16; "whence the 


firſt number will be ed or 24, the ſecond 116 
80 or 35. and the third 1 16—60 or 56. 


0 "$ScnoLivum 


What ehees numbers are thoſe, whereof the . of 
the firſt and ſecond is a, that, of the fuſe and tbird b. 
4 that of the ſecond and thirg c? 

$qiurTrON 


Put p for the product of all the three N 
then ſince c is the product of _ two laſt, we ſhall 


have the firſt number equal to © 21 fora like reaſon the 


F 


fecond equals 5. and the third * * and the 


produęt of all three equals f 23 derer: ry 


6% Ve 


pbruon, 


. 
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DzMONSTRAT LON, | 


2s ,or the product of the fiſt and ſecond num: 


x» 
bers, 1 LL a: and fo of the reſt. 


PROBLEM 3. 


137. 1t is required to find two numbers whoſe difference 
is b, the difference of whoſe 7; anche is a. 


SOLUTION. 


Put x for the leſs number, and conſequently æ& = 
for the greater; then will the ſquare of the leſs num- 
ber be xx, that of the greater xr-PE a- Ob, and the 
difference of their ſquares Wn deat z therefore 


2bx=a—bb, andx(the leſs number) bene 
* 1-5 (che greater) = Is 8 — 3 = 
＋ * "RENE » | 

| 2b 5 rr 4s 


To apply this general ſolution, let it be ne to 
find two numbers whoſe difference is 4, and the dif- 
ference of whoſe ſquares is 112; here 8=112, b=4, 
bb= 1 o 
50 1 e = 16 ; therefore the 


bumboerd us 22 ad 26, The general demonſtration 


is as folloys : : if the leſs number 2 ſubtracted 


20 
7 
from the greater Sa 4 their difference will be e a 


or 6, according to the firſt condition of the Lid 


| bb . 
lem; again, the ſquare o of the leſs number my is 


48 


= 


— 


4 bb 9 and the ſquare of bo greater 


Land . eee, ſubtract the a of the 
Jeſs 25 that % « greater, ang you will have the 


difference of their ſquares = 7 D e, as the ſecond 


7 


condition requires. 


PROBLEM 4. 


1 38. Let r and s be two given multiplicators, wheresf 
r is the greater; it is required to divide a given nun- 

ber as a into two ſuch parts, that the greater part 
zwhen multiplied into the leſs inultiplicator may be equal 
to the leſs part when multiplied by tht as maln. 
plicotor. 


$0LvTION, 


Put x for the greater part, and a—v for the leſs; 
then will the greater part multiplied into the leſs 
multiplicator be 5x, and the leſs part multiplied into 
the greater multiplicator will be ar rx: but accord- 
ing to the problem, theſe products are to be equal; 
therefore $x==ar—rx, and rag Sar, but ræ- -t ig 


* X E,; therefore x KHD er; and » (the 
greater of the two parts ſought) = bs ; Whenice 


| _ — af 
a—x, (the leſs part) equal — | A e 


and 


as 
on 2 4 
he leſs ——: 55 
the 7g. 

The ArPLICATION. © 
Io apply this canon, let it be required to divide 


84 into two ſuch parts, that five times one part may 


Art. 138. and Theorems deduced from them. 2 38 
be equal to ſeven times the other : ow a=84, r the 


XB4 | 5 
= = 49, 


Ferrer tnultiplicator 2. = $+ I TR 7” 
4 . 
— 
49, and 2 leſs 3 $; 5 they will anſwer the con⸗ 
ditions 4 for firſt, 494-35==84 ; and ſecondly, 49% 
Sars ele Again, let it be required to divide 
99 into two ſuch parts, that 3 of one part may be equal 
62 of the other: here 4=99, fg 5=4, T elf, 


— T7 
. | 2 21 2 AC 4 = 99 w 
2 75 _ 44 22 TE 


= 54, IT 7 = NH A,; ſo the two e 


ak 45; which is true; for firſt, 54445299; and 
ſecondly, 4 of $4==30==5 of 45 45+ 

As to the demonſtration of this general ſolotion, 
it muſt be obſerved that in this problem there are two 
conditions; firſt, that the two parts, when added 
together, muſt make a; and Gas: that the 
greater part multiplied into the leſs multiplicator muſt 
be equal to the leſs part multiplied into the greater 
moltiplicator: as to the firſt of the conditions, it is 


ar 1 4g 
certain that the parts — ro g's when added to- 


gether will make 1. 77 3 but ar + as =4X rc, 
ar as Poſs Me 
therefore = 4X14: as to the ſe⸗ 
f res 
2 
cond condition, if the greater part 2 be multi- 
plied into 5, the leſs multiplicator, the product will 
be =; 55 and again, if the leſs part 72 be multi- 


pled into r, the greater multiplicator, the product 
| | will 


. f | F * 8 
2 36 png dif general Problems Book IV, 
will alſo be therefore the two products are 


equal, as the problem requires: and ſo the conditions 
are both ſatisfied. 2, E. D. 


N. B. If any one has a mind to throw the forego. 
ing theorem into words, it may eaſily be done, and 
in ſuch a manner as almoſt to carry its own evidence 
along with it; for by the rule of proportion, . 


X ar 4 4 n er bt 
n and - is to 548 a to- IT; there- 


ho 
fore, As the jum of the two multiplicators is to the 
greater or leſs multiplitator, ſo is the' ſum of the two 
* ſought to the greater or leſs part: and this, I ſay, 


s pretty evident; for had f been the number to 
be divided, the parts would certainly have been 
7 and 5; therefore if a greater or leſs number than 


7 is to be divided, the parts ought to be greater 
or leſs than v and 3 in the N 


PROBLEM 5. Ma 


13 9. Let r and s be two given abel, wbereyt 
is the greater; it is required io divide a given number 
* as à into two ſuch parts, that r times one part being 


added to s times the other * nate * 8 * 
number, as b. 


e Hg 


Put * for the part that is to be multiplied by r, 
and conſequently a for the other part oi is to be 
multiplied by s, and the products will be rx and 
as, and-their ſum will be rx Cu; there- 


fore rx—sx== b—as, that is, *Xr—y=b—as ; there- 
fore x (rhe part to be multiplied by 1) = 5 


therefore a—» (the part to be multiplied by 5) 
.-a bas —— ar = 


— — 


* Paget 1 — MF oy 4 
| The 


— 


x k 
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4 The APPLICATION. | 

Let it be required todivide 20 into two ſuch parts» 
that three times one part being added to five times 
the other may make 84: here a = 20, b=84, r=5, 


5— 45 


— Er the part to 
be multiplied by 5) ="5= Pg 100, ar—b=16 


— c (or the part to be multiplied by 3) = ==0; 


— "7 — 


therefore the parts ſought are 8 and 12; for firſt, 


8+12=20; and ſecondly, three times 8-Lfive times 
122284. 


Again, let it be required to divide 100 into two 
ſuch parts, that 3 of one part being ſubtracted from 
5 of the other, may leave 39: here it muſt be obſer- 
ved, that to ſubtract +4 of any one quantity from 


another, is the ſame as to add ro of it; therefore 


this problem when reduced to the form of the general 
one, will ſtand thus: To divide a hundred into two 


lich parts, that 3 of one part being added to ＋ 5 4 | 
| of the other may pn thirty- nine, Here a = too, 


237 45 60, bas 24,7 


e 
— 300 NF b—as = 
218. een, Nr 
OG] | A V 12 
512 J 
Era eee parts are 28 
JC ETAG 
12 


and 72 : for 28-þ72=100 and moreover + of oF, 
thar 


R * * 4 


1. N 
„ we 
© 44 
Dy 
+1] 
48 
ul 9 
(| Dy 
* 
97 N 
1 . | 
1 ö 
1 
1 
1 : 
951 
0 
44 | 
PARTY ö 
Li | . 
; N. | 
1 N 
0 9 
"Th 
GY, 
of 
=} 


ber make 7 


* . mujtiplicd into the other mulciplicatar 


7 N gives 


. refer him ta, which he will find explained more at 


5 
236 Of general Problem Book Iy 
that is, 21, ſubtracted from * of 7%, that i Is, from 
60, leaves 39. 


| The t DMU TAT. 
Tue two gares Z= 1d , when —_— 
—b4-6 ar. 

ar—5 T 8 


Fon 
5 875 the part . bring mokipled into 5 


br — 
proper muliplatr, gives wy, 2, and the other | 


ars—bs 
E's) add theſe tro products together, 


and ar n br— 225 . = ; 


. E. D. 
If any one hereafter fall Eat me too conciſe i is 


the ſolutions of theſe general problems, he muſt have 


recourſe to the particular ones in the articles I ſhall 


large: and as to the application of theſe general 
falutions to thoſe particular caſes, it is to be preſumed 
that by this time the learner wilt be able in ſowe 
meaſure to perform that part himſelf ; and therefore 
I ſha}l for the future leave it to him, 1 where ! | 


| ſhall think my aſſiſtance may be of any ule. 


PROBLEM 6. (See att. * 


140. One mest ing a company of beggars, gives is egeb p 
Pence, and has a Pence over; but if be would have 
given them q pence apiece, he would hive found be 


Bad wanted b pence for * Pur paſe: Whot was the 


number of perjons ? 
7 Sol v TION» 


* 


Art 140, 141. and-Thearems deduced from them. 239 
SOLUTION. 


The number of Nees. Xs 


Pence Sas. Px. 
Pence in all, a * ＋-a. 
The pence that would have been given upon the 


other ſuppoſition, qx. 
| Is n for the number of pence in all, 


u. — px+a;, therefore 94—px—b==a 
EET, therefore o 255 pa 


of POO == = 44 11 


Sa 
If the number of n be = then the pence. 


given will 1 and the pence in all will be 


D by 46 _ aphbprogmot _ ag+ 3p , he 
1 4 7 
the number of pence that would have been given 


upon the ſecond ſuppoſition is , ; and therefore 

the other e for the number of pence in all 
HE — Z. 

will be = — and che perfect agree- 


mem $5 this. account and the former is an in- 
fallible argument * the number of perſons was 


rightly aſBgned. 
| PROBLEM 7. (See art. 64.) 
141. V is required to divide a given number as a into 


| two ſuch Parts, that one part. may be to the other qs 
r 10 8s. 


B0l Peron. 
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SoLUTI1ON:, 


The two parts ſought, x and a—sx. 
Proportion, x is to a—x as 7 to . 
Equation, 5x = ar —rx —_ NN e N 


therefore x (or the firſt number) = = 3 therefore 


a $5 704 
=, | 7. 
therefore the two numbers are = and — —.— 


4 x (or the ern number) 


DawonsrnarTion. 


It, The two numbers A and — when added 


> 
together make 274 = 4. 


2dly, The firſt number -T js to the ſecond | 


as. | "I | HET + 38 
number —— as ar is to 4; becauſe throwing away. 


the common denominator is no more in reality than 
multiplying both fractions by it; and every one 
knows, that the multiplication of two quantities by 
the ſame number, makes no alteration in the propor- 
tion they bore one to the other: again, ar is to at 
(dividing both by a) as r to 5; for it is well known 
that a common diviſion affects proportion no more 
than a common multiplication : ſince then the firſt 
number is to the ſecond as ar to as, and ar is to as 
as 1 to 3, it follows, that the firſt number is to the 
ſecond as r tos. 2. E. D. 


PROBLEM 8. (See art. 66.) 
142. What number is that, which being ſever ally added. 
10 two given numbers, a a greater number, 2 b 4 
leſs, will make the former ſum to the latter as r to.$? 
therefore. r muſt be greater than 82 
| SOLUTION» 


Afr. "hy" and Thiorems deducet from them: 44 
S8 Ol Uu T Io. 


The number ſought, x. 


Proportion, a-x is to h- Tu a3 F to f. 1 | 
| Equation, bro-ri=a5+:5x ; therefore „= 
a; cherefdre ri -r; therefore * —— — 


Damons! RATION. 


— added to a, dess ; 


The number — 


and the ſame ke being added to b, gives = 


BY — br . 8 43, 


no eis to ==> 4 a3 ar br is to — that 


is, as 1X 2 — 5 is to N that i is, as 7 to 3. 
2E. D. 


„* gebs epi = „N 
This problem was to find a number, which, be 

ſeverally added to 4 and , will make the former ſum 

to the lattit as 7 tor; let us now change the num- 

bers @ and &$ one for another, as alſo the numbers - 
and s one for another, and chen the problem will 
ſtand thus: To And a number, which, being ſrverully 
added to. 0 and a, will make the former ſum to the latter. 
a; $ ter: but the condition of this problem is exactly 
the ſme with, that of the former, and therefore the 
anſwer ought ſtill to be the ſame ; that is, as chang- 
ing 4 and J one for another, and r and s one for ans. 
ther, had no effect upon the problem, but left it en- 

tirely the ſarrie 48 at R= fo if the expreſſion of the 

number ſouglit be juſt, the changing of @ and V one h 
for angther, and of 7 and g one for another, o 
to make no alteration it) that ex preſſion, and or num: 

ber ſought ought (till to be the toms ; for truth will 
days be conſiffent 'w Let us try this 
however, and. . Kill be the effect of ſuch a 


, Changes 
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change : now the number ſought was —— 3 but 


upon this change, as becomes br, and br becomes 
as, and r—s becomes , and the whole expreſſion 


will be turned into this, — Ia 


is the 


5 = for changing the ſign of both the 


numerator 5 denominator of any fraction, no more 
affecta the value of that fraction, than in diviſion the 


ſame as — 


changing of the ſign both of the diviſor and dividend 


affects the value of the quotient : thus then we find, 
that the changing of @ and þ one for another, and of 
r and 5 one for another, no more affects the theorem 
for determining the number ſought, than it did the 
problem from whence it was derived. 


PROBLEM 9. 


143. It is required to divide a given number as a into 
ivo ſuch parts, that the exceſs of one part above 
. another given number as b, may be to what the other 
. wants of b, as r 0 83 ſuppoſing nn than s. 


! 


SOLUTION. 


eater part, and a—x for the Jeſs; 
above þ will be x—b; and the 


For u for ebe 
then the exceſs o 


exceſs of þ above a—=x Dove ax will be x—a-+b, as appears 


by fu ſubtracting a a -& from; but by the problem, the 
er excels is to the latter as 7 to 3; therefore x—b 
is to #—a-+b as r tos; multiply extremes and means, 


and you will have sx—bs=rx—ar-+br ; therefore. 


mn arri, and & (the greater par t) oe 


- ar—br—bs 


4 
e therefore „ (the les part) * | 
l — brd-bs 3 
— oP 7 1 ſo yy greater part i 
e | 3 FP = . 1 1 
3 — 4 


Art. 143. and Theorems deduced from ibem. 243 


— and the leſs part Z . 


71 15 
. 

Let it be required (as in art. 41,) to divide the 
number 48 into two ſuch parts, that one part may 
de three times as much above 20 as the other wants 
of 20: here az=48, b==20, r==3, 5=1; for to ſay 
that the exceſs muſt be three times the defect, is no 


other than to ſay, that the exceſs muſt be to the de- 
fect as 3 to 1 the reſt is eaſy. 


The GENERAL DEMONSTRATION, 
ar—br—bs 


ſt, The greater part ———, and the leſt 


r 
f FEST . 9 
part —— being added together make Pos 


Sa: again, the exceſs of the greater patt above 3, is 
abr —bs | b ar —br—bs—br bs ar—2 br 


— hw — —— — 


— 1 1— 1 
and the exceſs of þ above the * part, which is 
what the leſs part wants of , is * —. . = 
br —bs —br—bs4-as 

; 1— 5 0 
one part above þ is to what the other wants of 3, as 


ar—2br . as—2bs 
18 fo 
— 


25235 Z | 
e therefore the exceſs of 


5 that 13, as ar—2br is ro 4 — 265, 


71— 
that is, as 7Xa—26 is to SXx -ab, or as 7 tou 
PROBLEM 10. (See art. 35.) 

144. There are two places, whoſe diſtance from each 
other is a, and from whence two perſons ſet out at 
the ſame time with a deſign to meet, one travelling at 
the rate of p miles in q bours, and the other at the rate 
of "miles in s hours : I demand how long and how far 
eack travelled before they met. 


. SOLUTION, 


* Of quia? — | - Booz Ty 


$oruTion.” — 


1 & oy 
"The number of houn 17 by each, OS tl 
yy em e £4 - 


Equation, N J ＋* —= ; c 14 LE 2 493 
therefore NT, ; therefore x (or the number 


495 
3 | of lidar travelled h) =. — : now to fund 
| a by each) = Dakar © 


how many miles the firſt travelled, ſay, if in 3 hours 
he travelled p miles, how mel will he travel in a 


| 

| number of hours equal 0 77 5 —2 N nom. 
3 

| 

| 


bl mulziply the third number 5 by the * 


cond p, and, the produet's ZH, this again I di. 


ö | vide by the firſt number 4, and the quotient * < 
| for dividing the aoinitater divides the whole fraction: FE 
by the ſame way of realoning, the number of miles _ 


| | wet ps 
trayelled by the other will be tound to be 3 =. is 
therefore the whole number of miles travelled by them 
3 eng a 
bath is — = ='a which demonſtrates the ſolu- tic 
= | TT WW. 
| Ex AMI E. 4 
Let the diſtance of the two places be 154 miles; ch 
let the firſt travel at the rate of 3 miles in 2 hours, 


TC 1 4 
9 0 * ® — £ «a 


Art. 144. and Thiirenis deduced fm them. 2245 
and the ſecond. after the rate of 5 miles in 4 bours; 
then we ſhall have 221545 P33. h==2, 5, th 


ahne en 4 


bes al 58 '- 5 
70: ents each trayelled 56" hours 4s the fl 
travelled 11 miles, and the other . 


1 
* * 


Sol fue 


If in 0 foregoing problem we e Ae bod 

into 5, and vice verſa, the conſequence will be, that 
the firſt traveller will now travel at the ſame rate as 
the ſecond did before, and the ſecond at the ſame rate 
as the firſt did before ; but the motion whereby theſe 
two travellers approach towards each other will ſtil] be 
the ſame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muſt 
ſtill be the ſame : let us then make the changes ab »ve- 
mentioned, firſt in the expreſſion of the time, and ſee 
whether that expreſſion will ſtill continue the fame ; 
then let us make the ſame changes in the two exprel- 
ſions of the miles, and fee whether by this means 
theſe expreſſions will not be converted each into the 
other: firſt then, the expreſſion of the time, which is 

ag 


gr by changing p into r, and q into 4, and vice 


verſa, becomes =, which is the ſame e T= | 


therefore the expy#flion of the time ſuffers no alters 
tion by theſe changes : writes * number of miles 


travelled by the firſt was 75 = = which, aftet the 


ar 

changes abovethentioned, becomes . — 1 — which is 
4 

a 


the ſame as —7 75 1 — , the miles travelled by the ſecond; 
| Q3 | | and 


246 58 "Of general Problems © — 4 IV. 
and therefore, 2 converſo, the expreſſion ns will 


be changed into the expreſſion 75 22 and thus will 


the caſe of the firſt traveller be changed into that of 
the lecond, and vice verſa, 


PROBLEM 15. (See art, 36.) 


149. What two numbers are thoſe, whereof the greater 


ts to the leſs as p to q, and the produtt 65 4 * 
Apia is to-their ſum as r tos? | 


tl £454 £26k 


Put x for the leſs number, and the greater will be 
found by ſaying, as qis to P. ſo is æ the leſs Tre to 


7 the greater; hence their ſum will be 777 


E on the other hand, if the greater number 


gx 8 multiplied into 2, the Poon will be 
* 7 ; therefore the 119 of theſe two numbers will 
rg 


be to their ſum as £2 is to „ that is, as px to 


942 but according to the problem, the produd 
is to the ſum as 7 to 5; therefore px is to pg? as 7 


to 33 whence we have this equation, pa pr er; 
and * (the leſs TITS fought) = - E therefore 


px = pr TL for dividing the denominatpy multiplies 


the whole fraction; therefore” 7 "(or the greater num- 


DEuox- 


18 


Art. 149, 151. and Theorems deduced from them. 247. 


Dz MONSTRA TION. 
20 


Iſt, The greater number is to the leſs as —— 2 242 
5 
prkgr 
P 


will be 1; ſo that we may now ſay, that the greater 


is to 


vumber is to the leſs a — is to, that is, as = 
is 0 7 ; that i, as 710, 1, that! is, as Þ is to g, 


2dly, The greater number 8 2 and the leſs I += 


being added together * N. . 


P 

N 22. 
therefore the ſum f the two numbers fought is 
roxpdes, - 

P 

zdly, The greater number \ tr, multiplied into 
the leſs 2 produces 2 2 

P PA 


4thly, Therefore the product of che two numbers 


meg 181 roxp-l-q 


| pars Piss 
that is, as rr is to r5, or as r tos, . E. D. 


| ſought is to their ſum as 


PROBLEM 17, 


151. What two numbers are thoſe, the product of whoſe 


multiplication is p, and the quotient of the ad 
divided by the leſs is q * 


224 e Sor u- 


3 divide prÞgr by itſelf, and the quotient 


. 


2 SO u rio n. 


Put for the greater number, and conſequently 


2 for the leſs; then will the quotient * the greater 
divided by the leſs be = = but, 20001 ing to the pro- 


blem, this quotient ought to be gz therefore FT 
=7; and rf, and * {the greater number ſqught) 


. again, ſince = we have 7 Z = Tk 


and (or the leſs number ſought) = af — 7 3 ſo that 
the * of che two numbers 9 is n 
the leſs 9 3 TIT? 


E x a M PL x. | 
Let the product of the two numbers 0 be 


144, and the quotient of the greater divided by the 


leſs 16 ; then we ſhall have p=144, 9q=16, pgz=144 
- K16, iet £ = = 
therefore the numbers are 48 and 3. 


DEMONSTRATION, 


iſt, 7g NO, mp — I 1 gives Lf = = pp; there- 


fore 1 multiplied into V e gives . | 
2dly, p being divided 84 1 Ses f = = 7 75 Z 


| therefore E. Pg being divided * Vt gives G 
2 . D. 


1 Sa 


15, 


ac 
* 
rh 


w i+%, 
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P-xOB L = M 21. (See art. 130.) 
J 5 2 What two numbers are thoſe, whoſe difference 
multiplied into the - difference of their ſquares 


| ſun of their * 2 make, b Ai 


| 7 8 % d 

Fot the two numbers ſought. put x and ; then 
according to to the firſt ſuppoſition, * , or 
. 9 e; 
therefore 


Equ. 1ſt, —2 AY 5; 
Again, according to the Mur [uppabition, 
x+ X ; therefore 


5 
7 Equ, 2d, * N= 1 P 
From twice the ſecond equation ſubtract the firlt, 


that is, from 2 N ＋T-25 2 25 
ſubrrath 88760 e =argms 


and there villremain a: 2. . 


23—4 


that! is, 29 = 1 therefore 2 = 26 — 4; 


make — that is, put y for the cube root of 


26—9, and you will bare 


| Equ. 3d. x | 
Again, in hay firſt 9 we had x — 2. 9 


22 


I make a, and whoſe ſum being multiplied into tie 


- 2 
52 —, = that i is, X— = — mak — = 5s, the 
js, 
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is, put s for n root of Ty and you will 
bave eee e e 
Eq u. wg — 
Add the *hird, and fourth. equations together, and 
you will have zur, and æ D ſubtract the 
| fourth equation from 'the third, Ni you will have 
; 25 -, and y= — 2; whence we have the fol - 
loving canon: 


* 
89 * 


ſbugbt will be == ==, 


aff — 1 el 
en Hog: $3534 2 1 wi. : : 48 7 | 4 4 ; 
DE MON STRATION. 


+ 
a * 
— * 


The difference of ihe numbers = * and — is 5, 


| had Kh FS of their edles i. is 75, as is eaſily 
tried; therefore the difference of the numbers mul- 
tiplied into the difference of their ſquares is 186 


| | 7 a: again, the ſum of the numbers [24 and 


1 e ru) — © Col las) 


- = — 


— is 1, and the ſum of their ſquares is ET 
therefore the ſum of the numbers multiplied into 
| dh | 


the ſum of their ſquares Ih. =» but 7 r'=2b—8 


by the canon, and rea by the ſhine ; therefore the 
| ſum of the Aug wg multiplied into the ſum of their 


2 


| ſquares is 2 AD 7 6. VE. N. 


, & N 4% 


PROBLEM 


Art. 156. and Theorems deduced from them, 251 


F - 


PROBLEM. 22. 


156. Out of a common pack of fifty-two cards, let part 
be diſtributed into ſeveral diſtin parcels or heaps in 
the manner following : upon'the loweſt card of every 
heap let as many others be laid as are ſufficient to make 
up its number twelve; as, if four be the number of 


the loweſt card, let eight others be laid upon it; i, 


Ave, let ſeven; if a, let twelve — a, &c.: Ii is re- 
quired, having given the number of heaps, which tbe 
fall call n, as alſo the number of cards ftill remain- 
ing in the dealer's hand, which we ſhall call r, to find 
the ſum of the numbers of all the bottom cards put 
together. | 


SOLUTION. 


Let a, 6, c, &c. expreſs the number of the bottom 
card in the ſeveral heaps: then will 12—a expreſs 
the number of all the cards lying upon the bottom 
card of the firſt heap, that is, the number of all the 
cards of the firſt heap except the loweſt, will be 1 2—a; 
therefore 13 —a will be the number of all the cards 
in the firſt heap; for the ſame reaſon, 13—6 will be 
the number of all the cards in the ſecond heap; and 
13—c the number of all thoſe in the third, and ſo on; 
therefore the number of all the cards in all the heaps . 
will be 13Xu—a—b—c &c.: make at c &c. (or 
the ſum of the number of all the bottom cards) , 
and then we ſhall have the numbers of all the cards 
drawn out into heaps = 13#—x; but theſe, together 
with r, the number of cards undrawn out, make up 
the whole pack 32; therefore we have this equation, 
13n—x-|r=52 ; therefore x+ 52=1 3u+r ; there- 
fore #=13n—52+r ; but 52=13X43 therefore 
1394—52=13X1—4 ; therefore xz=13xn—4-+ r; in 
words thus; From the number of heaps ſuvtratt four; 
multiply the reſt by thirteen ; and this product, added to 
u#he number of cards ſtill remaining in the dealer's band, 


Fg 


r  —Boox VI. 
will give 'he ſum of the numbers of all the bottom cards 
put together : as for example, let there be three heaps, 
and thirty cards remaining; now 4 ſubtracted from 3 
leaves — 1; this multiplied by 13 gives — 13, and 
- . this product added to 30, the number of cards re- 
maining, gives 17 for the tum of the numbers of all 
the bottom cards. 
A more univerſal theorem i is 88 follows ; N 

Ter n be the number of beaps as before, p the number of 

cards in a pack ; let as many cards be laid upon the loweſt 
of every heap as are ſufficient to make 45 its number q; 
and laſtly, let r be the number of r as before ; 
and the ſum of the numbers of all the bottom cards twill be 


found to be qÞ1xn+r—p. 


PROBLEM. 24. (See art. 111.) 


T5 z What two numbers are thoſe, whoſe ſums is a, and 
en r multiplication is b? 


SOLUTION. 


The two fiumbers fought, x and r. _ 
The product of their multiplication, 4x—xx=b ; 
whence, changing the ſigns, 3 and com- 


pleting the ſquare, æ* ar == = — 


= i extract the ſquare root of both ſides, that is, 

| 44 R 
of x -A- "= on one fide, and — on the other, 
and you will have — 2 => +. =, and x = =; | 


whence the following canon: 
3 a a—4 b 85, the greater number will be 


w # £ * 


Avr. 168, 159 · aud Thaurcus deduced from en. * . 


The SyNTHETICAL. DEMONSTRATION. 2 
4— 


4 ＋ | 2 a 
18, Feast, fore 
ot car ge 


adh, * —_— ; into 1 gives es ers — 


(by cticaing—ee+43 inſtead — 60 e 


be 


An tramp) 1 the rainy es canon. 


What two gyumpers are thoſe, whoſe ſum istwenty- 
five, and the procuct of whole multiplication is 144 ? 


Here a=25, 2144, aa—4b Or S$5==49, 5 =; a 


G—__ 


=16, — W > fo the numbers are grand 16. 


PROBLEM 25, (see art. 113.) 


159. What two numbers are thoſe, whoſe * is a; an 
the ſum of their Squares b? 


SOLUTION. 


The two numbers ſought, x and as. 

The ſquare of the former, xx. 

The + pd. of the latter, az—28ax-þan . 
The ſum of their ſquares ag— zaxaxe=b; ere 


b— aa 
fore ananas, C — 1 


| the ſquare roots, chat 3 is, the roat of. an — 


4 


| 
' 
| 
| 
| 
N 
| 
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on one ſide, and of —on the other, and you will 


+ 
have x— —= + = and x= — z whence the fol- 
lowing canon: 
ar 2b—aa=3s, and you will have 5 for the 


5 number, 42 — — for the el. 


DzMonsTRATION. 


g, x As 


added to —— gives 4. | 


2dly, The ques of —— er. is e 


a—S , 44 DEE 


ſquare of 17 is —; and therefore the ſum 
of their ſquares is — = N == (by the 
canon) ELL . N E. D. 


An example to the foregoing canon. 

What two numbers are thoſe, whoſe ſum is 28, 
and the ſum of their ſquares 400 ? Here a==28, 
abs; 4— 
b==400, 25—4 or 1 i, 4. . =16, A 

=12;. therefore the numbers are 12 and 16. 

_- , "PROBLEM 26. (See art. I14.) 
160. What two numbers are thoſe, whoſe ſum is a, and 
the ſum of their cubes bd 


SOLUTION. 


The two numbers ſought, x and a—x: 
The cube of the former, 15. 


— * 
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The cube of the latter, 34 C _ 
The ſum of their cubes, a — ga- E 3a i there- 

fore 3a8%—3a*x=b—4?,, divide by 34, ang * will 


5 — 2 
have xX—ax= n and a — = — = + 
5—a bn? I b—0@ 5 
— 2 2 1 X ; tract the 
34 126 NF” 3a — 4 


{quare root 0 both ſides, that is, of xx—ax+ _ 


on one hide, and of . on the other, and you will 


have x — 2 = — ＋ +— | ant r=, whence the 


following canon: 


Make Wr ='38, pen will have E or the 


greater number, 2 — for the leſs. 


DEMONSTRATION. 


1ſt, — * added to gives a. 


2dly, The cube a e 22d 


| 8 — | WRAY" 
' the cubs of © is © 


Ing therefore, 
3.1.6 
the ſum of their cubes is Zg —̃ — 


ee by the canon, . Q. E. D. 


An example to the foregoing canon, 


What two nunibers are'thoſe, whoſe ſum is 7, and 
che ſum of their cubes 133 ? Here =, 6=133, 
46—4a3 


| 4 
T 21. 


— are 5 and 2. 


PrxoBLEM 27. 


161. F is required to find two numbers whoſe dif 
it d, and which, dividing a given number as , 
. bove 1 two quotients whoſe difference is b, 


Uni] 


= 


BED SOL v 1 10 N. 
The two numbers ſought, x _ * 


The two quotienres — and - 2 


2 | Their difference, - ==> Saf : | =b there 


fore ee. and * Ly therefore z: 


4 
extract the ſquare root of Ede _ "0 ſide, 


* e =7] 


. anbof —= = on de other, aud you eee 2 = = 


+5 ON OR the nega- 
tive root, and you vill have x (the leſs diviſor) - 
| = and 44 (the Setter). == 5 ** 
and we tha have the foltowingcancn Gs” 
_ l 3, 2 you wil bove 


— aue and 5 or the hp. 


Pp 
o 
N. B. 


3 


Ert. 167. and Theorems deduced from them, 25) 


| VN. B. That = is an affirmative quantity, is 


d | 
evident from hence, that Sr —— 44; therefore 
is greater than dd, and s greater than d; therefore | 
5—d 5 a * | ; | 1 
3 affirmative. | 


The demonſtration of the canon. N 


iſt, If the leſs diviſor = be ſubtracted from the I | 
greater * the remainder will be d; therefore the 
difference of the diviſors is d. | 

_ 2dly, If on =p a be ſeverally divided by the 


Ht 


two diviſors = = and = 


t, the two quotients will be 


24 24 | 
ww ; —— and JT: na, whereof the former will 


be the greater, as having a leſs denominator ; ow 


fore the difference of the quotients 3 _ mou F * 
_ 20:-20d—2054-20d _ 4a 4 ad 
r — SI 220 the canon, 


— — 


b. 2. E. D. 


An example to the foregoing canon. 


Let it be required to find two diviſors whoſe 
difference is 1, and which, dividing a given number 
as 144, will have two LY whoſe difference is 2. 


Here a==I44z n, 55= 1. 1 * ad or N = 289, 


R 17, 
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. g. — 8; therefore the diviſors 


are 8 and 9, and the quotients 18 and 16. 


SCHOLIUM. 


If in this laſt problem we had put # for the greater 
quantity, _ * - for the leſs, the equation would 


have been = — — ——=b, or —— =, which 


is different from * farithr 3 _ therefore it could. 
not be expected that, in that equation, the two roots 
ſhould be the numbers ſought, but rather the two 
different values of x, the lefſer of them. 


PROBLEM 28, (See art. 118.) 


162. What number is that, which, being added to its 
 » ſquare root, will make a? 


SOLUTION. 


Put *x for the number ſought, and you will have 
this mo xx+ 1x ] therefore 1 ＋ 1 wr 


| 1 1 == therefore x + —= += 2 


—1 * 
| thank * = or 


2 
$$ —2 r 
4 


— 9 


"if x be 5 


; if x be made equal to 
— 


you will have * = 


you will have * = 3 whence the 


followir & canon : 
Make 4a4-1=ss, and the number ſought zwill be 


| I b 


4 


-, according as the ſquare root 


4 » 
| to be added i is taken affirmatively or negatively. 
| DNR. 


DEMONSTRATION, 


Caſe x, If to the number NT. 


Sms 2$—2 4 
, Or 7 | the ſum will 


be added its 


affirmative ſquare root 


= @, by the canon. 


Caſe 2d, If to the number — be added! its 


—5—1 —25—2 


negative ſquare root 


will again be — = a, as before. 9. E. D. 
PROBLEM 31. 


165, What two numbers are thoſe, whoſe ſum ad ted to 


the ſum of their ſquares is a, and whoſe difference 
added to the 1 Herence of their ſquares is b? 


SOLUTION. 


Put x and y for the two numbers ſought, id he | 


fundamental equations will be 1ſt, Af a 
2dly, z—yx*—y*=b ; which equations when re- 
duced to order will ſtand thus; 
Equ. iſt, 15. MLA ener 
Equ. 2d, Ky y—y=b 
Add theſe two laſt equations together, and you 
will have 2 * x 5-2 5 whence xx IX 


2 „ and iE = * 8 ＋＋ 8 A 


rr 


— extract the root of xx + 1x . on one 


ſide, and of 5 on the other, and you will have 


r 7—1 


*þ+ — 2 = and x =—— : again, ſubtract the 
R 2 | ſecond 
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ſecond equation from the * and you will have 


— 
2y:Þ-2y=a—b and * = „and * . 5 ＋ 
1 24a—2b+1 5s s 


7 * yy ems + —= —and y 
S$—T 


— 


== whence the following canon : 


Make 2a4+2b+1=rr, and 2a—2b-+1 ss, and 
E will have the greater number equal to — and the 


8—1 
+ leſs 1 = WY 


OUTTA TION; 


7— $ —1 r Swans 2 
The ſum of and iS = or 
. —.. a e 
7 


The ha of — is ecke. a 


The ſquare of = —_— 


therefore the ſumof 8 1» — + arms 
add to this the ſum of the numbers above found, to 


wit, . and you will have the ſum of the 


numbers added to the ſum of their ſquares equal to 
PI SS—2 


3 butr*-l-5:=44-þ2 by the canon; there- 


145 — 


2 
—, or the ſum of 


fore rrÞ55—2==44, and 


the numbers added to the ſum of their ſquares, 


8 — S—TI . 
. - . : 8 15 
equals a again, the difference of 0 and = 


= 


ra 
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fo—s -4 Ges 


2 and the difference of their ſquares 
1. ＋2—27 . 2 
** a= —— ; therefore the difference of the num- 


bers added to the difference of their ſquares is 


—== 4 by the canon, b. 2. E. D. 


An example to the foregoing canon. 
Let the ſum of the numbers added to the ſum of 
their ſquares be 26, and their difference added to the 
difference of their ſquares 14; and we ſhall have 


a=26, 5 = 14, 24 +2b-+1 or rr 81, r=9, 
—1 —1 


. 24—2＋T1 or r = 25, $=5, ——==2; and 


ſo the numbers ſought will be 4 and 2. 


PROBLEM 32. 


166. What two numbers are thoſe, the ſum of whoſe 
ſquares is a, and the product of their mulliplication 
b: 


S8OL4LUT ION. 


For the two numbers ſought put x and , and the 


* 
ſum of their ſquares will be 4 = a; therefore a* 
* therefore x4—ax' 3 and x4—axx+- 


— = — — 5 ———= . extract the ſquare 
4 | 4 


aa | SS 
root of W on one ſide, and of 1 on the 


| : 2 a 5 
other, and you will have & — 3 = 2. and x = 


ats 


— and ſince this equation will be the ſame, 
R 3 | which 
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which ſoever of the unknown quantities x is made to 
ſtand for, you will have the following canon : 
Make aa—4bb==ss, and you will have the ſquare of 


| be greater number equal to == and the ſquare of the 


leſs equal to 1 


5 DEzMONSTRATION. | 
If the ſquare of the greater number, which is 


ne be added to the ſquare of the leſs number, 


which is =, the ſum of their ſquares will be = 


or 4: again, if the ſquare of the greater number, 


which is . be multiplied into the ſquare of the 


leſs number, which is —, the product of theſe two 


ſquares will be — = EL : 


= ; but if the ſquare of the greater num- 


ber multiplied into the ſquare of the leſs gives 36, 
then the greater number multiplied into the leſs will 


give b. . E. D, Bo 
An example to the foregoing canon. 


Let the ſum of the ſquares of the two numbers 
ſought be 400, and the product of their multiplication 
192 3 then you will have =, b=192, 4.—40. 


a+s 
or f3=12544, $5112, —— or the ſquare of the 


by the canon, 


| a—s 
greater number = 256, —— or the ſquare of the leſs 


number 443 therefore the greater number is 16, 
and the leſs 13. 8 
IEA 


THE 


In what caſes a problem may admit of many anſwers. 


T has already been obſerved, tifat if 
in any problem the number of inde- 
_ pendent conditions be equal to the 
number of unknown quantities, ſuch 
a problem will admit but of one ſolution ; or if it 
admits of more, they will however be ſo determined 
as to leave no room for arbitrary poſitions: but if 
the conditions be fewer in number than are the un- 
known quantities, thoſe that are wanting may then be 
ſupplied by the Analyſt himſelf at pleaſure ; and as 
there is infinite choice, it is no wonder if in ſuch a 
caſe a problem admits of an infinite number of anſwers, 
eſpecially where fractions are taken into that number; 


Art. 168. 


* 


but if the problem relates to whole numbers only, 


then the number of anſwers will ſometimes be finite 
and ſometimes infinite, as the nature of the problem 


will bear. This will be ſufficiently illuſtrated by the 
two following examples : | 


—_—_— Ex 


2 "A Problems which admit of many anſwers, Book V, 


EXAMPLE 1. 


Lit it be required to find two numbers whoſe ſum is 
equal to ten times their difference. 


Here putting æ and y for the two numbers fought, 
it is plain that in this cafe we have but one condi- 
tion, and conſequently but one equation, to wit, 


KY = loro, which equation being reduced, 


gives x = © z and this is all the problem requires. 


Here then it 1s plain that the Analyſt is entirely at 
liberty to ſubſtitute whatever whole number, mixt 


number, or proper fraction, he pleaſes for y, provided 


he does but make x = - 8 and the two quantities 


& and y will ſolve the problem. As for inſtance, let 


— be put for y; then Aer Nen „and thoſe 


two fractions 1 and i or +2 will ſolve 4 problem; 


for their difference is 2, and their ſum . But if it 


be intended that x and) ſhall both be whole numbers, 
then ſuch a whole Ges ta mult be ſubſtituted for y 
as will admit of g for a diviſor without a remainder : 
bur of ſuch whole numbers there is infinite choice, as 


9, 18, 27, 36, Sc.; therefore this queſtion is capa- 


vie of un iabaite number of anſwers, both in whole 
numbers and fractions. 


EXAMPLE 2. 


Let it now be required to find two numbers x and y, the 


product of whoſe multiplication is equal to ten times 
their di ifferen ce. 


Here the equation will be yx = . 10x—T10y, which 


being reduced, gives » = 2. Here it is plain | 


10—y 


that y mult be leſs than 10; for if y was equal to 10, 


the 


*% 
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the fraction 2 would be infinite, as will be ſhewn 


— 


in another place; and if y be greater than 10, then 


10—y, and conſequently — p 


quantity, whereas the problem may be ſuppoſed to 
relate to affirmative quantities only: however, as 
there is infinite choice of fractions between o and 10, 
and as any of theſe may be ſubſtituted for y, the pro- 
blem will ſtill be capable of an infinite number of ſo- 
lutions, if fractions may be admitted; but if it be re- 
quired that x and y be both whole numbers, then 
there cannot be above nine ſuch numbers that can be 
put for y; nor perhaps all theſe neither, as remains 
in the next place to be ſhewn. Now to find what 
whole number being put for y will bring out x a whole 


will be a negative 


number alſo, I reduce the quantity to a more. 


| | 10—y | 
ſimple one, by dividing 10y by 10—y, or rather by 
—z+10, beginning with —y thus: 10y divided by 
—y quotes —10, which I put down in the quotient ; 
then multiplying the diviſor — y ++ 10 by — 10 the 
quotient, I find the product to be + 1oy—100, which 
being ſubtracted from 1oy the dividend, leaves 100 
for a remainder ; but not-intending to carry on *the 
diviſion any farther, I repreſent the reſt of the quo- 


D200 100 

tient by the fraction ; 1b x = — 10; 
10—y LO—y 

therefore, that x may be a whole number, it is ne- 


100 
ceſſary that 


be a whole number; but this will 


10— 

be impoſſible, unleſs 10—y be ſome one of the divi- 
ſors of 100, I mean ſuch a number as will divide 100 
without remainder: I enquire therefore in the next 
place, how many ſuch diviſors 100 will admit of that 
are under 10; for ſo long as y is any thing, 10 — y 
muſt be leſs chan 10; and ] find four ſuch diviſors, 
| to 
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to wit, 1, 2, 4 and 53; therefore if 10—y be put 


equal to any of theſe, * or; D muſt come 


out a whole number; and 1 i muſt alſo come out affir- 
mative; for ſo long as 10—y is greater than nothing 


and leſs than fo, f 


100 „ Gb 
— will always be greater than 


55 that is, than 10, and conſequently- 8 


or # will be affirmative, Let us then ſuppoſe firſt, 
105 
10—5 
x=90, 2dly, if 10—y=2, we ſhall have y=8, 
and x40. zdly, if 10—y==4, we ſhall have y=6, 
and x==15. Laſtly, if 10—y==5, we ſhall have 
y=5, and x=10: therefore this queſtion admits of 
4 ſolutions in whole numbers, to wit, 90 and q, 
40 and 8, 15 and 6, and 10 and 5; all which equally 


anſwer the condition of the ** as will 1 
upon trial. 


— 10 


10—y=1, and we ſhall have Vg, and or 


THE 


ELEMENTS or ALGEBRA. 


= 


B O O K VI. 
Of PROPORTION. 


Mt. — 


— 2 


a 


ii __— 
OY" 2 — — 


Of the neceſſity of reſuming the doctrine of propor- 
tion, and removing ſome difficulties which ſeem 
to attend it as delivered in the Elements. 


Art. 264. N the 15th and 16th articles of this 
| treatiſe I have laid down as clearly, 

and yet as ſuccinctly, as I was able, 
the doctrine of proportion ſo far as ir 
relates to numbers and commenſurable quantities, 
whereof any one may be conſidered as ſome multiple 
part or parts of another of the ſame kind; and it 
ſerved well enough all the purpoſes it was deſigned 
for. Burt being 1n the next book to apply Algebra 
to Geometry, and ſo to conſider proportion as it re- 
lates tomagnirudes in general whether commenſurable 
or incommenſuravle, I ſhould come ſhort of the 
expiCria, geometrica, was I not to reſume this ſub- 
ject, and to conſider it now in its full extent as it is 
aid down in the fifth book of the elements of Geo- 


metry 
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metry. I might indeed have excuſed myſelf from 
this part of my taſk, and ſhould have been very glad 
to have done it, by referring the reader at once to the 
elements themſelves without any further aſſiſtance; 
but I could not withſtand ſome reaſons drawn from 
experience, which to me ſeemed to plead very power. 
fully to the contrary. | 
I frequently obſerve, that moſt of thoſe who ſex 
themſelves to read Euclid, when they come at the 
fifth book, which treats of proportion, either entirely 
paſs. it by as containing ſomething too ſubtil to be 
comprehended by young beginners, or elſe touch ſo 
very flightly upon it as to be little the better for it; 
and thus the doctrine of proportion (which is certainly 
the moſt extenſive, and conſequently the moſt uſeful, 
part of the Mathematics) is either taken for granted, 
or at beſt but partially underſtood by them. The 
ſchemes there made uſe of are ſcarce bold enough, I 
had almoſt ſaid, ſcarce complicated enough, to affect 
the imagination ſo ſtrongly as is neceſſary to fix the 
attention. i | 
The firſt, ſecond, third, fifth and ſixth propoſitions 
are ſelf-evidenr, as well as fome others, and upon 
that very account create an impatient reader much 
greater uneaſineſs than if they were farther removed 
from common ſenſe ; becauſe the truths from whence 
theſe propoſitions are deduced are not fo diſtin from 
the propoſitions themſelves as in many other caſes. 
But it ought to be conſidered, that the perfection of 
all arts and ſciences in general, and of Geometry in 
particular, is, to ſubſiſt upon as few firſt principles or 
axioms as is poſſible; and therefore, whenever a pro- 
pofition, how evident ſoever it may appear in itſelf, 
can be deduced from any that is gone before, it 
ought by all means to be ſo deduced, and not to be 
made a firſt principle, and ſo unneceſſarily to increaſe 
their number. | 
The deſign of a geometrical demonſtration is not 
ſo much to illuſtrate the propoktion to which it is 
2 f annexcd, 


annexed, or to render it more evident than it would 
have been without it (though this ought certainly to 
be done where - ever the nature of things will permit) 


as it is to ſhew the neceſſary connection the propoſition 


to be demonſtrated has with ſome previous truth al- 
ready admitted or proved, ſo as to ſtand and fall to- 


gether, whether ſuch previous truths be more or leſs 


evident than the propoſition to be demonſtrated : I ſay 
more or leſs evident ; for it is-not uncommon in the 


courſe of Euclid's geometry to meet with propoſitions 


demonſtrated from others that are leſs evident than 
themſelves. For an inſtance of this we need go no 
farther than the twentieth propoſition of the firſt book, 
where it is demonſtrated that in every triangle any two 
des taken together are greater than the third : now it 
is certain that this propoſition is more evident than 
that the external angle is greater than either of the in- 
ternal and oppoſite ones; and yet the former, by the 
help of the 19th propoſition, is demonſtrated trom 
the latter, | | 

But there is another reaſon to be given for, demon- 
ſtrating ſelf-evident propoſitions in many caſes, and 
particularly in this fifth book of the elements. A 
propoſition may ſometimes be taken to be ſelf-evident 
according to our narrow and ſcanty notions of things, 
which, when better underſtood, will be found to be 
otherwiſe. Theſe propoſitions, to wit, that equal 
quantities will have the ſame proportion to a third, 
that of two unequal quantities the greater will have a 
greater proportion to a third than the leſs, and ſome 

others of the ſame ſtamp in the fifth book, are ſuch 
as will paſs with moſt for ſelf-evident propoſitions ; 
and ſo they are without all doubt according to the 
common conception of proportionality ; but when 
they come to be examined according to the juſter 
and more extenſive idea Euclid has given of it, I fear 
they will both, and the latter more eſpecially, be 


* 


found to want demonſtration. 


In 
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In a perfect and regular ſyſtem of elementary Geo- 
metry, ſuch a one as that of Euclid may be ſuppoſed 
to be, or at leaſt to have been, certain properties of 
lines, angles, and figures, are to be laid down, and 
thoſe of the ſimpleſt kind, for definitions; from 
whence, and from one another, all the reſt are to be 
derived with the utmoſt rigour, without the leaſt ap- 
peal even to common ſenſe. Common ſenſe is by no 
means to be made the ſtandard of any geometrical 
truths whatever, except firſt principles : its province 
muſt be only to judge whether a propoſition be duly 
demonſtrated according to the rules already preſcribed, 
that is, whether the neceſſary connection it has with 
- anyſprevious truth be clearly and diſtinctly made out; 
when that is done, nothing remains but to paſs ſen- 
tence. Whilſt the ſcience continues thus circum- 
ſcribed, no miſtakes, no diſputes, can ariſe concern- 
ing its boundaries; but whenever theſe come to be 
tranſgreſſed, ſuch a looſe will be given to Geometry 
that it would be impoſſible to agree upon any others 
whereby to reſtrain it. 3 | 
Thus much I thought proper to lay down concern- 
ing the nature of a geometrical demonſtration, that 
young ſtudents may not ſometimes think themſelves 
diſappointed, or not proceed with that coolneſs and 
judgment abſolutely neceſſary to conduct them through 
the elements of Geometry. | * 
But as to the matter in hand, there is another dif- 
ficulty ſtill behind, which I believe is often a greater 
diſcouragement to young begigners in their entrance 
into the doctrine of proportion, than any which have 
hicherto been alledged, and that is the difficulty of 
underſtanding and applying Euclid's definition of pro- 
portionable quantities. But, to take away all excuſe 
aa this quarter, I have here annexed a ſmall diſſer- 


* 


tation, conducing (as I take it) to clear up that defi- 
nition. It is an extract out of ſome looſe papers I 
have by me; and therefore the reader muſt not be 
ſurprized if he finds ſome things repeated here which 
have 
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have already been mentioned in another part of this 
book. - | 


2 book of EUC LIT p's elements. 


262. N. B. For a more diſtin& underſtanding of 
what follows, it muſt be obſerved, that By a part, in 
the ſenſe of the fifth book of Euclid, is meant an aliquot 
part, and not a part as part related to ſome whole. Thus 
3 is a part of 12 in Euclid's ſenſe, as being Juſt four 
times contained in it; and though 9 be a part of 12 
in the ſame ſenſe as the part is diſtinguiſhed from 
the whole, yet 9 in Euclid's ſenſe is not a part, but 

parts of 12, as being three fourth parts of it, 

ift, If two quantities A and B be commenſurable, 
then A muſt neceſſarily be either ſome multiple, or ſome 
part, or ſome parts, of B. For if A and B be com- 


third quantity : if B meaſures A any number of times, 
ſuppole 3 times, then A will be equal to 3 times B, 
and conſequently will be a multiple of B: if A mea- 
ſures B any number of times, ſuppoſe 3 times, then 
4A will be a third part of B, and conſequently will be 


let C meaſure them both, and let C be contained ex- 


part of A be equal to a fourth part of B, as being 
both equal to C; multiply both ſides of the equation 
by 3, and you will have 3 of 4, or A equal to à of B; 
therefore in this caſe A is ſaid to be parts of B. 
2dly. F two quantities A and B are incommenſurable, 
then A can neither be any multiple of B, nor any. part 
or parts of it, For if A was any multiple of B, then 
B would meaſure both itſelf and A, which contradicts 
the ſuppoſition of their incommenſurability : in like 
manner, if A was any part of B, then A would mea- 


lure both itſelf and B: in the laſt place I ſay chat nei- 


A vindication of the fifth definition of the fifth 


menſurable, then either B muſt meaſure 4, or A muſt 
meaſure B, or they muſt both be meaſured by ſome , 


a part of B: if A and Bdo not meaſure one the other, 


actly in A 3 times and in B 4 times: then will a third 
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ther can A be any parts of B; for if A was any parts 
of B, ſuppoſe, + of B, then + of B would meaſure 
both A and B, which ſtyl contradicts the ſuppoſition : 


A indeed may be greater or leſs than ſome part or 
parts of B, but can never be equal to any; ſo ſubtil 
is the compoſition of continued quantity. As for in- 


ſtance; it is demonſtrated in art. 201, that the ſide 
and diagonal line of a ſquare are incommenſurable to 
each other: let then A be the diagonal of a fquare 
whoſe ſide is B, and the ſquare of A will be to the 
ſquare of B as 2 to 1, as is evident from the 47th of 


the firſt book of Euchd ; therefore A will be to B as 


the ſquare root of 2 is to 1 ; but the ſquare root of 2 


i 141 
is 1.414 Sc. that is, 8. or more nearly 150 or 


. W REF 2 
more nearly lg whence it follows, that if the 


ſide of a ſquare be divided into 10 equal parts, the 
diagonal will contain more than 14 of theſe parts, 


but not ſo much as 15 of them; if the ſide be divided 
into 100 equal parts, the diagonal will contain above 


141 of ſuch parts, but not 142 3 if the ſide be divided 
into 1000 equal parts, the diagonal will contain above 
1414 of ſuch parts, but not 1415; and ſo on ad infi- 


nitum : therefore the diagonal of a ſquare can never 


be exactly expreſſed by parts of the fide, any more 


than the fide can by parts of the diagonal. The ſide 
may indeed be ſet off upon the diagonal, and ſo be 
. conſidered as part of it, ſo far as part of the whole; 
but the fide can never be exactly expreſſed by any 
number of aliquot parts of the diagonal, be theſe 


parts ever ſo ſmall. Limits may be found and ex- 


_ preſſed by parts of the diagonal as near as poſſible to 


each other, between which the ſide ſhall always con- 
fiſt, and by which it may be expreſſed to any degree 
of exactneſs except perfect exattneſs*, And thus alſo 


may approximations be made in the expreſſions of 


* See the Quarto Elition, p. 306. 
many 


Art. 262. of the ffth Book of Evciin's Elennnts. 273 
many other incommenſurable quantities one by an- 
other. 3 | 
zaly, From the laſt ſection it appears, that F 74po 
ntities A and B be incommenſurable, no multiple of 
* ever be equal to any multiple. of the other. For 
if, for inſtance, 44 could be equal to 3B, then (di- 
viding by 4) 4 will be found to be juſt + of B, con- 
trary to what has been above demonſtrated, | 
Athly, 1f four quantities A, B, C and D be ſuch, 
that A is the ſame part or parts of B that C is of D. 
then are thoſe four quantities A, B, C and D ſaid to 
be proportimable, or A is ſaid to have the ſame propor- 
tion to B:hat C hath to D. Thus if A be a fourth 
part of B, and C a fourth part of D, then A will be 
the ſame part of B that C 1s of D, and they will be 


proportionable. Thus again, if 4. B, and C 


=D, or if A=— Bor 2B, and C=—D or 2D, or 


if A —B, and C =— D, in all theſe inſtances 


(comprehending multiples under the notion of parts) 
A may be ſaid to be the ſame parts of B that C is of 
D; and therefore, according to this definition, A hath: 
the ſame proportion to B that C hath to D, which is 
true, and the mark of proportionality here given is 
infallible, but not adequate io our idea of it; for 
though this mark be never found without proportion- 
ality, yet proportionality is ofcen found withour this 
mark. Proportionality is often found among incom- 
menſurables; but it can never be tried or proved by 
the marks here given. I believe nobody ever doubted 
that the ſide of one ſquare hath the ſame proportion to 
its diagonal that the: {ide of any other ſquare hath to 
Its diagonal; and therefore A may have the ſame 
Proportion to B that C hath to D, though A be in- 
commenſurable to B, and C to D: yet who can ſay in 
this caſe, that A is the ſame part or parts of B that C 
oc | is 


yy 
* 


ame proportion to B that C bath to D, it will then le 
impojjible for A to be greater than any part or parts of 
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is of D, when it has already been ſhewn, that A's no 
part or parts of B, nor Cof D? This way therefore 


of defining proportionable quantities by a ſimilitude 


of aliquot parts, cannot (in ſtrictneſs of Geometry) 


be laid down as a proper foundation, ſo as ſrom 


thence to derive all the other properties of proportio- 
nality : for ſince theſe properties are to be applied to 


incommenſurable as well as commenſurable quantities, 
it is fit they ſhould be deduced from a fundamental 


properiy that relates equally to both. 

- 5thly, In order then to eſtabliſh a more general 
character of proportionality, I ſhall aſſume the follow- 
ing principle, which equally relates to commenſurable 
and incommenſurable e and which. I be- 
lieve, there is no one who has a juſt idea of propor- 
tionality, which way ſoe ver he may choole to ex- 
preis it, or whether he can exprets it or not, but will 
ealily allow me, which is, that If four quantities A, 
B, C and D be propertionable, that is, if A has the 


B, * C muſt alſo be greater than a like part or parts 
D; or for A te be equal to any part or parts of B, 
ut that C muſt alſo be equal to a like part or parts of 


D); or for & is be leſs than any part or parts of B, but 
that C ' muſt alſo be leſs than a like part or parts of D. 
Thus if A hath the ſame proportion to B that C hath 


to D, it will then be a VA for A to be greater 


than, equal to, or leſs than 1 Tof B, but C muſt alſo 


be greater than, equal to, or leſs than 15 of D. This 
principle, Iſay, is ſo very clear that wing moreneeds 


to be laid of it, either by way of explication or demon- 


ſtration : and if by the help hereof 1 cah demonſtrate 


the converſe, we ſhall then have a general mark of pro- 


portionality as extenſive as proportionality itſelf. Now 


f the converſe of the I 8 5 is Ul! n lf my 


* 
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ze ſour quantities A, B, C and D, and if the nature of 
theſe quantities be ſuch, that A cannot poſſibly be greater 
than; gd tn, or leſs than, any part or paris of B, but 
at the ſame time C muſt neceſſarily be greater thuu, equal 
to, or leſs than; a like part or parts of D, let the num- 
ber or denomination” of theſe parts be what they will; I 
ſay then, that A muft neceſſarily have the fame propor- 
tion to B that C hath 10 D. If this be denied, let 
ſome other quantity E have the ſame proportion to D 
that A hath to B, that is, let A, B, E and D be pro- 
portionable quantities; then imagining the quantity 
D to be divided into any number of equal parts, ſup- 
poſe 10; let E be greater than 14 of theſe parts and 


leſs than 155 that is, let E be greater than _ and. 
leſs chan — of D; then muſt 4 neceffarily be greater 


than and leſs than 15 of B: this is evident from 


the conceſſion already made, ſince A is ſuppoſed to 
have the ſame proportion to Z that E hath to D. But 


„ RT AT © 1 ey Wen Ns 
if A be greater than 70 and leſs than 7 of B, then 


95 : | 6 14 { | 15 ** 
C muſt be greater than — and leſs than -= of D by 


the bypotbefis', the relation between A. B, C and D 
being uppoſed to be ſuch, that A cannot be greater 
mult be greater or lels than a like part or parts of D. 
Therefore we are now advanced thus far, that if E. 

lies bet een and 10 of D, C mult alſo neceſſarily 
lie betwixt the ſame limits; nov the difference betwixt 
14 * 1 I; ><. Solo Chains it's 
10 and = of Dis 5 of D; therefore the difference 
betwixt C and E, which lie both between theſe two 

4. 4 * | 8 2 limits, 
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limits, muſt be leſs than — of D. This is upon a 


ſuppoſition that the quantity D was at firſt divided into 


To equal parts; but if inſtead of 10 we had ſuppoſed 
It to have been divided into 100, or 1000, or 10000 
equal parts (which ſuppoſitions could not have af. 


fected the quantities C and E,) the concluſion would 
then have been, that the difference betwixt C and E 
would have been leſs than the hundredth, or thou- 


ſandth, or ten thouſandth part pf D; and ſo on ad 
infinitum : therefore the difference between C and E 


(if there be any difference) muſt be leſs than any part 


of D whatever; therefore the difference between C 


and E is only imaginary, and not real; therefore in 
reality C is equal to E. Since then C is equal to E, 
and that A is to Bas E is to D, the conſequence muſt 


be that is to B as C is to D. Q: E. DOP. 
Here then we have a proper characteriſtic of pro- 


portionality which always accompanies it, and, on the 


other hand, is never to be found without it, to wit, 
that four quantities may be ſaid to be proportionable, 


the firſt to the ſecond as the third is to the fourth, 


when the firſt cannot b: greater than, equal to, or 


leſs than, any part or parts of the ſecond, but the third 
- muſt accordingly. be greater than, equal to, or leſs 
than, a like part or parts of the fourth: or thus; 


Four quantilies may be ſaid to be proportionable as above, 
when the firſt cannot be contained between two limits ex- 
preſſed by any paris of the ſecond, how near ſoever theſe 
limi's may approach to each other, but the third muſt ne- 
ceſſarily be contained between the limits expreſſed by like 
parts of the fourth. 4a: | | 

Sthly, Had Euclid ſtopped here, without refining 
any further upon the criterion of proportionality deli- 


vered in the laſt ſection (for I dare venture to affirm, 


he was no ſtranger to it,) I doubt not but it would 
have given much greater ſatisfaction to the generality 


of his diſciples, eſpecially thoſe of a leſs delicate taſte, 
r = | "> than 


. 
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than that which he advances in the fifth book of his 
elements, as being more cloſely connected with the 
common idea of proportionality : but it was eaſy to 
ſee, that in demonſtrating ſeveral other affections of 
roportionable quantities upon this ſcheme, there 
. would then be frequent occaſion for taking ſuch and 
ſuch parts of magnitudes, as there is now for taking 
ſuch and ſuch multiples of them, the praxis of which 
partition had no where as yet been taught by Euclid ; 
nay, he rather ſeems to have determined, as far as 
poſſible, to avoid it, and that upon no ill grounds 
neither; for the uſe of whole numbers is in all caſes. 
juſtly eſteemed more natural and more elegant than 
that of fractions, and the multiplication. of quantities 
has always been looked upon as more ſimple in the 
conception than the reſolution of them into their ali- _ 
quot parts. It is for this reaſon that Euclid never 
ſhews how to multiply a line or any other quantity 
whatever, aſſuming the praxis thereof as a ſort of 
poſtulatum ; whereas in the ninth propoſition of the 
ſixth book of his elements-he ſhews how to cut off 
any aliquot part of any given line whatever. Upon 
theſe and ſuch like conſiderations it was that Euclid 
reſolved to advance his characteriſtic property of pro- 
portionality one ſtep higher, by ſubſtituting multiples 
inſtead of aliquot parts in ſuch a manner as we ſhall 
now deſcribe ; and we ſhall at the ſame time demon- 
ſtrate the juſtneſs of his definition from what has been 
already laid down in the laſt ſection. The propoſition 
to be demonſtrated ſhall be this: I there be four quan- 
tities A, B, C and D, whereof EA and EC are any 
equimultiples of the firſt and third, and FB and FD are 
any other equimultiples of the ſecond and fourth; and if 
now theſe quantities are of ſuch a nature, that EA can- 
not be greater than, equal to, or leſs than, FB, but at 
the ſame time EC muſt neceſſarily be greater than, equa. 
to, or leſs than, FD, when compared reſpectively, be the 
multiplicators E and F what they will: I ſay then tt ar” 
A muſt neceſſarily have the ſame proportion to B that C 
83 bath 


278 A Vindication of the fifth Definition Boox VII, 
bath to D. Now that four quantities may. be under 
ſych circumſtances as are here deſcribed, can be 
queſtioned by no one who has with any attention con- 
ſidered the nature of proportionable quantities: for. 
ſuppoſe Ato be the diameter and B the circumference 
| k any circle, and C to be the diameter and D the. 
circumference of any other circle; who doubts but 
that twenty · two times the diameter of one circle will 
be greater than, equal to, or leſs. than, ſeven times 
the circumfere n, according as twenty-two times the 
diameter of the other circle is greater than, equal to, 
or leſs than, ſeven times the circumference of that 
circle? I now proceed to the demonſtration of the 
propoſition, | LEP 
If it be denied that A is to Bas C is to D, let A be 


to B as G is to D;>and then, ſuppoſing D to be di- 
vided into 10 equal parts, let G be greater than 14 


of theſe parts, and leſs than 15 : then ſince by the ſup- 


poſition A is to B as G is to B, we ſhall have A greater, 


than 173 and leſs than 15 of B; therefore 104 will be 


greater than 14 and leſs than 135; but by the y- 


putbefis, no multiple of A can be greater or leſs than 
any multiple of B;. but the fame multiple of C mult be 
greater or leſs than the ſame multiple of D; tucrefore 


100 is greater than 14 D and leſs than 13 D; there- 


fore C is greater than 175 and leſs than 175 of D; 


Þ therefore if G be a quantity between - and 15 of D, 


10 O 


c muſt alſo bea quantity between the ſame limits; there- 


fore the difference betwixt C and & muſt be leſs than 
— of D. This is upon a ſuppoſition that D was divid- 
ed into 10 equal parts; but C and G will be the ſame, 


into what number of parts ſoever we ſuppoſe D to be | 
divided; therefore it we ſuppoſe D to be divided into 


100, 


* 
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100, 1000, or 10000 equal parts, Sc. the difference 
betwixt C and G might have been ſhewn to be leſs 
than the hundredth, or the thouſandth, or the ten 
thouſandth part of D; and ſo on ad infinitum ; there- 
fore C and G are equal, as was ſhewn in the 5th 
ſection. Since then A cannot be greater than, equal 
to, or lefs than, any part or parts of B, but G muſt be 
greater than, equal to, or leſs than, a like part or parts 
of D, becauſe A is to B as G is to D; and ſince G 
cannot be greater than, equal to, or leſs than, any 
part or parts of D, but C muſt be greater than, equal 
to, or leſs than, the ſame part or parts of D, becauſe 
6 and C are equal; it follows ex quo, that A cannot 
be greater than, equal to, or leſs than, any part or 
parts of B, but that C muſt accordingly be greater 
than, equal to, or leſs than, a like part or parts 
D; and conſequently that A is to B as C is to D, ac- 
cording to the mark of proportionality given in the 
laſt ſection. Q. E. D. 

Four quantities then may be ſaid to be proportionable, 
the firſt to the ſecond as the third to the fourth, when 
r whatever can be taken of. the firſt and 
third, but what muſt either be both greater than, or 
both equal to, or both leſs than, any other equimultiples 

that can poſſibly be taken of the ſecond and fourth, when 

compared reſpectively. 4 
_  thly, As number is a diſcrete, and not a conti- 
nued quantity, there is ſuch a thing as a minimum in 
the parts of number, whereas in thoſe of extenhon- 
there is none ; whence it follows, that the parts of 
number .muſt neceſſarily be more diſtinct, and for 
that reaſon more aſſignable, than are the parts of ex- 


tenſion. Again, as all numbers are commenfurable + . 


by unity, every number may be conceived either as 
ſome multiple, or ſome part, or ſome parts, of every 
other. Hence it is that Buclid, defining propor- 
tionable numbers, makes uſe of the definition given 
in the 4th ſection; ſo unwilling was he to recede from 
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the common notion of proportionable quantities, 
whenever the ſubject he treated of would bear it. 


Of the ſeventh definition of the fifth book of Euclid. 


263. If it be allowed to be a ſufficient mark of the 
proportionality of four quantities, when they are fo 
related to one another in their own natures, that no 
equimultiples can be taken of the firſt and third, but 
what muſt either be both greater than, or both equal 
to, or both leſs than, any other equimulciples that can 
poſſibly be taken of the ſecond and fourth; then 
wherever it happens, or may happen otherwiſe, there 
can be no proportionality. As for inſtance, F in 
comparing equimultiples of the firſt and third with other 
eguimultiples of the ſecond and fourth, there be any caſes 
wherein the fir/# multiple ſhall be greater than the ſecond, 
and yet the third not greater than the fourth; or wherein 
the firſt multiple ſhall be leſs than the ſecond, and the 
third not leſs than the fourth; then the fir quantity 
will not have the ſame proportion to the ſecond that the 
third hath .to the fourth, but either à greater as in tht. 
former caſe, or a- leſs as in the latter, Nay, and 1 
may add further, that if of four quantities, the ft 
bath a greater, proportion to the ſecond than the third. 
bath to the fourth, there muſt be caſes exiſting, whether 
thoſe caſes can be aſſigned or not, wherein of equimuitiples 
of the firſt and third, and of other equimultiples . of the 
ſecond and fourth, the firft multiple ſhall exceed the ſe- 
cond, and yet the third ſhall not exceed the fourth : tor 
if no ſuch caſes were poſſible, then the firſt quan- 
tity muſt either have the ſame proportion to the ſe- 
cond that, the third hath to the fourth, or a leſs :. both 
which are contrary to the ſuppoſition. Thus we have 
found the fifth and ſeventh definitions of the fifth 
book of the elements, both of a piece. * 


4 queſtion 
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A queſtion ariſing out of the foregoing article. 


264. This is all that was neceſſary to be obſerved 
concerning the foregoing definitions; but if, having 
given four quantities 4, B, C and D, whereof A hath 
a greater proportion to B than C hath to D, any one, 
for his own private ſatisfaction, would know how to 
find ſuch equimultiples of A and C, and ſuch other 

equimultiples of B and D, that A's multiple ſhall ex- 
ceed that of B, and at the ſame time C's multiple 

ſhall not exceed that of D, it muſt be done thus : If 
the quantities 4, B, C and D) be commenſurable, 
let their ratios be expreſſed by numbers: as for in- 

ſtance, let A be to B as 7 to 3, and let C be to D as 

4 to 3; then will 4 and 3, the numeral expreſſions - 
of the leſſer ratio, be the multiplicators required, if 
of the terms A and B, the greater term A be multi- 
plied into the leſſer multiplicaror 3, and the leſſer term 

B into the greater multiplicator 4; for then 34 (21) 

will be greater than 4B (20), and yet 30 (12) will 
not be greater than 40 (12), for the two laſt mul- 
tiples ate equal. But if ſuch multiples be required, 

that the firſt multiple ſhall be greater than the tecond, 
and at the ſame time the third multiple ſhall be leſs 

than the fourth, then ſome intermediate fraction muſt 
be taken between + and 4, and the terms of ſuch a 

fraction will be the multiplicators required. As for 
inſtance, throwing the extreme fractions into deci- 
mals, we have 4==1.4, and 4+=1.34—; therefore 
if any decimal fraction be taken between 1.4 and 

I.34, ſuch a fraction being reduced ta integral 
terms will give the multiplicators required. Let us 


2. E wi 
aſſume 1.375, that is . then will 84 


(56) be greater than 11B (55), and at the ſame time 
_ 8C(32) will be leſs than 11D (33). 33 
If the quantity A be incommenſurable to B, or C 
to D, or both to both, find however, by * 15 
2 | | he 
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the ſecond in art. 199%, ſuch numbers as will expreſs 
. theſe ratios as accurately as occafion requires. As 
let the ratio of the number E to the number F be 
nearly the ſame with that of 4 to B, and let the ratio 
of the number G to the number I be nearly the ſame. 
with that of Cto D; then if either of theſe ratios, to 
wit, the ratio of E to F, or the ratio of G to H, lie 
between the ratios of A to B andof C to D, the terms 
of the intermediate ratio will make proper multiplica- 
tors; but if neither of theſe caſes happen, ſome inter- 


mediate fraction muſt be taken between the two frac- - 


ws * 
tions F an 0 


Having thus orepared my young ſtudent "i Eu- 
_ elid's doctrine of proportion, partly by ſetting him 
right in his notions of things, and partly by remov- 
ing out of his way all that rubbiſh which ſeemed to 
block up his entrance to it; I hope E ſhall now be able 
to conduct him through the whole with a great deal 
of eaſe, and that he will meet with fewer difficulties 
in reading the following propoſitions than an equal 
number in any other part of the elements: and yet all 
I have done herein has been only to mitigate, as far 
as I thought proper, the rigour and ſeverity: of the 
author's manner of writing, and to render his demon- 
ſtrations more eaſy to the imagination, which the com- 
iler in his whole ſyſtem ſeems to have had no great 
tenderneſs for: but, whatever I have done elſe, I have 
taken care to preſerve the force of the demonſtrations, 
and I hope, in a great meaſure, their elegancy too. I 
have uſed no algebraic computations in demonſtrating 
theſe propoſitions, except what may be juſtified by 
the antecedent ones; as well knowing that theſe prin- 
ciples were never intended to depend upon arithmeti- 
cal operations, but rather arithmetical operations upon 
them. I have however, for the reader's eaſe, made 
uſe of the ſimpleſt algebraic notation. Thus A,B, C, D 
denz. magnitudes of any kind whatever; E, HG, H 
v See the Quarto Edition, p. 285. 
always 
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always ſignify whole numbers, unleſs where notice is, | 
given to the contrary z AB ſignifies the ſum of a 
two homogeneous magnitudes 4 and B; A—B 4 v1. | 
difference, ar the excels of 4 above B; EA and FB. 2 
ſignify ny two multiples of A and B, the multipli- | 
cators being E and F; Sc. I have fametimes alſo | 
uſed very eaſy conſequences of this notation; ay that | 
if 4 be added to B, the ſum will be 4, which in- 
| deed is a general axiom, and ſaying no more than 
that if to any magnitude be added the exceſs of a 


greater above it, the ſum will be the greater magni- 
tude. | 


The Fifth Boox of EUCLID's 6 | 
DEFINITIONS. 


265. 1. A leſſer magnitude is ſaid to be a part of @ 
greater, when the leſſer meaſures, the greater. 
2, A greater magnitude is ſaid to be a_mulliple of a 
leſs, when the greater is meaſured by the leſs. 

Note. Our language is not nice enough to expreſs 
6h: two definitions as they are in the Greek and 

atin. 

We may further obſerve, that by theſe two defini- 
tions every ſimple quantity is excluded from bein 
conſidered either as a part or multiple of itſelf; for 
to be a part, in this ſenſe, is to be leſs than that where- 
of it is a part, andi to be a multiple is to be greater 
than that whereof 1 it is a multiple. 

3. Ratio is that mutual relation two homogeneous 
quantities are in, wwhen. compared together in reſpect to 
their quantity, Thus the exceſs of 2 above 11s equal. 
to the excels of 4 above 3, and yet the ratio of 2 to 
is greater than the ratio of 4 to 3; that is, 2 has. 
more magnitude when compared with 1 than 4 hath 
when compared with 3; ſince 2 is double of 1, and 
4 is not double of 3. But on the other hand, 3.hath, 
a greater ratio to + than 1 hath to 2, becauſe 3 bath 
more magnitude in mrad fan of 4 than 1 hath in 

com̃pa - 


— 
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compariſon of 2; for 3 is more than the half of 4.5 
whereas 1 is but juſt the half of 2. | | 

4. All quantities are ſaid to be in ſome ratio or other, 
when they are capable of being ſo multiplied as to exceed 
one anotber. 

Note. By this definition, 1ſt, All heterogeneous 
quantities are excluded from having any ratio one to 
another, becauſe heterogeneous quantities are ſuch, 
that their multiples are no more capable of compari- 
ſon as to exceſs on defect, than the quantities them- 
ſelves: a yard can never be multiplied till it exceeds 
an hour, Sc. 2dly, All infinitely ſmall quantities are 


hereby excluded from having any ratio to finite ones, 
becauſe the former can never be ſo multiplied as to 


exceed the latter. 
g. Magnitudes are ſaid 1 ta be in the ſame ratio, the 


firſt to the ſecond as the third to the fourth, when no 


equimultiples can be taken of the firſt and third, but what 
muſt erther be both greater than, or both equal to, or both 
leſs than, any other equimultiples that can poſſibly be taken 
of the ſecond and fourth. | 
Note. This and the ſeventh definition have been 
explained already. 
6. Magnitudes in the ſame ratio may be ca led pro- 
portionals, | 
7. If there be four quantities, whoa equimultiples | 

are . of the firſ and third, and other equimullipies 
of the ſecond and fourth; and if any aſe can be aſſigned, . 
wherein the multiple of the fir ft ſhall be greater than the 
multiple of the ſecond, and at the ſame time the multiple 
of the third ſhall not be greater than the multiple of the ' 


| fourth, then of theſe four quantities, the firſt is ſaid to 


have a greater ratio to the ſecond than the third hath to 
the fourth. | 
8. Proportion conſiſts in a ſimilitude of ratios... 
9. Proportion cannot be expreſſed in fewer than three 


terms : as when we ſay that A is to Has Bis to C. 


io. Whenever three quantities are continual propor- 
al. the firſt is ſaid to be to the third in a duplicate 
* ratio 
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ratio of the firſt io the ſecond : and on the other hand, 


the firſt is ſaid to be to the ſecond in-a ſubduplicate. ratio | 


of the firſt to tbe third. | | 

11. If four quantities be continual proportionals, the 
firſt is ſaid to be to the fourth in a triplicate ratio of the 
firſt to the ſecond, and ſo on. | \ r 
12. The antecedents of all proportions are called bomo- 
logous terms; and ſo alſo are the conſequents : but an- 
tecedents and conſequents confidered together, are never 
called homologous terms, but heterologous. ds 
Note. Theſe three laſt definitions, though placed 
here, have nothing to do in the following fifth book, 
but in the ſixth. ri 

13. Alternate proportion is, when four quantities being 

proportionable, the firſt to the ſecond as the third to the 
fourth, it is concluded, that the fir/t is to the third as the 
ſecond to the fourth; the juſtneſs of which concluſion, 


as well as of all the reſt that follow, will be ſuffi- 


ciently made out in the following propoſitions : 

14. Inverſe proportion is, when four quantities being 
propertionable, the fir/t to the ſecond as the third to the 
fourth, it is concluded, that the ſecond is tothe firſt as the 
fourth to the third.” © | | 

15. Compoſition of proportion is, when four quantities 
being proportionable, the firſt to the ſecond as the third to 


the fourth, it is concluded, that the ſum of the firſt and 


ſecond is to the ſecond as the ſum of the third and fourth 
is to the fourth. 


16. Diviſion of pr 


oportion is, when four quantities 


being proportionable, the firſt to the ſecond as the third 


to the fourth, it is concluded, that the excefs of the firſt 

above the ſecond is to the ſecond as the exceſs of the third 

above the fourth is to the fourth, | Ny 

. 17. Converſion of proportion is, when four quantities 

being proportionable, the firſt to the ſecond as the third 
to the fourth, it is concluded, that the firſt is to the exceſs 

of the firſt above the ſecond as the third is to the exceſs of 
the third above the fourth, © 
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18, if ever ſo mam quantities in ont ſeries be cum. 
pared. wpith at many in another ; 4 from all the 
ratios in one being equal to all thoſt in the other, either 
in the ſame or @ diſfrrint order, it be concluded, that the 
extremes in one ſeries art in the ſame proportion with the 
extremes in the other, this proportionality of the ex- 
' tremes. is ſaid” 10 Hollis ex æquo, or ER #qualitate 
ratonum. | 

19. Fall the dies be one ſeries be equal to all 
thoſe in the other; and in the ſame order, this is called 
ordinate proportion; and the 'extremes th this caſe are 
ſaiu ta be proportionable ex æquo ordinate, or barely 
ex æquo. 

20. H all the ratios in one feries be equal to all thoſe 
in the other, but not in the ſame order, this is called 
inordinate proportion; and the extremes are ſaid to be 
| tionable ex æ quo perturbate. 
Thus if A, B and C in oneferies be compared with 
D, E and F in another; and if Ais to B bs D to E, 
and B to Cas E to F, this is called ordinate propor- 
tion, and A is ſaid to be to Cas D to F ex æquo ori- 
ute, or barely er que: but if A is to as E to 
F, and B to Cas D to E, this is called inordinate 


proportion, and is faid to be to C as D to F ex 1 
n | 


# % 
* 
yg ' 


bee ren 7. 


266. I there be ever ſo many homogeneous quantities, 
As B, C, whereof EA, EB, E EE, are equimultiples 
- Teſpedtively x, 1 jay then, that the ſum EA+EB+KC 
tail be the ſame mulipie of the ſum AFBFC 
that EA is of A, or EB of B, —_ ; 
For the multiples £4, EB and EC may be conſi- 
dered as fo many diſtinct heaps or parcels, whereof 
EA conſiſts wholly of At, EB of Bs, and EC of C's; 
and ſince the number of A, in EA is the ſalne with 
the number of ZB*s in EB, or of Cin EC, it follows, 
chat as _ as A can be ſingly taken out of EA, or 
| B out 


\ 
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B out of EB, or C out of EC, juſt ſo often may the 
whole ſum am ZA be taken out of the whole ſum 
EA4-EB4-EC; therefore the. ſum EASEB+EC B+EC 


is the ſame multiple of the ſum + at that EA is 
RY or EB of B, &c. A. E. D 


Pubros fr on 2. 


267. If EA and EB be eguimultiples of any two guan- 
tities whatever A and B, and if FA and FB be alſo 
equimultiples of the ſame; 1 ſay then that the ſum 

EA Aube the ſame multiple of A that tbe Jum 

EBF; is B 
Fot ſince che number of A's in EA is the ſame with 

the amber of B's tn EB; and fince alſo the number 

of : in FA is the ſame with the number of B*sin FB, 
ad equals to equals, and che number of 4s in 

ZAF {7 will be the ſame with the number of B*s in 

EBT, chat is, the ſum E:i+FA A. will be the 


ſame multiple of 4 that the ſum EB+FB i is of B. 
2 E. - -* 


 PRroposITION 3. 

268. If RA ond EB be equimultiples of any two quan- 
tities whatever A and B, and if 3 EA and 3H B̃ be 
any equmultiples of FA and EB; I ſay him that 
3EA and 3&B will alſo be e of A 
and B. 

This is evident from the laſt proportion : for ſince 

EA and EB are equimultiples of A and B; and ſince 

EA and EB are again equimultiples of che ſame, it 

follows from that propoſition, that the ſum 2 EA is 

the ſame. multiple of A that the ſum 2EB is of B: 

again, ſince 2EA and 2 EB are equimultiples of 4 and 

B, and ſince EA and ER are other equimultiples of 

the ſame, the ſum 3£4 is the ſame multiple of 4 

That the ſum 3EBisof B; and fo on ad ixſinitum. 

E. D. 


Pao- 
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Paorosirien 4. 


1 wh If four quantities A, B, C and D be proportion- 
able, A to 7 to D, andiif EA and EC be any 
| equinultiple of the firſt and third, and FB and FD 
any other equimultiples of the ſecond and fourth , I 
cy then that theſe multiples will alſo be proportionable, 
provided they be. taken in the ſame order as the pro- 
Portionable quantities whereof they are multiples ; that 
is, {Pat EA will be to FB as 'EC7 15 to FD. 


For let 3 EA and 3 EC be any equimultiples of 
EA and EC, and let 2FB and 2FD be any other 
equimultiples of FBR and JD: then ſince 3EA and 
EC are equimultiples of EA and EC, and ſince E4 
and EC are equimultiples of 4 and C, it follows 
from the laſt propoſition that 4&4 and 3EC are 
equimultiples 'of 4 and C; and for the ſame reaſon 
2B and 2FD are allo equimuliples of B and D. 
Since then, ex. Hpotbeſi, A is to B as C is to D; and 
ſince g EA and 3 EC are equimultiples of A and C, 
and 27 B and 270 are alſo other equimultiples of B 
and D, it follows from the fifth definition, that 3E A 
cannot be greater than, equal to, or leſs than, 2 FB, 
but 3 EC muſt alſo be greater than, equal to, or leſs 
than, 2 FTD. Again; ſince we have four quantities 
EA, FB, EC, FD, whereof 3 EA and 3 EC repreſent 
any quimultiples of the firſt and third, and 2 FB and 
2FD any other <quimultiples' of the ſecond and 
tourth z and ſince 3&A cannot be greater than, equal 
to, or leſs than 2FB, but 3EC muſt in like manner 
be greater than, equal to, or leſs than 2FD, it follows 
from the fifth definition, than theſe four quantities 

EA, FB, EC, FD are “ "ORR that pn is to . 
EC FD. E. Dv. 


e n * 


Tol this place is uſually referred the inverſion 6f 
Proportion (though why to this, rather than to any 


other, I know not;) that is, that if * 8 
| be 
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be. proportionable, they will alſo be inverſely propor- 
tionable : as if A be t B as C is to D, then B will be 
40 A at D to C. For let EAand EC be any equimul- 
tiples of A and C, and let FB and, FD be any other 
equimultiples of B and D; and firſt let us ſuppoſe 
FB to be greater than EA; then will EA be leſs than 

FB: and — Ais to B as C is to D, EC will alſo 
be leſs than FD by the fifth definition; and therefore 
FD will be greater than EC: thus then we ſee that 
if FB be greater than EA, FD will alſo be greater than 
EC. And after the ſame manner it may be demon- 
ſtrated, that if FB be equal to, or leſs than EA, FDin 
| like manner will be equal to, or leſs than EC. Since 
then we have four quantities B, A, D, C, whereof FB 
and FD are equimultiples of the firſt and third, and 
EAand EC are other equimultiples of the ſecond and 
fourthz and fince FB cannot be greater than, equal 
to, or leſs than EA, but FD muſt accordingly be 
greater than, equal to, or leſs than EC, it follows 
trom :the fifth definition, that theſe four quantities 
B, A, D, C, muſt be proportionable ; that B muſt be 
to A as D to C. Q. E. DO. | 


 ProPostTION 5. 


270. If A and B be any two homogeneous quantities, 

whereof A is the greater, and whereof EA and EB 
are equimultiples reſpectiveiy; I ſay then that the 
difference tA — HB will be the ſame multiple of 
the difference A—B that EA is of A, or EB of B. 


II this be denied, let G be the ſame multiple of 
A- that EA is of A, or EB of B; then we ſhall 
have two quantities A—B and B, whoſe ſum is 
A, and whereof G and EB are equimultiples reſ- 
peQively; therefore, by the firſt propoſition, the ſum 
GEB will be the ſame multiple of the ſum 4 that 
EB is of B: but EA is alſo the ſame multiple of 4 
that EB is of B; therefore G is the ſame mul- 

4 WT tiple 
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tiple of A that EA is of A; therefore G+EB muſt 
be equal to EA; take EB from both ſides, and G 
will be equal to'EA—EB : but G was the ſame 
multiple of T that EA was of 4, or EB of B: 
therefore EA—EB will be the fame multiple of 
AB that EA is of 4, or EBof B. Q. E. D. 


PRO POSITION 6. 


271. If from EA-and EB, equimultiples of any two . 


quantities A and B. be fubtrafied FA and FB 
amy other equimultiples 9 of the ſame; the remainders 


EA—FA and EB—FB will either be equal to the 
quantities A and B reſpefiively, or they will „ 


euimullipies of Aan. 
42 1. 


J In the firſt place, let the remainder. EA—FA - 
1 be equal to 4; I-ſay then that the other remainder . 


EB—FB will alſo be equal to B. For ſince FA is 
the ſame multiple of A that FB is of B, it follows 


from the nature of multiples, that ! FAA will be 
the ſame multiple of 4 that FB+Z8 is of B: but 4 
is equal to LA; and adding FA to both ſides 
we have FA A=EA ; therefore inſtead of ſaying 
as before, that F44-A is the ſame multiple of A that 
FEB is of B, we may now ſay that EA is the ſame 


multiple of 4 that FB N- is of B: but EA is the 
ſame multiple of A that EB is of B; therefore EB is 


the ſame multiple of B that FBEB | is of B; there- 
-fore EB is equal to FB+B; ſubt ſubtract FB from both 
ſides, ne 1 will mw EB—FB=B, NV E. D. 


* 


— 1 3 : F 

| | oc Or Cast 
: 

: 

: 

| 


Art. 271. The Hb Book Euclib's Elements. 291 


css 1. 


„ — = * 2 0 - = - 
= 


— — My — 
. - — — — 4 2 
K 2-£ IT _— - 2 Wort — 
3 * Hs — — 2 * — — — 
-_ 
in... 


Let us now ſuppoſe the remainder TI H to he 
ſome multiple of 4; for if A meaſures both EA and 


VA. it muſt meaſure. EH; and fo E£A—FA 
muſt be ſome multiple of 4; and for the ſame 
reaſon, the other remainder EB—FB muſt be ſome 
multiple of B: 1 ſay then in the next place, that 
EB—FB muſt be the ſame multiple of B that 
FA—FA' is of A. If this be denied, let G be the 
ſame multiple of B that EA—FA i is of A; then 


ſince EA—FA and G are equimultiples of A and B, 
and ſince FA and FB are allo other equimultiples of 
the ſame, it follows from the ſecond propoſitton, that 


the ſum EA—FA4FA will be the ſame multiple of 
A that G+EB | is of B: but EA—FAÞ+FA = EA; 


Wage EA is the ſame multiple of A that G=-FB . 
is of B; but EA is the ſame multiple of A that EB 
is of B; therefore EB is the ſame multiple of B that 


 G+FB. is of B; 3.1 therefore EB is equal to G CI; 
rherefore FB—FB. is equal to &: but G was the 
ſame multiple of B that EF is of 4 by the 
ſuppoſition ; therefore EB—EB is the ſame multiple 
of B that EA—FA is of . 2. E. D. 
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As in the 4 definition it was provided that no 

. ſimple quantity be conſidered as a multiple of itſelf, 

ſo in this propoſition care is taken that no two ſimple 
quantities be conſidered as equimultiples of them 

ſelves; which indeed is but a conſequence of that 

definition, and is the reaſon Why chis propoſition 

reſolyes itſelf! into two caſes. 

T 2 For 
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For a better underſtanding and remembering the 
ſtructure of the ſix foregoing propoſitions, it may be 
obſerved, that the two laſt propoſitions are nothin 

elſe but the two firſt with their ſigns changed: In the 
firſt propoſition it was demonſtrated, that the ſum 


. EA+EB is the ſame multiple of the ſum 4-+B 
that EA is of A, or EB of B: in the fifth propoſition 


it is demonſtrated, that the difference EA—EB is 


the ſame multiple of the difference A—B that EA is 
of A or EB of B. Again, in the ſecond propoſition 


it was demonſtrated, that the ſum EA4-FA is the 


ſame multiple of 4 that the ſum EB4-F'B is of B; 
and in the ſixth it is demonſtrated that the remainder 


EA—FA is the ſame multiple of / that the remainder 
EB—FB is of B. | | 


PROPOSITION 7. 


272, If two equal quantities A and B be compared with 
a third as C, I ſay then, that both A and B will 
have the ſame proportion to C; and vice verſa, that 

C will have the ſame proportion both to A and to B. 


For taking any equimultiples of A and B, ſuppoſe 

34A and 3B, and any other multiple of C, ſuppoſe 
5C, it is plain that 34 muſt be equal to 3B, becauſe 
A is equal to B: but if 34 be equal to 3B, then it 
will be impoſſible for 34 to be greater than, equal to, 
or lefs than 5C, but 3B muſt accordingly be greater 
than, equal to, or leſs than the ſame 5C; therefore 
we have four quantities 4, C, B and C, whereof 34 
and 3B reprelent any equimultiples of the firſt and 
third, and 5C and gC any other equimultiples of the 
ſecond and fourth; and ſince the firſt multiple 34 
cannot be greater than, equal to, or leſs than the ſe- 
cond 5C, but the third multiple 3B muſt accordingly 
be greater than, equal to, or leſs than the fourth 5C, 
it follows from the fifth definition, that theſe four 
S quantities 
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quantities A, C, B and C are proportionable, A to C 
as B to C. 9. E. D. . 


Again, ſince 34 is equal to 3B, it will be impoſ- | 


ſible for 5C to be greater than, equal to, or leſs than 


34, but the ſame 5C muſt alſo be greater than, equal 


to, or leſs than 3B; therefore we have four quanti- 
ties C, A, C and B, whereof 5C and ;C repreſent any 


equimultiples of the firſt and third, and 34 and 38 


any other equimultiples of the ſecond and fourth; and 


ſince the firſt multiple 30 cannot be greater than, 


equal'to, or leſs than the ſecond 34, but the third 


multiple 5C mutt alſo be greater than, equal to, or 


leſs than the fourth 3B, it follows from the fifth defi- 
nition, that theſe four quantities C, A, C and B muſt 
be proportionable, C to A as C to B. 9, E. D. 


PRO POSITION 8. 


273. F two unequal quantities A and B, whereof A ts 
the greater, be compared with a third as C, TI ſay 
then that A will have a greater proportion to C than 
B hath to C; but that, on the other hand, C will 
have à greater proportion to B that it hath to A. 


For fince by the ſuppolition, A is greater than B, . 


A—B will be the exceſs of A above B; and by the 
fifth propoſition, if EB be any multiple of B, EA—EB 
will be therſame multiple of A-: multiply then 


theſe two quantities B and Az alike, till of the 
equimultiples thence ariſing, the leſs ſhall be greater 
than C; then will the other be much greater; let theſe 


equimultiples be 3B and 3A—3B, each being greater 


than C: laſtly multiply C till you come to a multiple 


ok it that ſhall be the next greater than 3B, which 
multiple let be 5C; then it is plain that 35 cannot be 
leſs than 40; for if it was, then 40, and not 50 
would be the next multiple of C greater than 3B, con- 
trary to the ſuppoſition. Since then 3 cannot be 
leſs than 40; it follows, that if ro 35 be added a 
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greater quantity, and to 4C a leſs, the former ſum 
will be greater than the latter: but 3A—38 is greater 
than C by the conſtruction; add then 3A—3B to 3B, 
and C to 4C, and you will have 34 greater than 5C 
but 3B is leſs than C by the conſtruction ; therefore 
we have four quantities A, C, B and C, whereof 34 
and 3B are equimultiples of the firſt and third, 1 
50 and 5C, are other equimultiples of the ſecond and 
fourth; and ſince the firſt multiple 3A is greater than 
the ſecond 50, and at the ſame time the third mul- 
tiple 3B is not greater than the fourth 5C, but leſs, it 
follows from the ſeventh definition, that of the four 
quantities 4. C, Þ and C, A hath a greater propor- 
tion to C than B hath to 2 9, E. D. 

Again, ſince we have four quantities C, B, C and A, 
whereof 5C and 5C are equimultiples of the firſt and 
third, and 3B and 3A are other equimultiples of the 
ſecond and fourth; and ſince the firſt multiple ;5C is 
greater than the ſecond 3B, and at the ſame time the 
third multiple 50 is not greater than the fourth 34, 
but leſs, it follows from the ſeventh definition, 1 5 
of the four quantities C, B. C and A, C hath a greater 
Peers to 5 than C hath to A. '9. E. P. 


"ProposreiOn 9. 


2 _ I two quantities A. and B have bath the ſame 
Proportion to a third as C, or if C hath the ſame 

„ Propertion io both A and B;; in either of theſe caſes A 
and B muſt be equal to each er. 


For ſhould either of them be greater than the other, 

ſhould A be greater than B, then by the laſt propo- 
ſition, A muſt have a greater proportion to C than B 
bath to C, contrary to the firſt fuppoſition; and C 
muſt have a greater proportion to Þ than it hath to A, 

contrary to the ſecond juppoſition; therefore A and 
* muſt be equal to en other. O: E. D. 


 ProOPOs 
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PRoPOSITION 10. 


275. If of three quantities A, B and C, A bath, a 
greater proportion to C than B hath to C, or if C 
bath a greater proportion to B than it hathto A; in 
either of theſe caſes A muſt be greater than B. 


For was A equal to, or leſs than B, then either A 
muſt have the ſame proportion to C that B hath to C, 
as in the ſeventh propoſition, or a leſs as in the eighth, 
both which contradict the firſt ſuppoſition: and again, 
was A equal to, or leſs than B, then either C muſt 
have the ſame proportion to A that it hath to B, as 
in the ſeventh propoſition, or a greater as in the 
eighth, both which contradict the ſecond ſuppoſition; 
therefore A muſt be greater than B. 2; E. D. 


PROPOSITION 11. 


276. F two ratios be the ſame with a third, they muſt 

be the ſame with one another : as if the ratio of A to 

a and the ratio of C to c be both the ſame with the 

ratio of B to b, then the ratio of A to a will be the 

ſame with the ratio of C toc: or thus; If A be to a 

"as B to b, and B to b as C to c; I jay then that A 
will be to a as C to c. 


For taking any equimultiples of the antecedents, 
ſuppoſe 3.4, 3B, 30; and any other equimultiples of 
the conſequents, ſuppole 2a, 25, 2c, let 3A be 
greater than 2a; then ſince by the ſuppoſition A is to 
aas B to b, and 3A is greater than 24, 3B mult be 
greater than 26 by the fifth definition: again, ſince 
B is tob as Ctoc, and 3B is greater than 25, 30 
muſt be greater than 2c : thus then we ſee that if 34 
be greater than 2a, 30 mult neceſſarily be greater 
than 2c: and in like manner it may be demonſtrated 
that if 34 be equal to, or leſs than 2a, 3C will ac- 
cordingly be equal to, or leſs than 2c. Since then we 
have four quantities A, a, C and c, whereof 34 and 
30 repreſent any equimultiples of the firſt and third, 

T 4 and 


K 
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and 24 and 2c any other equimultiples of the ſecond 
and fourth; and ſince 34 cannot be greater than, 


equal to, or leſs than 2a, but 30 mult accordingly 


be greater than, equal to, or leſs than 2c, it follows 
from the fifth definition that theſe four quantities 


A, a, C and c muſt be proportionable, A to a as C to c. 


9. E. D. 


PRO PY OSITTION 12. 


277. Fever ſo many quantities A, B, C in one ſerie! 
be properticnable to as many a, b, c in another, that 
16, AtaasBiobasCioc; I ſay then, that as 
any one antecedent is to its conſequent, ſo will the 
ſum of all the antecedents be to the ſum of all the con- 


ſequents; that is, as A is to a ſo will ATEC | 


be to ab- c: or if we ſuppoſe A-B4+C=S, and 
a{bd-c=s, 1 ſay then that as A is to a ſo will 
S be tos * 8 
For taking any equimultiples of the antecedents, 
ſuppoſe 34, 3B, 3C, and any other equimultiples of 
the conſequents, ſuppoſe 2a, 26, 2c, let 34 be greater 
than 2a; then ſince A is to à as B̃ to ö, and 3A is 
greater than 24, 35 mult be greater than 26 by the 


fifch definition: again, ſince B is to & as C to c, and 


3B is greater than 2b, 30 muſt be greater than 2c: 
therefore if 34 be greater than 20, not only 3B will 


be greater than 24, but allo 3C will be greater than 
2c, and, conſequently the whole ſum 34+3B+3C 


will be greater than the whole ſum 2a42b4-2c 2 
but by the firſt propoſition, the ſum 3AF3B-E30 
is the ſame multiple of the ſum ABC or & that 


3A.is of 4; therefore 24+3B+3C=36; and for 
the ſame reaſon 2a+2b+2c=25; therefore we may 
now ſay that if 34 be greater than 24, 3S will be 
greater than 25: and after the ſame manner might it 
be de monſtrated, that if 34 be equal to, of leſs than 


* 


o 


26 
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24, 38 will be equal to, or leſs than 2s, Since 
then we have four quantities A, a, S and 5s, whereof 
34 and 38 repreſent any equimultiples of the firſt and 
third, and 24 and 25s any others of the ſecond and 
fourth ; and ſince 34 cannot be greater than, equal 
to, or leſs than 24 but 38 muſt in like manner be 
greater than, equal to, or leſs than 25, it follows from 
the fifth definition that theſe four quantities A, a, 
$ and s muſt be proportionable, A to à as S to 3. 
Q E. D. 


ProrosITION 12, 


278. If A bath the ſame proportion to a that B bath 
to b, but B hath à greater proportion to b than C 
hath to c; I ſay then that A hath a greater proportion 
to a than C toc. 


For ſince by the ſuppoſition B is to þ in a greater 
proportion than C to c, it follows from the ſeventh 
definition that there are equimultiples of B and C, 
and others again of & and c, of ſuch a nature that B's 
multiple ſhall exceed that of h, and at the ſame time 
C's multiple ſhall not exceed that of c : let then 3B 
exceed 26, and let 3Cnot exceed 2c; then ſince A is 


to a as Btob, and 3B exceeds 26, 3A muſt neceſ- 


ſarily exceed 24 by the fifth definition; therefore we 
have four quantities A, a, Cand c, whereof 3A and 30 
are equimultiples of the firſt and third, and 2 and 
2c are other equimultiples of the, ſecond and fourth 
and ſince 34 exceeds 2a when 30 does not exceed 2c, 
it follows from the ſeventh definition that of theſe 
four quantities A, a, C and c, A hath a greater pro- 
portion to @ than C hath toc. 2; E. D. 


PROPOSITION 14. 


279. If four homogeneous quantities be proportionablo, 
the firſt to the ſecond as the third to the fourth; I 
Jay then that the ſecond will be greater than, equal to, 
or leſs than the fourth, according as the firſt is greater 
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than, equal to, or leſs than the third: as if Aube to 
B as C into D; I ſay tben that B will be greater than, 
equal to, or leſs than D, eceerging as Ais gn than, 
385 to, or tefs than C. | 


Cidis cs v5 


Let A be greater than C: I ſay then that B will be 
greater than D. For ſince A is greater than C, 4 
will have a greater proportion to I than C hath to B 
by the eighth propoſition : again, ſince C is to D as 
A to B, and A hath a greater proportion to B than C 
hath to B. it follows from the laſt propoſition that C 
is to D in a greater proportion than C to B; there - 
fore 54 the tenth propoſition B is greater chan D. 


E. D 
Sana. 


"a now A be leſs than C: J ſay then that B will 
be leſs than D. For. if A be leſs than C; then Cwill 
be greater than A: ſince then C is to D as A is to B 
ex Apotbeſi, and C is greater than A, it follows from 
the laſt caſe that D will be greater than B; and there- 
fore B will be leſs than D. 9. E. D. 


S A3 3. 


Laſtly, let A be equal to C: I ſay then that B will 
be equal to D. For ſince A is equal to C, A will be 
to B as C is to B by the ſeventh propoſition; but Cis. 


to Das A to B by the ſuppoſition; therefore C is to D 


as Cis to B by the eleventh propoſition; therefore B 


and D are equal by the ninth. & E. D. 


PROPOSITION I 5. 


280. Parts are in the ſame proportion with their ref- 
. © pedroe equimultiples. Let A and a be any two homo» 
geneous quantities, whereof 3 A and za repreſent any 
equimulliples reſpect iuely; I 5 then, that & will le to 
a as 3A 10 3a. 

| For 
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For take B and C both equal to A, and alſo 4 and c 
both equal to a; then by the ſeventh propoſition we 
ſhall have A to à as Btoþ as Cto e; therefore by the 


twelfth propoſition we ſliall have A to a as 44-B-ÞC 
o DIe but in this caſe A-B+C=34; and 
= za; therefore A is to @ as 34 is to 3a, 
9. E. P. 


PRO POSITION 16. 


281. F four homogeneous quantities be proportionable, 
the firſt to the ſecond, as the third to the fourth , I ſay 
then that they will alſo be alternately proportionable, 
that is, the fir/t to the third as the ſecond to the fourth + 
asif be to B as C D; I ſay then that A will be 
10 C as B to D. | 


For, taking any equimultiples of A and B, ſuppoſe 
34 and 3B, and any others of C and D, ſuppoſe 20 
and 2D; ſince 3A is to 3B as A to B by the laſt, and A. 
is to Bas C to D by the ſuppoſition, and C is to D as 
20 to 2D by the laſt; it follows from the 11th pro- 
poſition that 3A is to 3B as 2C to 2D; therefore by 
the 14th propoſition, 34 cannot be greater than, equal 
to, or leſs than 2C, but at the ſame time 35 muſt be 
greater than, equal to, or leſs than-2D. Since then we 
have four quantities 4, C, B and D, whereof 3A and 
3B repreſent any equimultiples of the firſt and third, 
and 20 and 2D any other equimultiples of the ſecond 
and fourth; and ſince 34 cannot be greater than, 
equal to, or leſs than 2C, but 3B muſt accordingly 
be greater than; equal to, or leſs than 2D, it follows 
from the fifth definition that theſe four quantities 
A, C, B and D, muſt be proportionable, A to Cas 
B to D. Q. E. D. ; | 

Note, Alternate proportion can have no place, ex- 
eept where all the quantities A, B, C and D, are of the 
ſame kind: for if A and B were of one kind, and C 
and D of another, how would it be poſlible for the 


quantities 
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quantities A and C, or B and D, to have any propor- 
tion one to another, much leſs the ſame ? 


OSS io. l7. 


282. F four quantities A, B, C and D, whereof A is 
greater than B, and C greater than D, be proportion- 


able, A to Bas C10 D; I ſay then that A—B will 

be to Bas C—D is to D, which is called proportion by 

diviſion. 

For let 34. 3B, 30 and 3D, be any equimultiples 
of the e quantities A, B, C and D; then will 3A4—3B 


and 3C—3D be like multiples of A—B and -. 

Again, let 2B and 2D be any other equimultiples of 
B and D, and let 34—3B be greater than2B; then 
if 3B be added to both ſides, we ſhall have 3A 
greater than 5B; and becauſe A is to B as Cis to D, 

we ſhall . by the fifth definition, 30 greater than 
5D; take 3D from both ſides, and you will have 
3C—3D greater than 2D ; therefore if 3 A—3B be 
greater than 2B, 3C— C—3D muſt be greater than 2D : 

and by a like proceſs it may be demonſtrated, that 
if 34—3B be equal to, or leſs than 2B, 3C—3D 
will be equal to, or leſs than 2D, Since then we 
have four quantities, A— 4 A—B,'B, C—D and D, 

whereof 3A—<3B and 3C—3D repreſent any equi- 
multiples of the firſt and third, and 2B and 2D any 
other equimultiples of the ſecond and fourth; and 
ſince 34—34' cannot be greater than, equal to, or 


leſs than 2B, but at the ſame time 3C—30D mult ac- 
cordingly be greater than, equal to, or leſs than 
2D, it follows from t the bfth def definition that theſe 


four quantities A—B, B, - and D muſt be 
eee A—B to Bas C—D to D. &. E. D. 


Po- 


Art. 283. The fifth Book of Euclip's Elements, 301 


PROPOSITION 18. 


283. If four quantities A, B, C and D be propor- 
tionable, A 10 B as C0 D; 1 ſay then that AB 
zwill be to B as CD to D, which is called proportion 
by compoſition. 


If this be denied, that AB is to B as CD is 


to D, it muſt then be allowed that AB is to B as 
CD is to ſome quantity either greater or leſs than 
D; ſuppoſe to a greater, and call it E; then ſince 
E is by the ſuppoſition greater than D, if CE be 
added to both ſides, we ſhall have C greater than 
C+D—E. This being obſerved, let us begin again, 
and ſuppoſe A- to B as CD to E; then we ſhall 
have dividendo (that is, by the laſt propoſition) 
A4B—B to B as C+D—E to E; but A+BB is 
equal to A; therefore A is to B as CDE is to E; 
but A is to B as Cs to D by the ſuppoſition there- 


fore C is to Das C+D—E is to E; but of theſe four 


proportionals C, D. C+-D—E and E, it has been 
proved that the brit is greater than the third, that C 


is greater than C+D—E ; therefore, by the four- 
teenth, the ſecond muſt be greater than the fourth, 
that is, D muſt be greater than E; therefore E muſt 
be leſs than D; therefore if A- be to B as C4-D 
is to any quantity greater than D, that quantity muſt 
alſo be leſs than D, which is impoſſible; therefore it 
is impoſſible for AB to be to B as CD is to any 
quantity greater than D: and by a like proceſs it 
may be demonſtrated, that it is as impoſſible for 
AA-B to be to B as C+D is to any quantity leſs than 
D; therefore A- muſt be to B as C+D is to D. 
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PROPOSITION 19. 


284. If from two quantities A and B in any proportion 
be ſubtraied other two C'and D in the ſame pro- 
portion; I ſay then that the remainders'A-—C and 
B—D will. ſtill be in the ſame proportion, that is, 
that 'A—C will be to B— D as A to B or as C 
toD. 


For ſince by the ſuppoſition A is to B as C is to D, 


wie ſhall have permutando (that is, by the ſixteenth 
propoſition,) A to C as B to D; and dividends, 


to Cas B— 0 to D; and again permutundo, 


to B as C eis to D; but A is to B as C is to 
D; therefore 4—C is to B D as A to B. Q. E. D. 


 _SCHOLIU u. 
Here Doctor Gregory in his manuſcript copy finds 


a corollary demonſtrating that illation called conver- 
ſion of proportion; but becauſe it is difficult to 
make ſenſe of that demonſtration; I chuſe rather to 


Inſert his own demonſtration of the ſame propoſition, 
which is as follows: 


If four quantities A, B, C and D, be proportionable, 


A to Bas 85 D; Jay then that A is to A-—B, as 
C is to CD, . which is called converſion of proportion. 
For ſince by the ſuppoſition 4 is to B as C is to D, 
we ſhall: have dividendo, A to B as C-D to D; 


and invertendo, B ro A—B as D to C-D; and com- 


|, ponendo, BA to A—ZB as D+C—D.to C—D, 
that is, A to A—B as C roC—D. 2. E. D. 


As to the foregoing nineteenth propoſition I ſhall 


further obſerve, that as in that propoſition, by divi- 


ſion of proportion it was demonſtrated, that if from 
two quantities A and Bin any N e be ſub- 


tracted two others C and D in the fame proportion, 


the remainders A—C and B— will ſtill be in the 
ſame proportion with 4 and B; ſo by compoſition 
of proportion it may be demonſtrated, that if to 


two quantities A and B in any proportion be added 


two 
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two othets C and D in the ſame proportion, the ag- 
gregates AC and B-j-D vill ſtill be in the ſame 
proportion with A and B; but chis has already been 
demonſtrated, being a particular caſe of the twelfth 
propoſition. | FAX P! 
' PrRoPosITION 20. 


285, If there be three quantities A, B and C in one 
ſeries, and three others D, E and F in another, and 
if the proportions in one ſeries be the ſame with the 

proportions in the other when taken in the ſame order, 
as if A be to B as D is to E, and B̃ te C as E to F; 
T ſay then that A cannot be greater than, equal to, 
or leſs than C in one ſeries, but accordingly D muſt 
be greater than, equal to, or leſs than F in the ober. 


For let A be greater than C; then it is plain from 
the eighth propoſition that 4 muſt have a greater 
proportion to'B than C hath to B; but A is to B as 
D to E by the ſuppoſition, and Cis to B as F to E, 
becauſe by the ſuppoſition ̃ is to Cas E to F; there- 
fore D hath a greater proportion to E than F hath to 
E; therefore D is greater than F by the tenth pro- 
poſition; therefore if A be greater than C, D muſt 
be greater than F: and after the ſame manner it may 
be demonſtrated, that if A be equal to, or leſs than 
C, D muſt accordingly be equal to, or leſs than F; 
therefore A cannot be greater than, equal to, or leſs 
than C, but accordingly D muſt be greater than, 
equal to, or leſs than F. 9. E. D. 


PROPOSITION 21. 


286. F there be three quantities A, B and C in one 

ſeries, and three others D, E and F in another, and 
if the proportions in one ſeries be the ſame with the 
proportions in the other, but in a different order, as 
if A be to B as E is to F, and BioCas D is to E; 
1 ſay ſtill that A cannot be greater than, equal to, or 
leſs than C, but accordingly D muſt be greater than, 
equal to, or leſs than F. e 


7 For 
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For let A be greater than C; then by the eighth 
propoſition A muſt have a greater proportion to B 
than C hath to B: but is to Bas E is to F by the 
ſuppoſition, and C is to B as E to D, becauſe by the 
ſuppoſition B is to C as D to E; therefore E hath a 

eater proportion to F than it hath to D; therefore 

muſt be greater than F by the tenth propoſition ; 


therefore if A be greater than C, D mult be greater 


than F: and by a like way of reaſoning, if 4 be equal 
to, or leſs than C, D will accordingly be equal to, or 
leſs than F; therefore A cannot be greater than, equal 
to, or leſs than C, but accordingly D muſt be greater 
than, equal to, or leſs than F. 2: E. D. 


PROPOSITION 22. 


287. If there be three quantities A, B and C in one 
ſeries, and three others D, E and F in another, and 
if the proportions in one ſeries be the ſame with the 

tions in the other when taken in the ſame order; 

1 ſay then that the extremes in one ſeries will be in the 
ſame proportion with the extremes in the other : as if 
AbetoBasDis to E, and BioCasEtoF; I ſay 
then that A will be to C asD 10 F. 


Note; For avoiding a multiplicity of words, this 
conſequence is ſaid to follow ex £quo ordinate, or ex 
£9quo: ſee the eighteenth and nineteenth definitions. 

Take any equimultiples of A and D, ſuppoſe 44 
and 4D, and any others of B and E, ſuppoſe 3B and 
3E, and laſtly any others of C and F, as 20 and 27; 
then ſince by the ſuppoſition 4 is to B as D is to E, 


it follows from the fourth propoſition that 4.4 will be 


to 3Bas 4D to ZE: again, ſince by the ſuppoſition 
B is to Cas E to F, it follows from the fame fourth 
propoſition that 35 will be to 20 as 3E to 2F: fo 
that we have three quantities, to wit 44, 3B, 20 in 


one ſeries, and three others, to wit 4D, 3E and 27 
in another; and it has been ſhewn that the propor- 
tions in one ſeries are the ſame with the proportions 


in 
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in the other when taken in the ſame order, that is, 
44 is to 35 as 40 to 3E, and 3 to 20 as 3E to 2F; 
therefore, by the twentieth propoſition, 44 cannot be 
greater than, equal to, or leſs than 2C, bur 4D muſt 
accordingly be greater than, equal to; or leſs than 
2F. Since then we have four quantities A, C, D and 
F, whereof 44 and 4D repreſent any equimultiples 
of the firſt and third, and 20 and 2F any other equi- 
multiples of the ſecond and fourth; and ſince 44 

cannot be greater than, equal to, or leſs than 20 

but accordingly 4D muſt be greater than, equal to, 

or leſs than 2F, it follows from the fifth definition 
that theſe four quantities A, C, D and Fare propor- 

tionable, to Cas D to F. 2: E. D. 

e  .-- 
In liks manner, if there be ever ſo many quantities 

A, B, C, G, &c. in one ſeries, and as many others 

D, E, F, H, &c. in another, and if A be to B as D is 

to E, and B % Cas E to F, and C t G a F to N, 

&c. the conſequence with reſpect to the extremes will ſtill 

be the ſame, that is, A will be to Gas D to H: for it 

has been proved already that Ais to Cas D to F; and 
by the ſuppoſition C is to G as F to ; therefore, ex 

#quo, A will be to G as D to H. 

PrRoPosITION 2% 

288. If there be three quantities A, B and C in one 
ſeries, and three others D, E and F in another, and 
if the proportions in one ſeries be the ſame with the 

proportions in the other, but in a different order; I ſay 

that the extremes. in one ſcries will ſtill be in the ſame 

proportion with the extrenies in the other : as if A be 

toBasE is to F, and B u C4. D % E; I jay ftill 
| that A vill be to C 4 D 1% tf. 

Note. This conſequence is ſaid to be ex #quo per- 

fur kate: . 

Take any equimultiples of A, B and D, ſuppoſe 

34, 3B and 3D, and any others of C, E and F, ſup- 
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poſe 2C, 2E and 2F, and the reaſoning is as follows: 
ZAis to3B as Ato B by the fifteenth, and A is to B 
as E to F by the ſuppoſition, and E is to Fas 2E to 
2 by the fifteenth ; therefore 3A is to 35 as 2E is to 
2F by the eleventh : again, Bis to Cas D to E by 
the ſuppoſition ; therefore 35 will be to 20 as 3D to 
2E by the fourth : ſince then we have three quanti- 
ties, to wit, 34, 3B and 20 in one ſeries, and three 
others, to wit, 3D, 2E and 2 in another, and ſince 
the proportions are the ſame in both ſerieſes, but in a 
different order, that is, ſince 34 is to 2B as 2E to 
2F,and 2B is to 2Cas 3D to 2E, it follows from the 
- twenty-firſt propoſition, that 34 cannot be greater 
than, equal to, or leſs than 20, but 3 D muſt accord- 
ingly be greater than, equal to, or leſs than 2F: 
again, ſince we have four quantities A, C, D and F, 
whereof 34 and 3 D repreſent any equimultiples of 
the firſt and third, and 20 and 2F any others of the 
ſecond and fourth, and ſince 34 cannot be greater 
than, equal to, or leſs than 20, but 3D muſt accord- 
_ ingly be greater than, equal to, or leſs than 2F, it 
follows from the fifth definition that theſe four quan- 
tities 4, C, D and Fare proportionable, A to C as D 
to F. Q. E. D. 


PRO SYOSITION 24. 


289. F there be fix quantities A, B, C, D, E, E, 
whereof A is to B as C is to D, and E is to B as F 
10 D; I ſay then that AE will be to B as C-+F 

to D. 

For ſince by the ſuppoſition E is to B as F to D, 
we ſhall have, invertendo, B to E as D to F. Since 
then A is to B as C is to D by the ſuppoſition, and B 
is to E as D to F, it follows ex æqguo, that A is to E 
as C to F; whence, componendo, AA-E will be to E as 
C+F'is to F: again, ſince A-E is to E as C+F is 
to F, and E is to Bas F to D by the ſuppoſition, it 
follows again ex quo, that A--E is to B as CF to 

. h. 


LEMMA. 
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| | LEMMA. 


290. If four quantities A, B, C and D be proportion- 
able, A to B as C to D; I ſay then that A cannot 
poſſibly be greater than, equal to, or leſs than B, but 
that C will accordingly be greater than, equal to, or 
leſs than D. | 
That this lemma is ſelf-evident according to the 

common notion of proportionality, or even upon the 

plan of the fifth definition, were ſimple quantities al- 
lowed to be conſidered as equimultiples of themſelves, 
is what I ſuppoſe will ſcarcely be denied: but this the 
name of multiple and equimultiple will by no means 
admit of, and therefore care has been taken to provide 
againſt it, as may be ſeen in my obſervations on the 
ſecond definition, and at the end of the ſixth propoſi- 
tion: therefore, as the doctrine of proportion here 
ſtands, this lemma ought certainly to be demonſtrated z 
and the author's tak ing it for granted in the demonſtra- 
tion of the next propoſition following, where he might 
with ſo much eaſe have avoided it, 1s not fo much an 
argument of its ſelf-evidency, as that he had demon- 
ſtrated it ſomewhere before in this fifth book, but that 
it is now Joſt. Commandine, from the fourteenth of 
this book, has demonſtrated one particular caſe of 

this propoſition, that is, where the quantities A, B, 

C and D are all of a kind: but this propoſition is no 

leſs true when the quantities A and B are of one kind, 

and C and D of another. This Clavius very well ob- 
ſerves, and endeavours to demonſtrate this propoſi- 
tion in this more extended ſenſe (lee his ſcholium to 
the fourteenth propoſition, of the fifth book;) but 
whether this demonſtration of his amounts to any 
more than proving idem per idem, let them that read 
1t judge. The demonſtration I ſhall here give ot it 
s as follows: | | 
Il am to demonſtrate that if Abe toBasCis to D; 
then 4 cannot poſſibly be greater than, equal to, 
U 2 = | or 
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or leſs than B, but accordingly C muſt be greater than, 
equal to, or leſs than D. | 


c 48 1 1. 


Let A be greater than B; I ſay then that C muſt 
be greater than D. For ſince A is greater than B, 
multiply the exceſs - to a multiple greater than B, 
and let this multiple be 3A—3B5); then ſince 3A—2B 
is greater than B, if 3B be added to both ſides, we 
ſhall have 3A greater than 4B : again, ſince A is to 
B as C is to D, and 3A is greater than 4B, we ſhall 
have, by the fifth definition, 30 greater than 4D; 
therefore 3C muſt be much greater than 3D, and C 
muſt be greater than D. Q. E. D). 


CAS E 2. 

Let now A be leſs than B; I ſay then that C muſt 
be leſs than D. For ſince A is to B̃ as Cis to D, we 
ſhall have, invertendo, B to A as D to C; but B is 
greater than 4, becauſe by the ſuppoſition A is leſs 


than B; therefore D muſt be greater than C by the 
laſt caſe; therefore C mult be lefs than D. 2. E. D. 


CASE . 


Laſtly, let A be equal to B; I ſay than that C muſt 
be equal to D. For ſince C is to D as A is to B, 
ſhould C be greater or leſs than D, A would accord- 
ingly be greater or leſs than B by the two laſt caſes ; 
but A is neither greater nor leſs than B by the ſuppo- 
ſition; therefore C's neither greater nor leſs than D; 
therefore C is equal to D. Q: E. D. 


PROPOSITION 235. 


291. If four quantities A. B, C and D be proportion- 
able, A to B as C D; I ſay then that the ſum of 
the greateſt and leaſt terms put together will be greater 
than the ſum of the other two, 

Loet 
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Let A be the greateſt of all; then, ſince A is to B 
as Cis-to-D, and B is leſs than A, D will be leſs than 
C by the lemma : again, ſince Ais to B as C is to D, 
and C is leſs than A4, D will be leſs than B by the 
fourteenth; therefore if A be the greateſt of all, D, 
which is leſs than either A, B or C, will be the leaſt 
of all, and ſo the ſum of the greateſt and leaſt terms 
added together will be A-; therefore the ſum of 
the other two will be BC. We are now then to 
prove that the ſum 4- D is greater than the ſum 
BC, which is thus done: It has been demonſtrated 
in the nineteenth propoſition, that if from two quan- 
tities A and B in any proportion whatever, be ſub- 
tracted other two C and D in the ſame proportion, 
the remainder A—C will be to the remainder BD as 
Ato B; but A is greater than B by the ſuppoſition 
therefore A—C muſt be greater than B—D by the 
lemma; add C+D to both ſides, and you will have 
ASD. greater than BC. 2, E. D. 


CoRrRoLLAR Y. 


If three. quantities A, B and C be in continual pro- 
portion, A to B as Bio C; I ſay then that the ſum of 
the extremes will be greater than twice the middle term, 
that AC will be greater than BB or 2B. 


Of the Comeosr1TION and RxrsoLUTION of 
RATIOS. 


N. B. As numbers are quantities whereof we have 
more diſtinct ideas than of any other quantities what- 
ever, and as all ratios muſt be reduced to thoſe of 
numbers before we can make any conſiderable uſe of 
their compoſition and reſolution in computing the 
quantities of time, ſpace, velocity, motion, force, 
&c. I ſhall confine myſelf chiefly to this ſort of 
ratios in what I have to deliver in the following ar- 


ticles. | 
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$20 OF 5Þs Compoſition and Boox VII. 
DEFINITION. I. | 


292. In comparing ratios, that ratio is ſaid to be 
greater than, equal to, or leſs than another, whoſe 
antecedent hath a greater, or an equal, or a leſs pro- 
portion to its conſequent than the others antecedent hath 
to its conſequent. Thus the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 4 to 3 leſs than the ratio 
of 5 to 3; thus again the ratio of 6 to 3 is ſaid to 
be greater, and the ratio of 6to g; leſs than the ratio of 
6 to 4, Cc. Therefore whenever two ratios are to 
be compared whoſe antecedents and conſequents are both 
different, it will be proper to reduce them to the 
ſame antecedent or to the ſame conſequent before the 
compariſon is made, As for inſtance ; ſuppoſe any 
one would know which of theſe two ratios is the 
greater, to wit, the ratio of 7 to 3, or the ratio of 4 
to 3: to know this, it will be proper to ſet off one 
of the ratios ; ſuppoſe that of 4 to 3, from 7 the 
antecedent of the other (by which phraſe I mean 
no more than finding a number to which 7 hath the 
ſame proportion that 4 hath to 3;) and this may be 


done by ſaying, as 4 isto 3, of is 7 to _ or 55 : thus 


then it appears that the proportion of 4 to 3 is the 


ſame with the proportion'of 7 to 5 4; ſo that now 
the queſtion turns upon this, which of theſe tws 


ration is the greater, that of 7 to 5, or that of 7 to 


53? and the anſwer is ready, to wit, that the ratio 
of ; to 5 is the greater ratio, by. the eighth propo- 
ſition of the fifth book of the elements : therefore 
the ratio of 7. to 5 is greater than the ratio of 4 to 3. 
Again, ſuppoſe I would compare the ratio of 3 to 4 
with the ratio of 5 to 7; then I would ſet off the 


ratio of 3 to 4 from 5, by ſaying, as 3 is to 4, fo is 
20 


5 to wa or 7 _—_ whereby it appears that the 


ratio of 3 to 4 is the ſame with the ratio of 5 to 7—1 * 
but the pioportion of 5 c 7 is greater than the 


propor- 
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proportion of 5 to 7, as is evident from the eighth 
propoſition of the fifth book of the elements, and 
alſo from the very nature of ratios, the number 5 
having more magnitude when compared with 7—4 
than it hath when compared with 7 ; therefore the 
ratio of 3 to 4 is greater than the ratio of 5 to 7. 
There is alſo another way of comparing ratios, by 
turning their terms into fractions, making the ante- 
cedents numerators, and the conſequents denomina- 
tors. Thus the ratio of A to B is greater than, 
equal to, or leſs than the ratio of C to D, according 


as the fraction , is greater than, equal to, or leſs 


| C | ; W555 
than, the fraction 5 for the ratio of J to 1 is 
greater than, equal to, or leſs than, the ratio of 


a SM” 
5 to r, according as the fraction F is greater than, 


equal to, or leſs than, the fraction 57 this is evident 
from what has been laid down already: but the ratio 


of 1 to 1 is the ſame with the ratio of A to B, and 


B 


. C Gy | * a | * 
the ratio of 5 to 1 is the ſame with the ratio of C 


to D; therefore the ratio of A to B is greater than, 
equal to, or leſs than, the ratio of C to D according 


as the fraction Bis greater than, equal to, or leſs 


than, the fraction 5 But this way of repreſenting 


ratios by fractions, though it may ſerve well enough 
for comparing them as to greater and leſs, yet it 
ought not by any means to be admitted in general, be- 
cauſe theſe repreſentatives are not in the ſame propor- 
tion with the ratios repreſented by them : thus the 
fraction + is double of the fraction 3, but yet it muſt 
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by no means be concluded from thence that the ratio 


of 6 to 2 is double of the ratio of 3 to 24 for it will 
be found hereafter that the ratio of 9 to 4 is double 
of the ratio of 3 to 2. For my own part, I never 
was a favourer of repreſenting ratios by fractions, or 
even fraction- wiſe, as is done by Barrow and others 

not only for the reaſons above given, but alſo becauſe 
that this way of repreſenting ratios is very apt to 
miſlead beginners into wrong conceptions of their 
compoſition and reſolution. eo. 


DEFINITION 2. 
293. In a' ſeries of quantities of any kind what- 


foever increaſing or decreaſing from the firſt to the laſt, 


the ratio of the extremes is ſaid to be compounded of ail 
the intermediate ratios. Thus if A, B, C, D repre- 
ſent any number of quantities pur 

| 15 put down) A, B, C, BD; 
in a ſeries, the ratio of A to Dis 48, 40, 30, 13, 
ſaid to be compounded of, or to be 
reſolvable into theſe ratios, to wit, the ratio of A to 
B, the ratio of B to C, and the ratio of C to D: or 
thus; F A and D be any two quantities, and if 
B, C, &c. repreſent any number of other intermediate 
quantities interpoſed at pleaſure between A and D, the 
ratio of A to D is ſaid by this interpoſition to be reſolved 


into the ratios of A to B, of B to C, and of C to D. 


This is no propoſition to be proved, but 'a defi- 


nition laid down of what Mathematicians commonly 


mean by the compoſition and reſolution of ratios, 
which is certainly no more than what they mean by 


compoſition and reſolution in the caſe of any other 


continuum whatever, As for inſtance ; ſuppoſe the 
letters A, B, C, D, inſtead of repreſenting quantities, 
to repreſent ſo many diſtinct points placed in a right 
line one after another, whether at equal or unequal 
diſtances it matters not : who then would ſcruple to 
ſay that the whole interval AD conſiſted of the inter- 


vals 4B, BC, CD, as of its parts? Or, it the points 


A and 
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A and D be the extremities of a line, and any num- 
ber of points B, C, c. be marked at pleaſure upon 
it; who will not ſay that the line AD is by theſe 
points reſolved or diſtinguiſhed into the parts AB, BC, 
CD, Se.? This is the caſe in the compoſition and 
reſolution of lines; and I ſee no difference when ap- 
plied to the compoſition and reſolution of ratios, ex- 
cept that here the whole and all its parts are lines, 
and there the whole and all its parts are ratios. 

If A, B, C, D, &e. ſignify quantities, the ratio 
of A to B begins at A and terminates in B; the 
ratio of B to C begins at B where the former left off, 
and terminates in C; and the ratio of C to D begins 
at C and terminates in D : why then ſhould not theſe 
continued ratios be conceived as parts conſtituting 
the whole ratio of A to D? That ratios are capable 
of being compared as to greater and leſs, and that 
one ratio may be greater than, equal to, or leſs than 
another, we have ſeen already; and if ſo, why ſhould 
not ratios be allowed to have quantity as well as all 
other things that are capable of being ſo compared ? 
but if ratios have quantity, they muſt have parts, 
and theſe parts muſt be of the ſame nature with the 
whole, becauſe ratios are not capable of being com- 
poet with any thing but ratios : therefore I do not 
ſee but that the idea I have here given of the compo- 
ſition and reſolution of ratios is as juſt and as intelligi- 
ble as it is when applied to any other compoſition or 
reſolution whatſoever, 6 
| To. proceed then: let A, B, C, D be points in a 
right line as before; let the line AB be equal to any 
line Rr, let BC be equal to ſome other line Ss, and CD 
to the line T7; then it will not only be proper to ſay 
that the line AD is equal to the three lines AB, BC, 
CD, but alſo that the ſame line AD is equal to the 
three lines Rr, Ss and It put together: and the ſame 
conſideration is (till applicable to ratios; for ſuppoling 
A, B, C, D, again to ſignify quantities, as allo 
R, S, 7, r, 5, f; let A be to B as R to r, let B be 

to 
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to Cas S tos, and let C be to Das to :; then it is 
uſual amongſt Mathematicians not only to conſider 


the ratio of A to D as compounded of the leſſer ratios 
of Ato B, of BtoC, and of C to D, but alſo as com. 


' pounded of the ratios of R to r, of & to g, and of 7 


to 1. All this will be very intelligible, if we attend 
to the ſeries already deſcribed; for there the ratio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 30, and of 30 to 15; bit/48 is to 40 as 
6 to 5, and 40 is to 30 as 4 to 3, and 30 is to 15 as 
2 to 1; therefore it is as proper to conſider the ratio 
of 48 to 15 as compounded of the ratios of 6 to 5, 
of 4 to 3, and of 2 to 1, as it is to conſider it as 
compounded of the ratios of 48 to 40, of 40 to 30, 
and of 30 to 15, | 


DI FINLITION 2. 


294. As when a line is divided into any number of equal 
parts, the whole line is ſaid to be ſuch a multiple of any 
one of theſe parts as is expreſſed by the number of parts 
into which the whole is ſuppoſed to be divided ; ſo in a 
ſeries of continual proportionals, where the intermediate 
ratios are all equal to one another, and conſequently to 


ſome common ratio that indifferently repreſents them all, 


the ratio of the extremes is ſaid to be ſuch a multiple of 
this common ratio as is expreſſed by the number of ratios 


from one extreme to the other. Thus 9, 6 and 4 are 
continual proportionals whoſe common ratio is that 


of 3 to 2; for 9 is to 6 as 3 to 2, and 6 is to 4 as 

to 2; therefore, in this caſe, the ratio of g to 4 is 
ſaid to be the double of the ratio of 3 to 2; and on 
the other hand, the ratio of 3 to 2 is ſaid to be the 
half of the ratio of ꝙ to 4; but the common expreſ- 
ſion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 
and 3 is to 2 in a ſubduplicate ratio of ꝙ to 4. Again, 


27, 18, 12 and 8 are in continual proportion, whoſe 


common ratio is that of 3 to 2; therefore 27 is to 8 
in a triplicate ratio of 3 to 2, and 3 is to 2 in a ſub- 
triplicate ratio of 27 to 8. Laſtly, 81, 54, 36, 24 

and 
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and 16 are continual proportionals, whoſe common 
ratio is that of 3 to 2; therefore 8 1 is to 16 in a qua- 
druplicate ratio of 3 to 2, and g is to 2 in a ſubqua- 
druplicate ratio of 8 1 to 16. By theſe inſtances we 
ſee that one ratio may not only be greater or leſs than 
another, but a multiple, or an aliquot part of ano- 
ther; nay there is no proportion can be aſſigned which 
ſome one ratio may not have to another : thus the 
ratio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 to 3, becauſe the former ratio contains the 
ratio of 3 to 2 four times, and the latter three times; 
thus again, the ratio of 27 to 8 is to the ratio of 9 to 
4, as 3 to 2, becauſe the former contains the ratio of 
3 to 2 three times, and the latter twice; whereby it 
appears that proportion 1s competible even to ratios 
themſelves, as well as to all other continued quanti- 
ties whatever. But though all ratios are in ſome cer- 
tain proportion one to another, yet this proportion 
cannot always be expreſſed; I mean, when the quan- 
tities of ratios are incommenſurable to one another; 
for ratios may be incommenſurable as well as any 
other continued quantities of what kind ſoever: thus 
the ratio of 4 to 3 is incommenſurable to the ratio of 
3 to 2; which is the caſe of moſt ratios, though not 
of all. If all ratios were commenſurable to one ano- 
ther, their logarithms would be ſo too; and ſo the 
logarithms of all the natural numbers might be accu- 
rately aſſigned; whereas from other principles we 
know to the contrary, as will be ſeen when we come 
to treat particularly of logarithms. 

N. B. The belt way of repreſenting the quantities 
of ratios, that I know of, is by Gunter line, where as 
many of the natural numbers as can be placed upon 
It are diſpoſed, not at equal diſtances one from ano- 
ther, bur at diſtances proportionable to the ratios 
they are in one to another. Thus the diſtance be- 
tween 1 and 2 is equal to the diſtance between 2 and 

4, becauſe the ratio of 1 to 2 is equal to the ratio of 
9 N a 2 [0 
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2 to 4: thus again, the diſtance between 4 and 9g is 
double the diſtance between 2 and 3, becauſe the ra- 


tio of 4 to ꝗ is double the ratio of 2 to 3; and ſo of 
the reſt, 


Of the addition of ratios. 


295. Since all ratios are quantities, as has been 
ſhewn in the three laſt articles, it follows, that they 
alſo as well as all other quantities muſt be capable of 
addition, ſubtraction, multiplication, and diviſion : to 
treat then of theſe operations in their order, I ſhall 
begin firſt with addition. 

If the ratios to be added to be continued ratios, that is, 
iF they lie in a ſeries wherein the antecedent of every 
ſubſequent ratio is the ſame with the conſequent of the 
ratio that went immediately before, their addition is beſt 
performed by throwing out all the intermediate terms : 
thus the ratios of A to B, of B to C, and of C to D, 
when added together, make up the ratio of A to D, as 
was ſhewn in the 293d article. 


Therefore, if the ratios to be added be diſcontinued, 


it will be proper to continue them from ſome given 


antecedent, ſuppoſe from unity, before they can be 
added, thus: let the ratio of A to B, the ratio of 
C to D, and the ratio of E to F, be propoſed to be 
added into one ſum : now the ratio of A to-B ſet off 


from 1 reaches to 7 becauſe Ais to B as 1 9 f the 
ITN 1 

next ratio of C to D ſet off from Z reaches to TO 
and the laſt ratio of E to F ſet off from ha reaches 
BDF 


to e 3 therefore the ratios of A to B, of C to P, 


and of E to F, when added together, make the * 


5 
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of 1 0 E which is the ſame with the ratio of 


ACE to BDF; whence we have the following canon: 
Multiply firſt the antecedents of all the ratios propoſed 
togetber, and then their conſequents, and the ratio of 
the products thence ariſing will be the ſum of the ratios 
propoſed. 
That the ratio of A to B, of C to D, and of E to F, 
all together conſtitute the ratio of ACE to BDF, may 
be further confirmed by ſetting them off from ACE 
and from one another thus : the ratio of A to B ſet 
off from ACE reaches to BCE ; in the next place the 
ratio of C to D ſet off from BCE reaches to BDE; 
and laſtly the ratio of Z to F ſet off from BDE 
reaches to BDF; therefore all theſe ratios together 
conſtitute the ratio of ACE to BDF. An example in 
numbers take as follows : let it be required to add 
theſe four Tatios together, viz. the ratio of 2 to 3, 
the ratio of 4 to 5, the ratio of 6 to 7, and the ratio 
of 8 to 9. Here the product of the antecedents is 
2X4X0X8=384, and the product of the conſequents 


is 3X5X7X9=9453 therefore the ſum of all the ra- 


tios propofed is the ratio of 384 to 945; and the 
proof js eaſy : for the ratio of 2 to 3 reaches from 
384 to 576; the ratio of 4 to 5 reaches from 576 to 
720 ; the ratio of 6 to 7 reaches from 720 to 840; 
and the ratio of 8 to g reaches from 840 to 945; 
therefore the ratios of 2 to 3, of 4 to 5, of 6 to 7, 
and of 8 to , reach from 384 to 945. 
From what has here been ſaid concerning the addi- 
tion of ratios, may ealily be underſtood an expreſſion 
ſo frequent among Mechanical and Philoſophical 
writers; as when they ſay that A is to Bina ratio 
compounded of the ratio of Cro D, and of the ratio 
of E to F; whereby they mean no more than that the 


ratio of A to B is equal to the ſum of the ratios of 


CroD, and of E to F; or that A is to Bas CE io DF. 
According to the Mathematicians, every ratio is 
either a ratio majoris inægualilis, or a ratio aquali- 
5 tatis, 
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tatis, or a ratio minoris inæqualitatis, which takes in 


all fort of ratios: for by a ratio majoris inequalitatis 


they mean the ratio that any greater quantity hath to 
a leſs; by a ratio minoris inaqualitatis they mean the 
contrary, that is, the ratio of a leſſer quantity to a 

greater; and therefore by a ratio æqualitatis they 
mean the ratio (if it may be called fo) that every 
quantity hath to its equal. If we diſtinguiſh ratios 
according to the effects they have in compoſition, 
then every ratio majoris inæqualitatis ought to be look- 
ed upon as affirmative, becauſe ſuch ratios always in- 
creaſe thoſe to which they are added; on the other 
hand, the rationes minoris inequalitatis ought to be 
conſidered as negative, becauſe theſe always diminiſh 


the ratios to which they are added; therefore the ra- 


tio equalitatis ought to be looked upon as having no 
magnitude at all, becauſe ſuch ratios have no effect 
in compoſition. Thus if to the ratio of 5 to 3 be 


added the ratio of 3 to 2, the ſum will be the ratio 


of 5 to 2, as above; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3 ; therefore the ratio of 3 to 2 
ought to be looked upon as affirmative, becauſe it 


Increaſes the ratio to which it is. added: on the other 


hand, if to the ratio of 5 to 3 be added the ratio of 3 
to 4, the ſum will be the ratio of 5 to 4, which is leſs 
than the ratio of 33 to 3, and therefore the ratio of 3 
to 4 is negative: laſtly, if to the ratio of 5 to 3 be 
added the ratio of 3 to 3, the ſum will ſtill be the 


ratio of 5 to 3; therefore the ratio of. 3 to 3 is no- 


thing. | | 
Whenever a ratio is to be reſolved into two others 


by any arbitrary interpoſition of an intermediate term, 
it may be thought however that this intermediate term 

ſhould be ſome intermediate magnitude between the 
terms of the ratio to be reſolved; and ſo we ſuppoſed 


it in the 293d article: but that reſtriction was only 
ſuppoſed to prevent unſeaſonable objections that might 
otherwiſe ariſe about it; for there is no neceſſity that 


the intermediate term ſhould be of an intermediate 


magni- 
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magnitude betwixt the extremes, if we allow of nega- 
tive ratios; for the ratio of 33 to 4 (for inſtance) may 
be reſolved into the two ratios of 5 to 3 and of 3 to 
4, though the intermediate term 3 be out of the 
limits of 5 and 4. This I ſay is plain; for though 
the ratio of 5 to 3, which is one of the parts, be 
greater than the ratio of 5 to 4, yet the ratio of 3 to 
4, which is the other part, is negative, and qualifies 
the other in the compoſition, ſo as to reduce it to the 
ratio of 5 to 4: ſo 9 may be looked upon as a part 
of 7, provided the other part be —2. | 


Cook 0LL A. 


If there be a ſeries of quantities A, B, C, D, whereof 
A is to B as R tor, and BistoCasStos, and C is 
to D as T tot; I ſay then that A will be to D as 


RST, the product of all the antecedents, tors t the pro- 


duct of all the conſeguents. For by the art. 293, the 

ratio of A to D is compounded of the ratios of & tor, 
of S to s, and of T to f; and theſe ratios, when 
thrown into one ſum, conſtitute the ratio of RS to 
si; therefore 4 is to D as RSA to ret. 


Of the ſubtraftion of ratios. 


296. The ſubtraftion of ratios one from another, 
when both have the ſame antecedent, or both the ſame 
conſequent, is obvious enough : thus the ratio of A t B 
ſubtracted from the ratio of A to C leaves the ratio of 
B to C; and the ratio of B to C ſubtrafted from the 
ratio of A to C leaves the ratio of A to B: this I ſay 
is obvious, becauſe (according to art. 293) the ratio 
of A to C contains the ratios of A to B and of B to 
C; and therefore, if either part be taken away, there 

muſt remain the other. | 
But if the two ratios, whereof one is to be ſubtracted 
from the other, have neither the ſame antecedent nor 
the ſame conſequent, it will be proper then to reduce 
them to the ſame antecedent, by ſetting off the ratio 
| to 
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to be ſubtracted from the antecedent of the other, 
thus: let it be required to ſubtract the ratio of C to D 
from the ratio of 4 to B: now the ratio of C to D ſet 


off from A reaches to = therefore to ſubtract the 
ratio of C to D from the ratio of A to B is the ſame 


as to ſubtract the ratio of A to 72 from the ratio of 


AtoB ; but the ratio of A to 75 ſubtracted from 
the ratio of A to B, a ratio of the ſame antecedent, 
leaves the ratio of = to B, or of AD to BC; there- 


fore the ratio of C to D ſubtracted from the ratio of 
A to B leaves the ratio of AD to BC. The rule then 
is as follows: | 
Whenever one ratio is to be ſubtratied from another, 
change the ſign of the ratio to be ſubtrafted by inverting 
its terms, and then the ſum of this new ratio added to 
the other will be the ſame with the remainder of the 
intended ſubtractiun. Thus to ſubtract the ratio of C 
to D from the ratio of Ato B is the ſame as to add the 
ratio of D to & to the ratio of A to B; but the ratio 
of D to C added to the ratio of A to Bgives the ratio 
of AD to BC by the laſt article; therefore the ratio of 
C to D ſubtracted from the ratio of A to B leaves the 
ratio of AD to BC, For a further proof of this, we 
are to take notice, that in all ſubtraction whatever, 
the remainder and the quantity ſubtracted ought both 
together to make the quantity from whence the ſub- 
traction was made; but in our caſe the remainder was 
the ratio of AD to BC, and the quantity ſubtracted 
was the ratio of C to D, and theſe two added toge- 
ther make the ratio of AC D to BCD, or of A to B, 
which is the ratio from whence the ſubtraction was 
made; therefore the remainner in this caſe was rightly 
aſſigned. . : 


For 
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For an example in numbers, let it be required to 
ſubtract the ratio of 4 to 5 from the ratio of 2 to 3: 
now the ratio of 5j to 4 added to the ratio of 2 to 3 
gives the ratio of 10 to 12, or of 5 to 6, by the laſt 
article; therefore the ratio of 4 to 5 ſubtracted from 
the ratio of 2 to 3 leaves the ratio of 5 to 6, which 
may be confirmed thus: the ratio of 2 to 3 is the 


ſame with the ratio of 4 to 6, which contains the 


ratios of 4 to 5 and of 5, to 6; therefore, if the ratio 
of 4 to 5 be taken away, there will remain the other 
part, which is the ratio of 5 to 6. 


Before I conclude this article, I ought to take no 


tice that there is another way of conceiving the ſub- 
traction of ratios, which for its uſe in Phyſics and 
Mechanics ought not to be paſſed by in this place ; it 
is thus: the ratio of C to D added to the ratio of A 
to B conſtitutes the ratio of ACto BD; therefore, e 
converſo, the ratio of C to D ſubtracted from the ratio 


| B 
of A to B muſt leave the ratio of to A, becauſe 


D 
multiplication and diviſion are as much the reverſe of 
one another as addition and ſubtraction; but this ra- 


5 B . 
tio of F to Z, when reduced to integral terms, is 


the ſame with the ratio of AD to BC found before. 
N. B. Wherever it is ſaid that the ratio of A to B 
is compounded of the direct ratio of C to D, and of the 


inverſe or reciprocal ratio of E to F, the meaning is, 


that the ratio of A to B is equal to the exceſs of the ratio 
of C to D above the ratio of E to F, or that A is to B 


„ 
as E * F- or as CF to DE. 


Of the multiplication and diviſion of ratios. 


297. If the ratio of A to B be added to itſelf, that | 


is, to the ratio of A to B, the ſum will be the ratio 
of A to B by the laſt article but one; and this 
| | * being 
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being added again to the ratio of Ato ; gives the ratio 
of A to, and ſo on; therefore the ratio of A to B* 
is double, and the ratio of A to triple, of the ratio 
of A to B. And univerſally, The ratio of An to Bu is. 
ſurb a multiple of the ratio of A to B as. is expreſſed by 
the number n. Thus the ratio of A to Ba is four times 
the ratio of Ato B, which I prove thus: the ratio of 
A to B reaches firſt from 44 to A B, 2dly, from AB 
to AB., 3dly, from AB to Ai,, and 4thly, from 
A to B.. | | 
To give an example in numbers, I ſay that five 
times the ratio of 2 to 3 is the ratio of the fifth 
power of 2 to the fifth power of 3, that is, the ratio 
of 32 to 243 : for the ratio of 2 to 3 reaches 1ſt from 
32 to 48, 2dly from 48 to 72, 3dly from 72 to 108, 
4tbly from 108 to 162, and 5thly from 162 to 243, 
Thus much far multiplication. 
Diviſion is the reverſe of multiplication ; and there- 
fore as every ratio is doubled or trebled or quadrupled by 
ſquaring or cubing or ſquare ſquaring its terms, ſo every 
ratio is biſected or triſected or quadriſected by extrating 
the ſquare or cube or ſquare-ſquare roots of its terms. 
Thus half the ratio of 2 to 3 is the ratio of the ſquare 
root of 2 to the ſquare root of 3, that is (when re- 
duced according to the firſt ſcholium in art. 179% the 
ratio of 40 to 49 nearly; which is further proved 
thus: the ratio of 40 to 49 is half the ratio of 1600 
to 2401, by what was delivered in the former part 
of this article; but 1600 is to 2400 as 2 to 3 ; there- 
fore 1600 is to 2401 as 2 to 3 very near. 
But there is no neceſſity of a double extraction of 
the root in the diviſion of a ratio, provided the ratio 
propoſed be reduced to an equal one whoſe antecedent 
is unity. Thus 2 is to 3 as 1 to 2, and therefore 
half the ratio of 2 to 3 is the ratio of 1 to V, or the 
ratio of 1 to 1.5. ; | | 
From - what bas been ſaid it appears that one ratio 
may be commenſurate to another, and yet the terms of 
one incommenſurate to the terms of the other : thus the 
dee the Quarto Edition, p. 283. ratio 
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ratio of 2 to 2 is certainly commenſurate to the ratio 


of the ſquare root of 2 to the ſquare root of 3, the 
former being double of the latter; and yet 2 and 3, 
the terms of the former ratio are incommenſurate to 
V and VJ the terms of the latter. 

Note. Wherever it is ſaid that A is to B in a ſef- 
quiplicate ratio of C to D, the meaning is, that * 
ratio of A to B is equal to +. of the ratio C 10 
therefore, in ſuch a caſe, twice the ratio of A to B will 
be equal to three times the ratio of C to D; but twice 
the ratio of A to Bis the ratio of A to B, and three 
times the ratio of C to D is the ratio of C to D3 
therefore if A be to B in a ſeſquiplicate ratio of C to D, 
A will be to B' as C to D*, Thus, in the revolu- 
tions of the primary planets about the Sun, and of 
the ſecondary planets about Jupiter and Saturn, their 

riodic times are ſaid to be in a ſeſquiplicate ratio of 
their middle diſtances, that is, the ſquares of their 
periodic times are as the cubes of their middle diſ- 
Lances. 


Another way of multi olving and dividing ſmall 


ratios, that is, whoſe terms are large in com: 


pariſon of their difference. 


+ Before I deliver what I have to ſay upon this 

1 I ſhall only obſerve, that F two intermediate 
quantities bave always the ſame difference, the greater 
the quantities are, the nearer will their ratio approach 
towards à ratio of equality: thus the difference be- 
twixt 2 and I is the ſame with the difference betwixt 
100 and 99; but the ratio of 2 to 1 or of 100 to 
50 is much greater than the ratio of 100 to 99. By 


the help of this obſervation, and the following theo- 


rem, I ſhall endeavour to ſhew that ſmall ratios may 
ſometimes be doubled, or tripled, or biſe&ed, or tri- 
ſected, by more compendious ways than thoſe that are 
taught in the laſt article; and whenever they happen 
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to be ſo, they ought to be uſed, and frequently are 
uſed, rather than the other. 


A THEO RE M. 


If there be two quantities whoſe difference is but ſmall 
in compariſon of the quantities themſelves, and if ſo much 
be added to one and ſubtrafted from the other as ſhall 
make their difference double, or triple, or half, or a 
third part of what it was before; I ſay then that the 
quantities after this alteration ſhall be in a duplicate, or 
a triplicate, or @ ſubduplicate, or a ſubtriplicate ratio 
of that they were in before any ſuch change was made, 
nearly. 

1 Let there be two numbers 10 and 11, whoſe 
difference is 1; then if Z be added to 11 and ſub- 
tracted from Fo: we ſhall have the numbers 114 and 
94, whoſe difference is 2: I ſay now that 114 is to 

9X in a duplicate ratio of 11 to 10 nearly. For the 
ratio of 114 to 9g is reſolvable into theſe two ratios, 
viz. the ratio of 1 14 to 103 and the ratio of 104 to 


9 1: now of theſe two ratios the former, to wit, that 


of 114 to 10, is ſomewhat leſs than the ratio of 11 
to 10, by the obſervation at the beginning of this 
article; and the latter, to wit, that of 10F to 94, is 
ſomewhat greater than the ratio of 11 to 10, and the 
exceſs in this caſe is nearly equal to the defect in the 
former; therefore the ſum of both theſe ratios put to- 
gether, that is, the ratio of 114 to 94 will be very 
nearly equal to twice the ratio of 11 to 10. 
2dly, As the difference betwixt 10 and 11 is 1, add 
1 to 11 and ſubtract it from 10, and you will have the 
aucnbers 12 and 9, whoſe difference is 3: I ſay now 
that 12 will be to g, or 4 to 3, in a triplicate ratio of 
11 to 10 nearly, For the ratio of 12 to ꝗ is reſolvable 
into theſe three ratios, to wit, the ratio of 12 to 11, 
the ratio of 11 to 10, and the ratio of 10 to 9g; and of 


theſe three ratios, the firſt, to wit, that of 12 to 11, is 
ſomewbat leſs than the middle ratio of 11 to 10; and 


the laſt, to wit, that of 10 to 9, is about as much 
greater; 
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greater; therefore the firſt and laſt ratios put together 


will make about twice the middle ratio of 11 to 10 
therefore all theſe three ratios put together, to wit, the 
ratio of 12 to 9, Will make three times the ratio of 


11 to 10 nearly. | 
3dly, And if increaſing the difference increaſes the 


ratio proportionably, then diminiſhing the difference 
ought to diminiſh the ratio proportionably, that is, if 


the difference be reduced to half, or a third part of what 
it was at firſt, the ratio ought to be ſo reduced: now 


as the difference between 10 and 11 is 1, add 4 to 10 


and ſubtract it from 11, and you will have the num- 
bers 104 and 104, whoſe difference is 4, and 104 will 


be to 103 in a ſubduplicate ratio of 10 to 11 nearly; 


but if 3 be added to 10 and ſubtracted from 11, you 
will then have the numbers 104 and 102, whole dif- 


ference is 33; and 10+ will be to 102 in a ſubtriplicate 


ratio of 10 to 11 nearly. 

Let us now try how near the ratios here found ap- 
proach to the truth. By the laſt article, the duplicate 
ratio of 10 to 11 is the ratio of 100 to 121, or of 1 to 
1. 2100; and according to the foregoing theorem it 
is the ratio of 9 to 114, or of 19 to 23, or of 1 to 
1. 2105. p 

By the laſt article the triplicate ratio of 10 to 11 is 
the ratio of 1000 to 1331, orof 1to 1.331; and ac- 
cording to the foregoing theorem it is the ratio of 9 
to 12, or of three to 4, or of 1 to 1 .333. 

By the laſt article the ſubduplicate ratio of 10 to 11 
is the ratio of 1 to the ſquare root of 4, or of 1 to 
1.048813; and according to the foregoing theorem it 
is the ratio of 10+ to 104, or of 41 to 43, or of 1 to 
1.04878. | 

By the laſt article the ſubtriplicate ratio of 10 to 11 
is the ratio of 1 to the cube root of 4, that is, of I 
to 1.03228 and according to the foregoing theorem 
it is the ratio of 10+ to 102, or of 31 to 32, or 


of 1 to 103226. 
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By theſe inſtances we fee how near theſe ratios come 
up to the truth, even when the difference is no leſs 
than a tenth or an eleventh part of the whole: bur if 
we ſuppoſe the difference to be the hundredth or the 
thouſandth part of the whole, they will be much more 
accurate; infomuch that, to multiply or divide the 
ratio, it will be ſufficient to encreaſe or diminiſh one 
of the numbers only. Thus 100 is to 102 in a dupli- 
cate, and to 103 in a triplicate, ratio of 100 to 101; 
and 100 is to 100 - in a ſubduplicate, and to 100 
E in a ſubtriplicate, ratio of 100 to 101 nearly: and 
univerſally, If Az and Ay be any two quantities 
approaching infinitely near to the quantity A, the ratio 
of Az to A will be to the ratio of Ay to A as the 


infinitely ſmall difference 2 is to the infinitely ſmall dif- 
erence y. bet | 
I ſhall draw only one example out of an infinite 
number that might be produced to ſhew the uſe of 
the foregoing propoſition. Suppoſe then I have a 
clock that gains one minute every day; how much 
muſt I lengrhen the pendulum to fer it right? Let / 
be the preſent length of the pendulum, let x be the 
increment to be added to its length in order to cor- 
| rect its motion, and let ꝝ be the number of minutes 
| in one day; then it is plain that the pendulum ! per- 
forins the ſame number of vibrations in the time n—1 
that the pendulum {4x is to perform in the time x. 
| Now Monſieur Huygens has demonſtrated that the 
1 times wherein different pendulums perform the ſame 
1 number of vibrations are in a ſubduplicate ratio of 
| the lengths of thoſe pedulums; therefore t muſt 
be to z in a ſubduplicate ratio of I to }-|-s, or (which 
comes to the ſame thing) / muſt be to A in a du- 
. plicate ratio of ni to z : but by the foregoing pro- 
| poſition, the duplicate ratio-of #—1 to z is the ratio 
. of u—2 to »+4, or of 21—3 to 221; therefore 
" {is to Im as 24—3 is to 211, that is, the pen- 
dulum mult be lengthened in the proportion of 2y— 
to 2441 but z the number of minutes in one day 
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is 1440; and therefore 2u—2 is to 2n-|-1 as 2877 
is to 2881, or as 719 to 720 very near; therefore 
the pendulum muſt be lengthened in the proportion 
of 719 to 720. 2 E. J. 

Had the duplicate ratio of z—1 to n been taken 
only by diminiſhing 2—1 to n—2, without med- 
dling with the other number u, the concluſion would 
ſtill have been the ſame; for then / would have 
been to lx as #—2 to n, as 1438 to 1440, as 719 
to 720. 
Having now delivered what I intended concerning 
the compoſition and reſolution of ratios, it remains 
that I ſay ſomething further concerning the applica- 
tion of this doctrine, and then 1 ſhall make an end of 
the ſubject, 


DEFINITION 4. 


299. If two variable quantities Q and R be of ſuch 
a nature, that R cannot be increaſed or diminiſhed in any 
proportion, but Q muſt neceſſarily be increaſed or dimi- 
niſhed in the ſame proportion; asif R cannot be changed 
to any other value r, but Q muſt alſo be changed to ſome 
other value q, and ſo changed that Q ſhall always be to 
q in the ſame proportion as R tor; thenis Q ſaid to be 
as R direttly, or imply as R. Thus is the circumfe- 
rence of a circle ſaid to be as the diameter ; becauſe 
the diameter cannot be increaſed or diminiſhed in any 
proportion, but the circumference mult neceſſarily be 
iacreaſed or diminiſhed in the ſame proportion. Thus 
is the weight of a body ſaid to be as the quantity of 
matter it contains, or proportionable to the quantity 
of matter; becauſe the quantity of matter cannot be 
increaſed or diminiſhed in any proportion, but the 
weight mult be increaſed or diminiſhed in the fame 


proportion. 
©. 0:&0L 4 AF: 1. 
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any other value , and at the ſame time let R be 
changed tor; then ſince Q is as R, & will be to 3 
as R tor; but if Q is to 4 as K is to r, then vice 
verſa R will be tor as 2 to q: ſince then & cannot 
be changed to q, but R —_ be changed to r, and 
that in the ſame proportion, it follows by this defi- 
niticn that R is as £ direclly. 


COS LLARY.-: 2: 


If Q be dircily as R, and R be direftly as S, then 
will Q be directiy as S. For let S be changed to s, 
and at the ſame time R to r, and & to q; then ſince 
by the ſuppoſition & is as 8, R muſt be tor as S to 
5; and fince again & is as R, Q. will be to as R to 
: ſince then & is to q as R tor, and & is to r as 8 to 
5, it follows that Qwill be to g as S tos, and conſe- 
quently that Q will be as S. 


COROLLARY 3. 


If Q be as R, and R beasS,; T ſay then that Q will 
be as KAS, and alſo as the glare root of the product 
RS. For changing 9, R, 5, into 4, r, 5, ſince R is as 
S, we ſhall have R do r as S to 5; whence by the 
twelfth and nineteenth of the fifth book of the Ele- 
ments R will be to r as RA is to ; but © is to 
J as A is tor, ex pot heſi; therefore Vis 1 to q as RAS 
is to 7Þ5; therefore by this definition Q, Lil be as 
RS. Again, ſince R is as 8, R- will be as RS, 
and R as VRS; but © is as N; therefore by the 
laſt corollary © will be as HRS. 


COROLLARY 4. 


If any variable quantity as Q be multiplied by any 
given number as 5; I ſay then that 5Q will be as Q. 
For it will be impoſſible for & to be increaſed or 
Ciminiſhed in any proportion, but 52, muſt be in- 
ereaſed or diminiſhed in the dame proportion: if & in 
wa one caſe be double of & in another, then Qin 

the 
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the former caſe muſt be double of 52 in the latter, 
and ſo on; therefore 5 is as Q, 


Corollary 5. 


If Q be as R, then Q. will be as R=, Q as RI, 
Qa VR, &c. For let R be changed in the 
proportion of D to E; then will R be changed in 
the proportion of VD to VE; but 2 is as R; "there- 
fore Q. will alſo be changed in the proportion of VD 
to VI; therefore N will be changed in the propor- 
tion of D to E: ſince then R* cannot be changed in 
any proportion, ſuppoſe of D to E, but Q muſt 
neceſſarily be changed in the ſame proportion, it 
follows from this definition that & is as R*; and 
the reaſoning is the ſame in all other caſes, 


COROLLARY 6. 
If Q, R, and 8, be three variable quantities, and 


he as the product or reftangle RS; I ſay then, that 


Q > 
Ty will always be as 8, and Y as R, and that = RS 


will be a given quantity, or ( hd is chiefly . by 
that phraſe) that the quantity E. will always be the 


ſame, be the values of Q, R, andS, what they will. 
For ſince & is as RS, Q cannot be increaſed or di- 
miniſhed in any proportion, but RS muſt be in- 
creaſed or diminiſhed in the ſame proportion ; there- 
fore 1 cannot be increaſed or diminiſhed in any 


proportion, but * or & muſt be increaſed or di- 


miniſhed in the ſame proportion; therefore & is as 


18 and = as 8: and by a like proof, R will be 


2 
as S, and > 5 will be as R but if = be as R, 
| then 
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then dividing both ſides by R, we ſhall have 4 | 


as 1; but 1 is a quantity that neither increaſes nor 
diminiſhes, but is always the fame ; therefore the 


quantity 5 will always be the ſame : and for the 


ſame reaſon, If Q be as any fingle quantity, ſuppuſe 


R, Q 


= will always be the ſame, let Q and R be what 


_ #hey will, 


COROLLARY 7. 


If there be four variable quantities A, B, C, D, all 
in numbers, whereof A is as B, and C is as D; I ſay 
then that the produft AC will be as the product BD. 
For ſince A is as B, 4C will be as BC, and ſince C 
is as D, BC will be as BD; therefore by the ſecond 
corollary AC will be as BD; that is, A in one caſe 
will be to 40 in any other as BD in the former caſe 


is to BD in the latter. | 


DEFINITION 5. 


300. If two variable quantities Q and R be of ſuch 
a nature, that R cannot be increaſed in any proportion 
whatever, but Q muſt neceſſarily be diminiſhed in a con- 
trary proportion, or that R cannot be N n in any 
proportion whatever, but Q muſt neceſſarily be increaſed 
in à contrary proportion; in a word, if R cannot be 
changed in à proportion of D to E, but Q muſt ne- 
reffarily be changed in the proportion of E to D; then 
is Q /aid to be as R inverſely or reciprocally. Thus if 
a ſpherical body be viewed at any conſiderable diſ- 
rance, the apparent diameter is ſaid to be recipro- 
cally as the diſtance, becauſe the greater the diſtance 
is, the leſs will be the apparent diameter, and vice 
verſa, Thus if a globe be ſuppoſed to move uni- 


formly about its axis, the periodical time of this 
motion is ſaid to be reciprocally as the velocity with 


which the globe circulates (for the quicker the cir- 
| culation 
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culation is, the ſooner it will be over); which is as 
much as to ſay, that the greater the velocity is with 
which the globe circulates, the leſs will be the peri- 
odical time of one revolution, and vice verſa. Thus 
if the numerator of a fraction continues always the 
ſame whilſt the denominator is ſuppoſed to vary, 
that fraction is ſaid to be reciprocallyas its denomi- 
nator,. becauſe the greater the denominator is, the leſs 
will be the value of the fraction, and vice ver/a, 


COROLLARY 1. | 

If Q be reciprocally as R, then e converſo R will be 
reciprocally as Q. For let Q be changed in the pro- 
portion of D to E, and at the ſame time let R be 
changed in the proportion of A to B; then ſince © is 
reciprocally as R, 2 muſt be changed in the proportion 
of B to A; but 2. was changed in the proportion of D 
to E; therefore B muſt be to A as D to E; therefore, 
inverſely, A muſt be to Bas Eto D; but R was 
changed in the proportion of 4 to B by the ſuppo- 
ſition; therefore R was changed in the proportion of 
E to D. Since then 2 cannot be changed in any 
proportion, ſuppoſe of D to E, but R muſt neceſſa- 
rily be changed in the contrary proportion of E to D, 
it follows from this definition that R muſt be recipro- 
cally as Q; * 3 | 

COROLLARY 2. 

If Q be directly as R, and R be reciprocally as S, Iben 
Q muſt be reciprocally as 8. For let 8 be changed in 
the proportion of D to E; then ſince R is reciprocally 
as S, R muſt be changed in the proportion of E to D; 
but © is directly as K by the ſuppoſition; therefore 
muſt alſo be changed in the proportion of E to D. 
Since then $ cannot be changed in the proportion of 
D to E, but & muſt neceſſarily be changed in the 
proportion of E to D, it follows from this definition 
that D is reciprocally as 9. EY, N 

CoROL- 
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CORNOLLARVY g. 


By a like way of reaſoning, if Q be reciprocally as 
R, and R be reciprocally as 8, Q will be direftly 
as 8. 


—— 


COROLLARY 4 


If two variable quantities Q and R be of ſuch a na- 
ture that their product or rectangle QR is always the 
fame; I ſay then that Q will be reciprocally as R. For 
ſince Q is always the ſame, it will be as the number 
1, which neither increaſes nor diminiſhes; but if 2R 


be as one, then 2 will be as the fraction — by the 


| R 
ſixth. corollary to the fourth definition. Since then 
9 is directly as the fraction K and the fraction 72 


is reciprocally as its denominator R by this definition, 
it follows from the ſecond corollary that Q will be re- 
ciprocally as R. ny 


COROLLARY 3. 


Every fraction is reciprocally as the ſame fraftion 


inverted. Thus the fraction J is reciprocally as the 


fraction I. This is evident from the laſt corollary; 
e ek Dan 

for if the fractions 5 and ＋ be multiplied together, 
their product will always be unity, let R and 8 be 
what they will. | | | 
ir 

* If Q be reciprocally as R, or reciprocally as 5 
5 then 
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then 3 be directly as 12 For ſince 2 is reci- 


R 
procally as —» and— is reciprocally as — by the 


laſt ſine Hou it follows from the third corollary that 
Q will be directly as A. For the ſame reaſon, 1f Q 


be reciprocally as 5 1 „ it will be direfily as R. 


DEFINITION 6. 

301. If any quantity as Q depends upon ſeveral others 
as R, 8, T, V, X, all independent of one another, ſo 
that any one of them may be changed ſingly without affect. 
ing the reſt; and if none f the quantities R, 8, IT, can 
be changed ſingly, but Q muſt be changed in the ſame 
proportion, nor any of the quantities V, X, but Q muſt 


be changed in a contrary proportion ; then is Q /aid to 
be as R and S and J direfthy, and as V and X recipro- 


cally or inverſely . Thus the fraQtion 74 is ſaid to 


be as R and & and Tdirectly, and as V and X inverſely, 
becaufe none of the factors belonging to the nume- 
rator can be changed, but the value of the fraction 
muſt be changed in the ſame proportion, and none of 
the factors belonging to the denominator can be 
changed, but the value of the fraction muſt be changed 
in a contrary proportion. 

N. B. If Q be as R and 8 and T direct, without 


any reciprocals, then it is ſaid to be as R and S and T 
conjunctim, zointly. 


A THEOREM. 


302, If Q be as R and S and T directly, and as 
V and X reciprocaliy ; and if the quantities R, 8, T, 
V, X, be changed into r, s, t, v, x, and ſo Q into ; 
1 oy then that the ratio of Q to q will be equal to the 

exceſs 
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exceſs of all the direct ratios taken together above all 
the reciprocal ones taken together : as if the ratios of R 
to r, of Sto s, and of I tot (which I call direct ratios) 
when added together-make the ratio of A to B; and if 
the ratios of V to v, and of X to x (which I call reci- 
procal ratios) when added together make the ratio of C 
fo D; I ſay then that the ratio of Q to q will be equal 


to the exceſs of the ratio of A to B above the ratio of C 


to D. 

For ſuppoſing all but R to continue the fame, let 
R be changed into r; then will be changed from 
its firſt value ip the ratio of R tor by the Hpotheſis: 
let now er, 7, V, & continue, and let $ be changed 
into s : then will Q be changed from its laſt value 
in the ratio of Sto s; in like manner if T be changed 
into t, ceteris paribus, 2 will be changed from its 
laſt value in the ratio of T to #: therefore if R, S, 
de changed into-r, 5, t, 2 will be changed from 
one value to another in a ratio compounded: of all 
the direEt ratios of R to r, of S tos, and of F to; 
that is, Q will be changed in the ratio of 4 to B. 
This being ſo, let us now imagine to be changed, 
exteris parilus, into v; then will 2 be further 


changed in the ratio of v to V; and if after this we 


imagine A to be changed into K, & will be changed 


in the proportion of x to A, and will now be arrived 


at its laſt value q : therefore if to the ratio of A to 
B you add the ratios of v to/ and of x to A, you 
will have the ratio of & toq : but to add the ratio 
of v to Vis the ſame thing as to ſubtract the ratio of 
to v by art. 296; and ſo again, to add the ratio 
of x to Ais the ſame as to ſubtract the ratio of A to 
&; therefore if from the ratio of A to B you ſub- 
tract the ratios of to v and of Xto x, you will 
have the ratio of & to q; but the ratios of to v 
and of A to. x, when added together, make the 
ratio of C to D, ex hypatbeſi; therefore if from the ratio 


of A to B you ſubtract the ratio of C to D, there 


will remain the ratio of Q to q ; therefore the ratio of 


9 to 
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9 toqgis the exceſs of the ratio of A to B above the 
ratio of C to D; or (which is the ſame thing) 2 is 
to 4 in a ratio compounded of the ratio of 4 to B. 
directly, and of the ratio of C to D inverſely. See 
art. 296. | 

This is upon a ſuppoſition that the quantities R, &, 
J, J, & were changed into r, 5, t, v, x one after an- 
other in time: but ſince the ratio of Qto does not 
depend upon the intervals of time between the ſeveral 
changes, but will be the ſame whether thoſe intervals 
be greater or leſs, it follows that the ratio of & to q 
will be the ſame as if all theſe changes had been made 
at once. & E. D. 


Canola ity 1. 


If the quantities R, 8, T, /, A, and conſequently 
A, B, C, D, be expreſſed by numbers, as they muſt 
be before they can be of uſe in any computation; 
then the ratio of A to B will be the ratio of R to 
rst, and the ratio of C to D will be the ratio of 
VX to vx; and the exceſs of the ratio of A to 3 


above the ratio of C to D will be the ratio of- 
RST rst 


Tx to Or; (fee the, ſecond way of ſubtracting. 


ratios in art. 296) therefore, in this caſe, 2_ will be 


to q as the fraction = is to the fraction -£ Since 
h | v 


RST 
then the fraction N cannot be changed into _— 
but at the ſame time Q muſt be changed into q, and ſo 


RST 
changed that Q will be to d as is to Sr, it fal- 


lows from the fourth definition that Q will be as the. 
fraction N ; and conſequently that . in any one 


caſe will be to Q in any other as the fraction KIT, 


Vx 
3 in 
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* 5 þ 
in the former caſe is to the fraction i in the 

latter. ; 

CoROLLARY 2. 


If there be no reciprocals then Q will be as the product 
of all the direct terms, that is, as the product RS if there 
be two of them, or as the product RSI if there be three 
of them, &c. 


SCHOLIUM:. 


In the demonſtration of the foregoing propoſition 
as well as in the ſixth definition it was ſuppoſed, that 
the quantities R, S, T, /, X, upon which 2 depended, 
were themſelves entirely independent of one another, 
ſo as that any of them might be changed ſingly without 
affecting the reſt; and in ſuch a caſe, if Abe as Rand 
Sdirectly, it may be concluded to be as the product RS, 
But this concluſion muſt not be carried farther than 
can be juſtified by the demonſtration: for if in any caſe 
the quantities R and 8 ſhould not be independent, if 
neither of them can be changed whilſt the other conti - 
nues the ſame, then though no change can be made 
either in R or 8 but what will make a proportionable 
change in 2, yet here 2 muſt not be ſaid to be as the 
product RS. As for example, let & be an arc of a cir- 
cle ſubtending at the diſtance Ran angle whoſe quan- 
tity is repreſented by 8; then it is plain that neither R 
nor 8 can be changed ſingly, but 2 muſt be changed 
proportionably ; it is plain alſo that either RorS may 
be changed ſingly whilſt the other remains the ſame; 
and therefore in this caſe it is lawful to conclude that 
Lis as the product RS. But let us now ſuppoſe & to 
be the circumference of a circle whoſe radius is R, 
and let S be the {ide of a regular polygon of any given 

ſort inſcribed in that circle; as for inſtance, let 8 be 
the ſide of an inſcribed ſquare: here then it is plain 
that neither R nor $ can be changed, but & mult be 


changed 
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changed proportionably ; and yet if we ſhould con- 
clude in this caſe that & is as KS, the illation would 
be falſe, becauſe R and & have here as much depen- 
dence upon one another as & upon both; for every 
one knows that the radius of a circle cannot be in- 
creaſed or diminiſhed in any proportion, but the ſide 
of a ſquare inſcribed in that circle muſt be increaſed 
or diminiſhed in the ſame proportion : in this caſe it 
may be concluded that Lis as R+S, or as R—S, or 
as the ſquare root of RS by the third corollary in art. 
299, but it muſt by no means be allowed that Qis as 
RS; for ſhould Q be as RS, ſince in this caſe & is as 
R, and conſequently KS as R., 2 would be as Ri by 
the ſecond corollary in art. 299, which contradicts the 
ſuppoſition that Lis as R. | 


Examples to illuſtrate the foregoing theorem, where 
direct ratios are only concerned. 


303. Ex. 1. If a body moves for any time with any 
uniform velocity through any ſpace, that ſpace will be as 
the time and velocity jointly. For it we ſuppoſe the 
velocity to be the ſame in all caſes, but the time to 
differ, then the ſpace deſcribed will be greater or leſs 
in proportion as the time is ſo, and therefore will be 
as the time: on the other hand, if we ſuppoſe the 
time to be the ſame in all caſes, and the velocity to 
differ, then the ſpace deſcribed in theſe equal times 
will be greater or leſs as the velocity is fo, and con- 
ſequently will be as the velocity: laſtly, let us ſuppoſe 
both the time and velocity to vary ; then the ſpace 
will vary upon both theſe accounts, and therefore will 
vary in a ratio equal to the ratio wherein the time va- 
ries, and the ratio wherein the velocity varies put to- 
gether ; that is, the ſpace in any one caſe will be to 
the ſpace in any other in a ratio compounded of the 
ratio of the time in the former caſe to the time in the 
latter, and of the velocity in the former caſe to the 
velocity in the latter. This is univerſal z but if we 

* ſuppoſe 
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ſuppoſe the time and velocity to be expreſſed by num- 
bers, we muſt then ſay that the ſpace deſcribed is as 
the product of the number repreſenting the time mul- 
tiplied into the number repreſenting the velocity, by 
the ſecond corollary in the laſt article; or that the 
ſpace deſcribed in any one caſe is to the ſpace deſcribed 
in any other as the product of the time and velocity in 
the former caſe is to a like product in the latter. 

Ex. 2. The quantity of matter in any bedy depends 
upon two things, viz. its magnitude and denſity (where 
by denſity I mean the compatineſs or cloſeneſs of its mat- 
ter). For if two bodies of equal denſities but of un- 
equal magnitudes be compared, one body muſt have 
more matter than the other, or leſs, according as its 
ſolid content is greater or leſs, that is, according as 
its magnitude is greater or leſs; therefore in this caſe 
the quantities of matter in any two bodies thus com- 
pared will be as their magnitudes : on the other hand, 
if two bodies of the ſame magnitude but of different 
denſities be compared, their quantities of matter will 
be as their denſities, becauſe the cloſer the parts of a 
body are, ſo much mare matter will be crowded into 
the ſame ſpace ; therefore, if the bodies be different 
both in magnitude and denſity, the quantity of mat- 
ter in one body will be ta the quantity of matter in 
the other in a ratio compounded of the ratio of the 
magnitude of one body to the magnitude of the other, 
and of the ratio of the denſity of the former body to 
the denſity of the latter; and cherefore, if theſe quan- 
tities be repreſented by numbers, the quantity of mat- 
ter in any. body. will be as its magnitude and denſity 
multiplied together. Thus it D and d be the diame- 
ters of two globes whoſe denſities are as E toe, the 
quantity of matter in the former globe will be to the 
quantity of matter in the latter as Dx E is to dο 
for the ſolid contents of all globes are as the cubes of 
their diameters. 1 3 | 

Ex. 3. The momentum, or force, or impetus with 
which a body moves, and with which it will firike any 
| cbftacle 
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obſtacle that lies in its way to oppoſe or flop it, is as 
the velocity of the motion and the quantity of matter in 
the body jointly. For the ſame quantity of matter 
moving with different velocities will ſtrike an obſtacle 
with forces proportionable to the velocities : on the 
other hand, different quantities of matter moving 
with the ſame velocity will ſtrike with forces propor- 
tionable to their matter; a double body will ſtrike with 
a double force, &c.; therefore, in the caſe where the 
velocity is the ſame, the momentum of a hody is as the. 
quantity of matter it contains; and in the caſe where 
the quantity of matter is the ſame, the momentum is 
as the velocity ; therefore, if neither the velocity nor 
the matter be the ſame, the momentum will be as the' 
matter and velocity jointly ; and, in numbers, as the 
product of the number expreſſing the matter multi- 
plied into the number expreſſing the velocity. 

Ex. 4. If a heavy body be ſuſpended perpendicularly 
upon a lever (by which I mean an inflexible rod moving 
about a fixt point in the middle), the momentum or 
efficacy of that body to turn the lever about its center is, 
ceteris paribus, as the weight of the body and as the 
diſtance of the point of ſuſpenſion from the center of the 
lever jointly. For if we ſuppoſe this diſtance to be 
the ſame, the momentum of the body to turn the lever 
muſt be greater or leſs according as its weight is ſa, 
from whence that momentum arifes : on the other hand, 
if we ſuppoſe the weight to be always the ſame, bur 
ro be removed, ſometimes farther hag and ſome- 
times nearer to the center, the momenium of the body 
to turn the lever will be greater or leſs in proportion 
to the diſtance of the point of ſuſpenſion from the cen- 
ter of the lever, as is demonſtrated in Mechanics, and 
may eaſily be tried by experience: therefore univer- 
fally, the momentum of the body will be as this dif- 
tance and the weight of the body jointly; and in 
numbers is as the product of the weight multiplied 
into the diſtance. LS | 

Ya Te 
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To illuſtrate this, I ſhall put the following queſtion. 
Let a body weighing five pounds be ſuſpended at the 
diſtance of ſix inches from the center of a lever, and 
let another body of ſeven pounds be ſuſpended on the 
ſame fide of the center at the diſtance of eight inches; 
then let a third body of nine pound weight be ſul- 
pended on the other ſide of the center at the diſtance 
of ten inches: Quære, whether will theſe bodies ſuſ- 
| tain each other in £quilibrio or not; and if not, on 
which fide will the lever dip, and with what momen- 
tum? 

Io reſolve this, ſince we are at liberty to repreſent 
any one of theſe momenta by what numbers we pleale, 
provided the reſt be repreſented proportionably, let 
us repreſent the momentum of the nine pound body by 
the product of its weight and diſtance multiplied to- 
gether, that is, by x io or 90; then muſt the other 
momenta be repreſented by like products, or they 
would not be repreſented by numbers proportionable 
to them: therefore the momentum of the five pound 
body will be 5X66 or 30, and that of the ſeven pound 
body 7X8 or 56; and therefore the ſum of the mo- 
menta on this lide the center acting the ſame way will 
be 86: whence now it plainly appears that the lever 
will dip on the (ide of the nine pound body, becauſe 
go, the momentum on that ſide, is greater than 86, 
the ſum of the momenta on the other (ide : and ſince 


the exceſs of 90 above 86 is 4, it follows that 4 will 


be the difference of the momenta on one ſide and the 
other; infomuch that if any one ſuſtains this lever 
immoveable, he will ſuſtain the ſame force as if all 
the weights now upon the lever were taken away, and 
a ſingle pound weight was fuſpended at the diſtance 
of four inches from the center of the lever : therefore 
when all the weights were upon the lever, if a ſingle 
pound weight had been ſuſpended at four inches diſ- 
tance, and on the ſame ſide of the center with the other 
two bodies whofe weights were five and ſeven pounds, 


he whole ſyſtem would then-have conſiſted in æqui- 
lioris. EM 


Upon 
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Upon this theorem, that the force of a body upon 
a lever 1s as its weight and diſtance from the center 
multiplied together, is founded the method of finding 
the centers of gravity of bodies, or the center of 
gravity of any ſyſtem of bodies, let their places or 
poſitions be what they will: but 1 muſt not carry this 
matter any farther, | 

Ex. 5. If a globe be made to move uniformly in an 
uniform fluid, the reſiſtance it will meet with in any 
given time by impinging againſt the particles of the fluid, 
will be as the denſity of the fluid, and as the ſquare of ihe 
aiameter of the globe, and as the ſquare of the velocity it 
moves with jointly. 

To determine rightly in this caſe, we muſt here do 
what we all along have done, and what we always 
muſt do in like caſes; that is, we muſt take the 
whole to pieces, examine every particular circum - 
ftance by itſelf, ceteris paribus, and then put them 
all together. Firſt then let us ſuppole the fame 
globe to move with the ſame velocity, but ſometimes 
in a denſer fluid, and ſoinertimes in a rarer; then it 
is plain that the denſer the fluid is, the more par- 
ticles of it the body will be likely to meet with in 
any given time, and conſequently the greater re- 
ſiſtance it will ſuffer from them; therefore the re- 
ſiſtance of the body, cæteris paribus, will be as the 
denſity of the fluid. In the next place let us ſuppole 
different globes to move in the ſame fluid, and wich 
the ſame velocity; then, ſince the reſiſtance of theſe 
globes ariſes only from their ſurfaces, or rather from 
half their ſurfaces, and ſince the ſurfaces of all 
globes are as the ſquares of their diameters, it 
follows that the reſiſtance theſe globes meet with will 
be as the ſquares of their diameters. Laſtliy, let us 
ſuppoſe the ſame globe to move in the ſame fluid 
with different velocities; then it is plain that a globe 
which moves with a double velocity will ſtrike twice 
as. many particles of the fluid in any given time, as 
it would if it was to move with a ſingle velocity: 
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but if the body ſtrikes twice as many particles, then 
twice as many particles will ſtrike it, whence ariſes 
the reſiſtance ; therefore the reſiſtance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the caſe of a 

ſingle velocity : but this 1s not all; for it will not 
oniy ſtrike twice as many particles, but it will ſtrike 
every particle with twice the force in this caſe of 
what it would in the caſe of a ſingle velocity; and 
therefore, ſince action and reaction are always equal, 
and ſince it is the reaction of the medium that creates 
the reſiſtance, it follows that a body moving with a 
double velocity meets with four times the reſiſtance 
of what it would meet with when moving with a 
fingle velocity. In like manner, a body that moves 
with a triple velocity will act three times as ſtrong 
upon three times the number of particles, and there- 
fore will ſuffer nine times the reſiſtance of what 
it would ſuffer with a ſingle velocity ; therefore the 
ſame globe moving in the ſame medium with dif- 
ferent velocities will meet with a reſiſtance propor- 
tionable to the ſquare of the velocity it moves with. 
Put now all theſe conſiderations together, and the 
reſiſtance of a globe moving uniformly in an uni- 
form fluid (I mean that reſiſtance which ariſes from 
the globe's impinging againſt the particles of the 
medium) will be as the denſity of the medium, as 
the ſquare of the diameter of the globe, and as the 
ſquare of the velocity it moves with jointly. Thus 
jt two globes whoſe diametersare D and 4 move with 
velocities which are to one another as to v in two 
fluids whoſe denſities are as E to e, the reſiſtance of 
the former will be to the reſiſtance of the latter as 
Dx is to v R . 


Otter 
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Other examples, where direct and reciprocal 
ratios are mixt together, 


304. Ex. 6. If a body be put into motion by any 
force directiy applied, whether this force be a ſingle 
impulſe afting at once, or whether it be divided into 
ſeveral impulſes acting ſucceſſively ; I ſay that the laſt 
velocity of this motion will be as the moving force 
directly, and as the quantity of matter in motion reci- 
procally. For if different forces be applied to the 
ſame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice ver ſa; there- 
fore in this caſe the velocity will be as the vis 
motrix : but if we ſuppoſe the fame force to be 
applied to different quantities of matter, then the 
greater the quantity of matter is, the leſs will be the 
velocity, and vice verſa, which I thus demonſtrate. 
Suppoſe the moving force M, when applied to a 
certain quantity of matter as 2, will produce the 
velocity “/; I ſay then that the ſame force M, applied 
to a quantity of matter equal to 22, will only pro- 


duce a velocity equal to : for M acting upon 2Q, 


will produce the ſame velocity as 4M acting upon 
12; bur 3M afting upon 2 will produce a velocity 
equal to J, becauſe by the ſuppohtion M acting 
upon & will produce the velocity /; therefore AZ 
acting upon 2.4 will produce a velocity equal to 2; 
and for the ſame reaſon, M aQing upon 34 will 
produce a velocity equal to , Sc.; therefore, if the 
vis motrix be the fame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter : therefore univerſally, the velocity will be 
as the vis motrix directly, and as the quantity of 
matter inverſely. As if M be changed into m, 
into 9, and ſo / into v, the ratio of to v will 
be equal ro the excels of the ratio of M to m above 
the ratio of & tog. In numbers thus; vill be to 
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vas F is to ; ſee the firſt corollary in art. 302. 


Otherwiſe thus; the momentum or impetus with which 

a body moves, 1s the force with which it will ſtrike 
an object that lies in its way to ſtop it; therefore 
ſince action and reaction are equal, the force neceſſary 
to deſtroy any motion muſt be equal to the momentum 
with which the body moves: bur the force neceſſary 
to deſtroy any motion is equal to the force that pro- 
duced it, which we call the vis motrix; therefore in all 
motion whatever, the vis motrix mult be equal to the 
momentum, and mult be as the quantity of matter in 
the body moved multiplied into the velocity of the 
motion, becauſe the momentum is fo; ſee the laſt ar- 
ticle, example the 3d : therefore M will always be as 


VX and V as 5 


If M be'as 9, then 5 vill be a ſtanding quan- 


tity, and therefore the velocity in this caſe will al- 
ways be the ſame. Thus if the weights of all bodies 
be proportionable to the quantities of matter they 
contain, they will be equally accelerated in equa] times; 
and vice verſa, if all bodies, how different ſoever in the 
kinds and quantities of matter, be equally accelerated 
in equal times (as by undoubted experiments upon 
pendulums we find they are, ſetting aſide the reſiſtance 
of the air), it follows. that the weights of bodies are 
proportionable to their quantities of matter only, 


without depending upon their forms, conſtitutions, 
or any thing elle, 


Fate 7s The velocity of a planet moving uniformly 


in a circle round the Sun is as its diſtance from the 
centre of the Sun direttiy, and as its periodical lime in- 
zerſely, For if two planets at different diſtances from 
the Sun perform their revolutions in the ſame time, 
that planet muſt move with the greateſt velocity that 
has the greateit circumterence to deicribe ; therefore 
2 in 


Art. 304. Reſolution of Ratios. 245 


in this caſe, where the periodical time 1s given or al- 
ways the ſame, the velocity of the planet muſt be as 
the circumference of the circle to be deſcribed : but 
the circumference of every circle is as its diameter 
or ſemidiameter ; therefore, if the periodical time be 
given, the velocity of a planet muſt be as its diſ- 
tance from the Sun directly. Let us now ſuppoſe 
two planets revolving at the ſame diſtance from the 
Sun, but in different periodical times; then it is 
plain that the ſwifter planet will perform its revo- 
lution in leſs time, and vice verſa; and therefore, if 
the diſtance be given, the velocity will be recipro- 
cally as the periodical time. Put both theſe caſes 
together, and the velocity of a planet moving uni- 
formly round the Sun will be as its diſtance from 
the center of the Sun directly, and as its periodical 
time inverſely. Thus the Earth's diſtance from the 
Sun is to that of Jupiter as 10 to 52 nearly; and the 
Earth's periodical time is to that of Jupiter as 1 
year to 12 years nearly, or as 1 to 12; therefore 
the Earth's velocity is to Jupiter's veiocity as 
10 32 


728 to Tze Or as 120 to 52, or as 30 to 13. 


This way of reaſoning is applicable to all bo— 
dies moving uniformly in circles, let the law of 
their motions be what it will. But if (as that ac- 
curate Aſtronomer Kepler has demonſtrated) the pla- 
netary motions be ſo tempered that their periodi- 
cal times are in a ſeſquiplicate ratio of their diſ-— 
tances, or (which is the ſame thing by art. 297) 
that the ſquares of their periodical times are as the 
cubes of their diſtances, we ſhall then have a more 
ſimple way of expreſſing the velocity of a planet 
thus: let be the velocity, and D the diſtance of any 
planet from the Sun, and let T' be the periodical 


time; then ſince, from what has been ſaid, / is as 


F; D | ; 
F,. We ſhall have J. as 7; but, according to R. 
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ler's propoſition, T* is as D', and A as 5 or as 


I ; I I RE 
7 therefore Vi is as 75 and Vas JD that is, in 


this caſe, the velocity of a planet is reciprocally 


in a ſubduplicate ratio of its diſtance from the ſun, 
So the velocity of a planet whoſe diſtance is D is to 
the velocity of a planet whoſe diſtance is d as V is 


to D, or as 11s to 4. 


Ex. 8. If a wheel turns uniformly about its axis, 
the time of one round will be as the diameter of the wheel 
diretlly, and as the abſolute velocity of every point 
in the circumference of the wheel inverſely, For if 
the circumference of a great wheel moves with the 
ſame velocity as the circumference of a ſmall one, 


the periodical time of the former wheel will be as 


much greater in proportion than the periodical time 
of the latter as the circumference of the former wheel 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia- 
meter of the latter; therefore if the velocity of the 
wheel's circumference be given, the periodical time 
will be as the diameter of the wheel directly: let us 
now ſuppoſe the velocity of the circumference of the 
{ame wheel to be in any caſe increaſed ; then will the 
periodical time be diminiſhed in a contrary propor- 
tion, and vice verſa; therefore if the diameter of a 
wheel be given, the periodical time will be reci- 
procally as the velocity of the circumference ; there- 
fore if neither the diameter nor the velocity of the 
circumference be given, the periodical time will be as 
the diameter of the wheel directly, and as the abſolute 
velocity of every point in the circumference inverſely. 


In numbers the periodical time will be as 7. 


Ex. 


Art. 304. Reſolution of Ratios, 347 
Ex. g. The relative gravity of any ſpecies of bodies is 
as the abſolute weight of any body of that ſpecies direftly, 
and as its magnitude inverſely ,, where by the magnitude 
or bulk of a body is meant the quantity of ſpace it 
takes up, and not the quantity of matter it contains. 
All bodies of the ſame kind are ſuppoſed to weigh 
in proportion to their magnitudes ; and therefore if a 
body of any ane kind be compared with a body of 
the ſame magnitude of another kind, the proportion 
of their weights will always be the ſame, let their 
common magnitude be what it will ; and hence ariſes 
the compariſon in general of the weight of one 
ſpecies of bodies with the weight of another: if a 
cubic inch of gold be 19 times as heavy as a cubic - 
inch of water, then a cubic foot of gold will be 19 
times as heavy as a Cubic foot of water, Cc. ; and fo 
we pronounce in general that gold is 19 times as heavy 
as water, though we mean bulk for bulk. In this 
ſenſe therefore may any one ſpecies of bodies be ſaid 
to be heavier or lighter than another, in proportion as 
any one body of the former ſpecies is heavier or lighter 
than a body of the ſame magnitude of the latter, which 
is the ſame in effect with the firſt part of my aſſertion. 
Ler us now compare bodies of the ſame weight, bur 
of different magnitudes; and then it will appear that 
the ſpecific gravities of theſe bodies, that is, of the 
ſeveral ſpecies to which they belong, will be recipro- 
cally as the magnitudes of the bodies compared : 
thus if a cubic inch of gold be as heavy as 19 cubic {! 
inches of water, then the ſpecific gravity of gold will 1 
be to the ſpecific gravity of water, not as 1 to 19, it 
but as 19 to 1; for if one cubic inch of gold be as 
heavy as 19 cubic inches of water, then t cubic inch 
of gold will be 19 times as heavy as 1 cubic inch cf 
water; and therefore, from What has h- in the 
former caſe, the ſpecific gre» ity of gold will be to the 
ſpecific gravity of water as 19 to 1. Put both theft 
caſes together, and the relative gravity of any ſpecies 
of bodies will be as the abſolute weight of — 
| y 
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body of that ſpecies directly, and as its magnitude 
inverſely. Thus if in numbers P and p be the weights 
of two globes whoſe diameters are D and a, the ſpe- 
cific,gravities of the metals out of which theſe two 


globes were formed are as 75 to 5 | 
Ex. 10. If a body as A gravitates toward the center 
of a planet as B at the diſtance D; I ſay then that the 
weight of A will be as the quantity of matter in A di- 
retily, and as the quantity of matter in B direfly, and 
as the ſquare of the diſtance D inverſely. For the weight 
of the whole body A towards B ariſes, ceteris paribus, 
from the weight of all its parts; and therefore in 
ſuch a caſe will be as the quantity of matter in A. 
Again, the weight of A towards the whole planet B 
ariſes, ceterts paribus, from the weight of A to all the 
parts of B; and therefore in ſuch a caſe will be as 
the quantity of matter in B. Laſtly, if the quanti- 


ties of matter in A and B continue the ſame, and the 


diſtance D be ſuppoſed to vary, the great Newton has 
demonſtrated that the weight of A towards B will be 
reciprocally as the ſquare of the diſtance D. There- 
fore if neither the quantities of matter in A and B, 
nor the diſtance D be the ſame, the weight of 4 
towards B will be as the quantity of matter in A di- 
realy, and as the quantity of matter in B directly, 
and as the ſquare of the diſtance D inverſely. Thus 
if A and Þ be numbers repreſenting the quantities of 


matter in the bodies A and B reſpectively, the weight 


of Atowards Bat the diſtance D will be as A that 

is, the weight of A towards B at the diſtance D will 

be to the weight of à towards 5 at the diſtance d as 
- AB 

e fraction 75 is en the fraction . 


* 
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Hence the weight of A towards B will be equal to 


the weight of B towards A, ſince both will be repre- 


AB 
ſented by the ſame quantity 7 


Another way of treating the examples in the two 
laſt articles. 


305. If there be ever ſo many quantities, and theſe 
all heterogeneous to one another, Te are at liberty to re- 
preſent them by what number we pleaſe, or even all by 
unity itſelf, provided we take care to repreſent all other 
quantities of ike kinds by proportionable numbers. Thus 
] am at liberty to call any quantity of time I pleaſe 1, 
or any degree of velocity 1, or any quantity of ſpace 
1; but then I muſt take care to call a double time, 
or a double velocity, or a double ſpace, by the num- 
ber 2, and ſoon. This conſideration ſuggeſts to us 

another way of treating the examples in the two laſt 
articles, ſomewhat different from the former; which, 
as it may be explained by a bare inſtance or two, I 
\ ſhall give the learner as follows: 

In the firſt example we were taught that the ſpace 
deſcribed by a body moving uniformly for any time, 
and with any velocity, 1s in numbers as the time and 
velocity multiplied together; which may alſo be de- 
monſtrated thus : ſuppoſe that a body moving uni- 
formly in ſome known time called 1, and with fome 
velocity called 1, ſhall deſcribe a ſpace which we will 


alſo call 1; then if in the time 1, and with the velo- 


City I, there be deſcribed the ſpace 1, it is plain that 
in the time T, and with the velocity 1, there will be 
deſcribed the ſpace 7; but if in the time 7, and with 
the velocity 1, there be deſcribed the ſpace 7, then 
in the time 7, and with the velocity J, there will be 
deſcribed the ſpace VT, and that, let the quantities 


Y and T be what they will; and therefore, in all caſes, 
tlie ſpace will be as TxV. 


Again 
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Again, in the ſixth example it was ſhewn that if 
any moving force as M be directly applied to any body 
whoſe quantity of matter is , the velocity thereby 


produced will be as : for a future demonſtration 


whereof, let us ſuppoſe that ſome known force called 
1, when applied to ſome quantity of matter called 1, 
will produce the velocity 1; then will the force 2 ap- 
plied to the ſame quantity of matter 1 produce the 
velocity 2; but if the force 2 when applied to the 
quantity of matter 1 produce the velocity 2, then 
the ſame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit 4; and for the ſame reaſon the force 
M applied to a quantity of matter as Q will produce 


the velocity EL and therefore this velocity will al- 


ways be as 2. 


It is not impoſſible but that ſome of my leſs judici- 
ous readers may be inclined to think I have ſpun out 
this ſubject to too great a length: but I eaſily per- 
ſuade myſelf that there are none who have thoroughly 
conſidered the very great uſefulneſs and importance 
of this doctrine, eſpecially in Mechanical and Natural 
Philoſophy, but will readily acquit me of this charge; 


and the more ſo, becauſe none that I know of have 


digeſted theſe matters into a ſyſtem, or have written 
ſo diſtinctly upon them as the importance of the 


ſubject requires. | 
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BOOK VIII. 


r. 
Of Priſins, Cylinders, Pyramids, Cones, and Spheres. 


\ 


ANY of the following articles concern- 
ing the circle, ſphere, and cylinder, are 
taken out of Archimedes, but demon- 
ſtrated another way: and though they 
have no immediate relation to Algebra, yet as there 
are not many of them, and as they are a fort of ſup- 
plement to Euclid's Geometry, I have been prevailed 
upon to inſert them here, for the ſake of thoſe who 
cannot read Archimedes, and for the eaſe of thoſe who 
can. Moreover, as Euclid's doctrine of ſolids is 
ſomewhat hard of digeſtion as it 1s delivered in the 
Elements, 1 have not ſcrupled to transfer fome of the 
chief properties of cones and pyramids into this book, 
and to demonſtrate them after a more eaſy and ſimple 
manner. And laſtly, as the menſuration of the circle 
is abſolutely neceſſary to the menſuration of the cy- 
linder, cone, and ſphere, I ſhall, before I enter upon 
the reſt, explain what Archimedes has delivered upon 
that head. | - 
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A Len. 


340. Fin a right-anpgled triangle one of the acute 
angles be thirty degrees, vr a third part of a right one, 
the oppoſite fide will be equal to half the bypotenuſe, 
(Fig. 48.) 9 25 

Let ABC be a right- angled triangle, right - angled 
at B, and let the angle BAC be 30 degrees; I ſay 
then that the oppoſite ſide BC will be half the hypo- 
tenuſe AC, 

For producing CB beyond B to D, ſo that BD 
may be equal to BC, and drawing AD, the two tri- 
angles ABC and ABD will be ſimilar and equal; 
therefore the angle CAD will be 60 degrees, and the 
lines AC and AD will be equal; therefore the other 
two angles at C and D will be 60 degrees each, and 
the triangle ACD will be equilateral ; therefore the 
line BC, which is the half of CD, will alſo be the 
half of AC. Q: E. D. ; 


A LEMMa. (Fig. 49, 50). 
341. Let ABC be à right-angled triangle, rigbt. 
angled at B; and ſuppoſing two ſimilar and equilateral 
polygons, one to be circumſcribed about a circle, and the 
other to be inſcribed in it, let the angle BAC be equal 
to balf the angle at the center ſubtended by a fide of 
either polygon : I ſay then that AB will be to BC as 
the diameter of the circle to the fide of the circumſcribea 
polygon ; and that AC will be to BC as the diameter of 
the circle is to the fide of the inſcribed polygon. © 
Let D be the center of the circle, let EFG be a 
ſide of the circumſcribed polygon, touching the curcle 
in the point F, and let HR be the ſide of a like poly- 
gon inſcribed, and let HK and EG be ſuppoſed par- 
allel, ſo as to ſubtend the ſame angle at the center. 
Draw the lines DHE, DIT, DRG; then will the three 
triangles ABC, DEF and DHTI be ſimilar, having the 
angles at B, F, and J right, and the angle BAC being 
equal to the angle EDF by the ſuppoſition; f 


Art. $41, $42. The Menſuration of the Circle. 353 
AB will be to BC as DF to EF, or as 2DF to EG, 
that is, as the diameter of the circle is to the ſide of 
the circumſcribed polygon ; and AC will beto BC as 
DHto Hl, or as 2DH to HK, that is, as the diameter 
of the circle is to the ſide of the inſcribed polygon. 
Q: E. D. 

If the angle BAC be a 48th part of a right one, AB 
will be to BC as the diameter of any circle is to the fide 
of a regular polygon of 96 fides circumſcribed about it, 
and AC will be to BC as the diameter is to the fide of a 
like polygon inſcribed. For it the line HK be the fide 
of an inſcribed regular polygon of 96 ſides, the arc 
HK will be a 96th part of the whole circumference, 
or a 24th part of a quadrant, and the arc HFa 48th 
part of a quadrant; whence the angle EDF or HDI 
will be a 48th part of a right angle. 


A THEORE M. 


342. The circumference of every circle is ſometubat mare 
than three diameters, (Fig. 51.) 


Let AB be the ſide of a regular hexagon inſcribed 
in a circle whole center is C, and draw AC and BC: 
then will the angle at C in the triangle ABC be 60 
degrees, as containing a ſixth part of the whole cir- 
'cumference ; therefore fince AC and BC are equal, the 
other two angles at A and Þ will be 60 degrees each; 
therefore the triangle ABC will be equiangular, and 
conſequently equilateral ; therefore AB will be equal 
to AC, and 6 4B to 64C ; but 64 is equal to the 
perimeter of che in{cribed hexagon, and 64, is equal. 
to three diameters; therefore the perimeter of a regu- 
lar hexagon inſcribed in a circle is equal to three 
times the diameter of that circle: wher.ce it follows 
that the circumference of the circle itſelf will be ſome- 
what more than three diameters. ©, E. D. 
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354 The Menſuration of the Circle. Book VIII. 


A THEOREM. 
343. If the diameter of a circle be called 1, the circum- 
ference will be ſomewhat leſs than 3 = and ſome- 


what greater than 3 7 "> 


The demonſtration of the firft part. (Fig. 52.) 


Let ABC be a right angle, in which inſcribe the 
lines AC, AD, AE, AF, AG in the manner follow- 
ing: make the angle BAC a third part of a right one, 
BAD a 6th part, BAE a 12th part, BAF a 24th part. 
and BAG a 48th part: then will AC be double of BC 
by the 340th article, and AB will be to BG as the 
diameter of any circle is to the ſide of a regular poly- 
gon of 96 ſides circumſcribed about it by the 341ſt 
article. Moreover, as the line AD biſects the angle 
BAC, we ſhall have as AB to AC ſo BD to DC 
by the third of the ſixth book of the Elements; 
and by art. 330*, BNA is to AB as BC is to BD; 
and by permutation, ABA is to BC as AB is to 
BD: therefore if BC be divided into any number of 
equal parts, how many ſoever of theſe parts are con- 
tained in the ſum of the lines AB and AC, the ſame 
number of like parts of BD will be contained in the 
line AB alone; as if BC be divided into 10000 equal 
parts, and the ſum AB AC contains 37320 of thoſe 
parts, then if the line BD be divided into 10000 


equal parts, the line AB alone will contain 37320 of 


them. After the ſame manner it may be demonſtra- 
ted, that whatever parts of BD are contained in the 
ſum of the lines 48, AD, the ſame number of like 
parts of BE will be contained in AB alone, and fo on: 
whence we have the following procels. | 
1ft. Let BC be divided into 10000 equal parts, o 
(which is the ſame thing) let BC be called 10000 ; 


* See the Quarto Ed tion, p. 5 39. 
then 


Art. 343. The Menſura'icn of the Circle. 355 
then will AC be 20000, and conſequently 4B will be 
greater than 17320, and AB-j-AC will be greater than 
37320. 

2dly, Therefore if BD=1co00, AB vill be greater 


than 37320, AD rome than 38636, and ABA 
greater than 75956 


3dly, Therefore if BE= 10000, AB will be greater 


than 75956, AE greater than 76611, and AB AZ 
greater than 1525067. 


4thly, Therefore if BF= 10000, AB will be greater 


than 152567, AF greater than 152894, and ALA 
greater than 306461. 


5thly, Therefore if BG=10000, AB will be greater 
than 305461 : therefore e converſo, if AB be ſuppoled 
equal to 305461, BG will be leſs than 10000 : but it 
was ſhewn before that AB is to BG as the diameter of 
any circle is to the fide of a regular polygon of 96 
ſides circumſcribed about that circle; therefore if the 
diameter of any circle be called 305461, the ſide of 
ſuch a polygon will be lets than 10000, and the 
whole perimeter leſs than 950000; therefore the pe- 
rimeter of ſuch a polygon will be leſs than the product 


18 22 
of the diameter multiplied into 3 4 ae. for 


7 
22 2 
305461X rer, : therefore if the diameter 


of any circle be called 1, the perimeter of a regular 
polygon of 96 ſides circumſcribed about it will be 


leſs than 3 75 ; but the circumference of every circle 


is leſs than the perimeter of any polygon circumſcribed 
about it; therefore the circumterence of the circle will 
10 


{till be leſs than 3 — 1 


22 The 


ä — — — ů — — 


—— — 
rr . 7 7 +a. 24, 
OI 5 p — —— * as 1 N 1 — — 


356 The Menſuration of the Circle. Book VIII. 


The demonſtration of the ſecond part. (Fig. 53.) 


Let ACDEFGB be a ſemicircle whoſe diameter is 
AB, and in this ſemicircle let the lines AC, AD, AE, 


AF, AG be inſcribed in the manner following : make 


the angle BAC a third part of a right one, BAD a 
ſixth part, BAE a 12th part, BAF a 24th part, and 
BAG a 48th part, and join BC, BD, BE, BF, BG; 
then will AB be Jouble of BC, and AB will be to BG 
as the diameter of any circle is to the fide of a regu- 
lar polygon of 96 ſides inſcribed. Let AD cut BC 
in H; and by the demonſtration of the firſt part of 
this theorem, AAB will be to CB as AC to CH, 
ſince by the conſtruction the line AF biſeQs the angle 
BAC: but the triangles ACH and ADB are fimilar, 
having the angles at Cand D right, as being in a 
ſemicircle, and the angle CAF being equal to the 
angle DAB ; therefore AC will be to HC as AD to 
BD: but it was before demonſtrated, that as AC is 
to HC ſo is AB-j+AC to BC; therefore as AB+4-AC is 
to BC ſo is AD to BD; and whatever parts of BC are 
contained in the ſum of the lines AB, AC, the ſame 
number of like parts of BD will be contained in the 
line AD alone: whence the following proceſs. 

1, *Let BC==10000; then will AB=20000, -AC 
will. be leſs than 17321, and AB HAC will be leſs than 

321. 
a+ Therefore if BD=10000, AD will be leſs 
thin 37321, A3 will be Jeſs than 38638, and 
ABA will be lefs than 73959. 
zzdly, Therefore if BE=10000, AE will be leſs 


than 75959, Ab will be leis than 76615, and 


A84-AE will be leſs than 132374. 
4thly, Therefore if BF=10000, AF will be leſs 
than 1525743 A? will be leſs than 152902, and 

ABLAF will 5 5 than 305476. 
«thiy, Therefore if PG==1c000, AG will be leſs 
than 395476, and AL will be leis than 303640 
tucrefore 
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therefore e converſo, if AB be equal to 305640, BG 
will be greater than 10000 : but AB is to BG as the 
diameter of any circle is to the {ide of a regular poly- 
gon of 96 ſides in ſcribed in it; therefore if the diameter 
of any circle be 305640, the fide of ſuch an inſcribed 
polygon will be greater than 10000, and its peri- 
meter greater than 960000; therefore the perimeter 
of ſuch a polygon will be greater than the product of 


I EY Tp 10 48 
the diameter multiplied into 3 71 9 == 0. 


71 
22 8 
305 C4 7 =959968— 71 therefore if the dia- 


meter of a circle be called 1, the perimeter of a regu- 
lar hexagon of 96 ſides inſcribed in it will be greater 


10 | . 
than 3 77 but the circumference of every circle is 


greater than the perimeter of any inſcribed poly gon; 
therefore the circumfſerence of this circle will be greater 


Bill than 3 71 2. E. D. 


Thus then if the diameter of a circle be called 1, 
the circumference muſt lie between theſe two very 


Ter : 10 10 
narrow limits, to wit, 3 Ig * 371 : the whole 


difference of theſe limits is but 75 and therefore, by 


this method, the circumference of a circle is deter- 
mined to a 497th part of the diameter. 


The moſt compendious way of obtaining the numbers 
in the lajt arlicle. 


344. If any one has a mind to examine the fore- 
going calculations, it may not be amiſs to ler him 
know, that the hyporenuſes of the trianvles 43 7), 
ABE, ABF and 180 (Fi. 52,53) may be com- 
puted without cu Ahe orcacer leg, 01 
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tracting the more conſiderable part of the ſquare root. 
As if AD (Fig. 52.) the hypotenuſe of the triangle 
ABD in the brit part be required, having given AB 
37320 and BD 10000, the method I ule is as follows: 
ift, Whatever th&hypotenuſe AD may be, this is 
certain, that the greater leg AB will be equal to a 
conſiderable part of it; and therefore if AD be to be 
found by a ſcries, as is uſual in extracting the ſquare 
root, it will be proper to make 4B the firſt term; 
and hence it is that I call 37320=4B my firſt root. 
Again, as the ſquare of AD is to exceed the ſquare of 
AB by the ſquare of BD, that is, by 100000000 ; 
this number I call my firſt reſol end, and then doub- 
ling my firit root, the product 74640 I call my firſt 
diviſor, and ſo am prepared for the following ope- 
ration, 
2dly, Thus prepared, I divide my firſt reſolvend 
by my brit divitor, and the firſt figure of the quo- 
tient (for J am concerned for no more at preſent) I 
find to be 1, which, as it comes out of the place of 
thoulands, Genifies 1000 ; this number therefore 
1000 I acd to my firſt root, and ſo have 38320 
for a more correct or ſecond root. The fame num- 
ber 1000 I add allo to my firſt diviſor, and then 
multiplying the ſum 75640 by 1000, the number 
thac was added, I ſubtract the product 7 5640000 
from my firſt reſolvend, and there remains 243600003 
this I call my ſecond reſolv end, and the double of my 
' ſecond root, to wit 76640, | call, my ſecond diviſor, 
and ſo proceed to the next operation. 
3dly, Now ] divide my ſecond reſolvend by my 
ſecond diviſor, and the firſt figure of the quotient is 
3, which, as it comes out of the place of hundreds, 
lignifies 300; therefore J add 300 to my ſecond root, 
and to have 28620 for my third root: the fame num- 
ber 300 J allo add tv my ſecond divifor, and the 
ſum FA | multiply by 300, and the product 18 
23082000, which, being ſubtracted from my ſecond 
rclolvenc, leeycs me 1278CCO tor a third reſol vend, 


and 


Art. 344, 345. The Menſuration of the Circle, 359 


and the double of my third root, to wit 77240, I have 
for my third diviſor. 

4thly, I divide my third reſolvend by my third 
diviſor, and the firſt figure of the quotient is 1, 
which ſignifies 10; therefore I add 10 to my third 
root, and ſo have a fourth root 38630: moreover 
adding 10 to my third diviſor, the ſum is 757250, 
which being multiplied by 10, and the product 
772500 being ſubtracted from the third reſolvend, 
leaves 505500 for the fourth reſolvend, and the 
double of my fourth root, to wit 77260, makes a 
fourch diviſor. 
Sthly and laſtly, I divide my fourth reſolvend by 
my fourth diviſor, and the nearetit quotient too little 
is 6; therefore I add 6 to my fourth root, and fo 
have a fifth root, to wit, 38636, which is the neareſt 
root lels than the true that can be expreſſed in whole 


numbers: therefore the hypotenuſe AD is greater 
than 38636. 


The reaſon of theſe operations will not be difficult 


to any one who thoroughly underſtands the foundation 
of the common method of extracting the ſquare root. 


Van Ceulen's numbers expreſſing the circumſerence 
of a circle whoſe diameter is 1. 


/ | 
345. This method of Archimedes is capable of be- 
ing purſued to any degree of exactneſs required: nay 
Ludolf Van Ceulen has computed the circumference of 
a Circle to no fewer than 36 places, upon a ſuppo- 
ſition that the diameter is unity. His numbers ex- 
pre ſling this circumference are, . 
3.1415 9265 3589 7932 3846 2643 3832 7950 288 +. 
Bur ſince the invention of fluxions by its great author 
Sir Jaac Newton, he (Sir Jaac) has from this me- 
thod drawn ſerieſes almoſt infinitely more expeditious 
than the biſections of Archimedes or Van Ceulen, where- 
by the circumference of a circle may be computed to 
12 or 13 places in little wore than half an hour's time, 
| £4 as 


» + 
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as Doctor Halley from his own experience aſſures 
us. 

Note, that Metius's proportion of the diameter of 
a circle to the circumference is as 113 to 355, the 


molt accurate of any in ſuch ſmall numbers. (See 
Schol. 1. in art. 179*). 


Why the circle cannot be ſquared geometrically. 


346. If, having given the diameter or ſemidiame- 
ter of any circle, a right line could be found exactly 
equal to the circumference, whether ſuch a line 
could be exp: eſſed by numbers or not, the circle 
might be ſquared as well as any right-lined figure 
whatever, that is, a ſquare might be conſtructed whoſe 
area wouid be equal to that of the circle, which I thus 
demonſtrate. 

Let 2r repreſent the diameter of any circle, and 
ac the circumference; then will rc, the product of 
the radius into the : ſericircumference, be its area, by 
cor. 4 in art. 311 +. Let now x be the ſide of a ſquare 
whoſe area is equal to that of the circle, and we 
ſhall have xx=7c; whence x will be a mean propor- 
tional between r and c, and may be found by the 
13th of the ſixth book of the Elements. But it 
is impoſſible upon Fuchd's poſtulata, having given 
the diameter or ſemidiameter of any circle, to find a 
Tight line exactly equal to che circumference; and 
therefore the circle cannot be ſquared upon the ſame 
foundation on which we are taught to ſquare all 
right-lined figures ; and hence it is that we ſay, 
the circle cannot be ſquared geometrically, But as 
the three paſtulata of Euclid, bow ſimple ſoever they 


may appear in theory, are never a one of them capa- 


ble of being perfectly executed, but that errors muſt 


neceſſarily ariſe in drawing and A es lines, 


in taking the diſtances of points, c.; and as from 


theſe errors others mult neceſſarily ariſe in ſubſequent 


* See the Quarto Edition, p. 282, + Ibid. p. 504. 
operations; 


ol 


K.346, 347. Corollaries drawn from themeaſures, &c. 361 
©-27211015 4 and laſtly, as the circumference of a circle 
may ve has from the diameter in numbers, to any 
aſſignable degree of exactneſs, it follows that in 


practice, a circle is as capable of being ſquared as any 
other figure whatever that is not a ſquare. 


Corollaries drawn from art. 343. 


347. From the 343d article may be deduced ſeveral 
corollaries, ſome of the moſt uſeful whereof are inſerted 
here as follows : 

1ſt, The diameter of every circle is to the circumfer- 
ence as 7 to 22 nearly: for 1 is to Fed, bon as 7 


to 22, 


2d, If d be the 1 of any circle, its area will 
11dd 


14 
224 


4 
* the circumference; and if = the radius be 


e 25 
multiplied into * the ſemicircumference, the pro- 


ad 
duct 7 will be the area, by corollary 4 in art. 31 1K. 


be 


for as 7 is to 22, ſo is d the diameter to 


34, Hence we have a ready way, having the diame- 
ter of any circle given to jind its area, and vice verſa, 
without the mediation of the. circumference, by ſaying, 
as 14 is to 41, fo is the ſquare of the given diameter 
to the area ſought. But if the area be given, in order 
to find ihe diameter, the proportion muſt be reverſed, 
by ſaying as 11 is t0 14, [0 is the given area to a fourth, 
which fourth nunher will be the ſquare of the diameter, 

and its ſquare roo; the diameter itſelf. 

4th, Arguing as in the two laſt corollaries, If the 
diameter of 2 circle be to the circumference as a to b, 
then the / _ of the diameter of any circle will be to its 
ere as 4a tob; and vice verſa, the area will be to the 
Hquare of the diameter as b to 4a. 

See the Quarto Edition, p. 504. 


4th, 
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5th, The circumferences of all circles are as their 
diameters or ſemidiameters, and their areas as the 
Squares of the diameters or ſemidiameters. For if d and 
e be the diameters of two circles, their circumferen- 


ces will be = and =; . 


(dropping the common denominator 7, and the 
common factor 22) as d to e. Again, the area of 


ad i 
dh as in the fe- 


the circle whoſe diameter is d 1s 


cond corollary ; and for the ſame reaſon, the area 


; „ 
of the other circle whoſe diameter is e is T7 and 


11dd _ ee 


— is to 
14 


ſerences of all circles are as their diameters, and 
their areas as the ſquares of their diameters. And 
fince the halves of all quantities are as the wholes, 
and the ſquares of the halves as the ſquares of the 
wholes, it tollows allo that the circumferences of cir- 
cles are as their ſemidiameters, and their areas as the 

uares of the ſemidiameters, 

6th, If there be three circles ſuch, that the ſum 
of the ſquares of the ſemidiameters of two of them is 
equal to the ſquare of the ſemidiameter of the third ; 
1 ſay then that the areas of the two firſt circles put 
together vill be equal to the area of the third, For 
let a, b, c repreſent the ſemidiameters of the three 
circles, and let a- = : ſince then the ſemidiame- 
ter of the firſt circle is a, the diameter will be 2a, 
and the ſquare of the diameter 424: but as 14 is to 

” 22 0 


as dd to ce; therefore the circum- 


OD 440 
11 ſo is 4aa to or : therefore the area of 
a ; 2.2 
the firſt circle will be 


a by the third corollary; and 


| 7 
for the ſame reaſon, the areas of the other two circles 
will 
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22 b* 22 


will be and 


but a*-þ-b*=c* ex Hpotbeſi: 


22 4 22b* 220 
therefore —— + 


/ 

N. B. This laſt corollary is not demonſtrated in 
the 311t of the ſixth book of the Elements, as ſome 
may imagine, that demonſtration not reaching farther 
than right-lined figures. 


The following eaſy problems may ſerve to ſhew 
ſome uſes of the following corollaries. 


PROBLEM 7 


348. To find the proportion between the diameter of any 
circle and ihe fide of an equal ſquare, 


Call this diameter 1, and by the ſecond corolla 
in the foregoing article, the area of this circle will be 
7; nearly; and the fide of a ſquare whoſe area is 


II 


_ will be V : therefore the diameter of any 
14 


circle is to the ſide of an equal ſquare as I to 


- . I ba 
T7: But becauſe this fraction — though it 
14 | 17 


ſerves well enough for common purpoſes, is not 
accurately true, and becauſe its ſquare root cannot 
be accurately expreſſed in numbers neither, to reduce 
the error (for there muſt be an error) to a more 
fimple point, let c be the circumference of a circle 
whole diameter is 1; and the area of ſuch a circle, 
that is, the product of the radius into the ſemi- 


I C 


c 
circumſerence, will be —X— =] and the ſide of 


an equal ſquare will 1 but, according to Van 


Ceulen, c 3. 1415926336, and 


7 = 7953981634, 
and 
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to be diſpoſed | into the form of a ſquare, and the fide 


r 


864 The foregoing Corollaries applied Book VII, | 


! 88623; therefore the diameter of a cir- 


cle is to the file of an equal ſquare as 1 to. 88623. 
or as 100000 is to 88623: ſuppofe the proportion 
to be that of 100000 to 88625, which makes but 
an error of 2 in the fifth place, and then multiply- 
ing both terms by 8, the proportion will be that of 
800000 to 709000, or of 809 to 709 ; therefore As 
800 is 16 709, /o is the diameter of any circle to the ſide 
of an equal ſquare, nearly true to five places. 

N. B. If the diameter of a circle be 9 yards, the 
ſide of an equal ſquare found as above will not err an 
hundredth part of an inch. 


PrR@BLEM 2. 


349. To find the ſemidiameter of a cirele that will com- 


prebend within its circumference the quantity of an acre 

of land, 

An acre of land contains 4840 ſquare yards, and 
therefore this muſt be the area of our circle. Say 


then, as 11 to 14, ſo 4840 to 6160; and this laſt 


number will be the ſquare of the diameter, by the 


third corollary in art. 347; whence the diameter itſelf 


will be 78 . 486 yards, and the ſemidiameter 39 243 


yards, that is 39 yards 83 inches nearly, 


PROBLEM 3. 


330. Let a fring of a given length be diſpoſed inis 
the form of a circle: It is required to find the area of 


this circle. 
Let c be the length of the ſtring, and conſequently 


the circumference of the circle made by it, and the 


7C 
diameter of the circle will be, the ſemidiameter 
© 


CC 15 * I 
3 and the area _—, Suppoſe now this ſtring 


of * 


*. 


— — 24 — — — — 
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tr 


of this ſquare would be—, and its area 76 and che 


_ of the ſquare would be to the area of the circle as 


Zee I 


- * 7 
en that is, as — is to , or as 11 to 14: 
16 88 * 8 88? + 7. 


therefore, As 11 is to 14, ſo is the area compre hended 
by the ſtring when in form of a {quere, to the area 
comprehended by the ſame ſtring when in form of a circle. 
Q.'E. I. 

N. B. By the anſwer here given it appears, that if 
c be the circumterence of any circle, its area will be 


— and conſequently that As 88 zs to 7, ſo is rhe 


ſquare of the circumference of any circle to its area 
nearly. 


PROBLEM 4. 


251. It is required to divide a given circle ito any 


number of equal parts by means of concentric circles 


drawn within it, (Fig. 54.) 


Let A be the center, and 47 be the ſemidiameter 
of the circle given, and ler it be required to divide 
the area of this circle into hve equal parts by means 
of four concentric circles deſcribed within the former, 
and cutting the line AF in the points B, C, D, E, 
that is, let the area of the circle 4B, and the areas 
of the annuli BC, CD, DE, and EF be ſuppoted all 
equal; then the circle 43 will be +. of the whole, 
the circle 40 +, the circle AD 3, Sc.; and the area 
of the circle AF will be to the area of the circle AB 
as 5to1: bur the area of the circle A is to the 
area of the circle A as the ſquare of the ſemidiame- 
ter AF is to the ſquare of the ſemidiameter AB, by 
cor. 5. in art. 347; therefore His to AL*as5tol: 
but At is given by the tuppoſition;z therefore A-, 
and conſequently AB the ſemidiameter of tne inmoſt 
circle is given. In like manner AF. 15 0 AC as 5 
G 2 LO 


= > —.— 
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to 2; whence AC the ſemidiameter of the next con- 
centric circle is given; and ſo of the reſt. Q, Z. J. 


PROBLEM 5. 


352. Whoever makes a tour round the earth, muſt ne- 
ceſſarily take a larger compaſs with his head than with 
bis feet: The queſtion is, how much larger? 


Let A (Fig. 55.) repreſent the center of the earth, 
AB its ſemidiameter, BC the traveller's height, 
AC the femidiameter of the circle deſcribed by his 
head: let alſo 4 repreſent the circumference of the 

circle whoſe ſemidiameter 13 AB, and c the circum- 
ference of the circle whoſe ſemidiameter is AC, and 

c- will be the difference we are now enquiring into, 
which may be thus determined. 

By the fifth corollary in art. 347, AC is to AB as 
c is to 5; and by diviſion of proportion, BC is to 
AB as c is to h; and alternately, BC is to cb as 
AB is to b. Let d be the circumference of a circle 
whoſe ſemidiameter is BC, and BC will be to 4 alſo 
as AB tob; therefore BC is to d as BC is to c—b; 
therefore c=b=4; that is, The traveller's head will 
paſs through more ſpace than his feet by the circumference 
of a circle whoſe ſemidiameter is his own length : as it the 
man be 6 feet high, his head will travel farther than 
his heels by 37 feet 85 inches nearly, and that whe- 


ther the ſemidiameter 4} be greater or leſs, or nothing 
at all. 


PROMEL EM 6. 


353. Lis required, having given the depth and the dia- 
meter of the baſe of any cylindrical veſſel, to find its 
content in ale gallons, 

Here it muſt be obſerved, that in the menſuration 
of a ſolid, all its dimenſions muſt be taken in the 
ſame kind of meaſure : as, if any one dimenſion be 
taken in inches, the reſt muſt be taken ſo too, and 
then the number repreſenting the content of any 


ſolid 


Art. 353, 354. » Cones and Pyramids. 367 
ſolid will be the number of cubic inches to which that 
ſolid is equivalent. | 

Let then à be the given altitude of the cylindrical 
veſſel to be meaſured, d the diameter of its baſe, 


and by the ſecond corollary in art. 547 will give 


a number of ſquare inches equal to the baſe, and 


this area multiplied into the altitude a, will give 
ad 
— „a number of cubic inches equal to the ſolid 


content of the veſſel : but 282 cubic inches conſtitute 


ob _— the ſolid con- 


tent of the veſſel, be divided by 282, the quotient, to 
-..-.; 
wit, 77 will be the number of gallons therein con- 


tained. Inſtead of 3948 put 3949, which will make 
no conſiderable difference in ſo great a denominator, 
11 add 


an ale gallon ; and therefore if 


and the fraction 


(dividing both the numera- 


tor and denominator by 11) will be reduced ro De: 

whence the following canon: | 
Having taken both the depth, and the diameter of the 

baſe in inches, multiply the ſquare of the diameter into the 


depth of the veſſel, and the produft divided by 359 will 
give the number of gallons required. 


N. B. This ſubſtitution of 3949 inſtead of 3948 


corrects about 2 of the error that would otherwiſe 


have been committed in ſuppoſing the ſquare of the 


diameter of the bale co be to its area as 14 to 11. 
PROBL ZM 7. 
354. To meaſure a fruſlum of a cone, whoſe perpendicular 


altitude and the diameters of the two baſes are 3 
3 « 43, 


— — 5 — — — — i 
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NM. B. By a fruſtum of a cone I mean a cone 
. its top cut off by a plane parallel to the 

Let the iſoſceles triangle ABC (Lig 56.) repreſent 
the ſection of a cone made through its axis AD, 
and let EF be any line parallel to the baſe BC, cut- 
ting AB in E, AC in F, and the axis AD in d; then 
will the trapezium BEEC be the ſection of a fruſtum 
of this cone whoſe perpendicular altitude is Dd. 
Call BC, the diameter of the greater baſe, g; EF, 
the diameter of the leiſer baſe, /; and Dd, the 
height of the fruſtum, þ : call allo 4D, the un- 
known altitude of the whole cone, x; and conſe- 
quently Ad, the altitude of the cone to be cut off, 
*—5; and from the ſimilar triangles ABC, AEF 
we have this proportion; AD is to Ad as BC is to EF, 
that is, according to our notation, æ is to x—b as g 
to /; whence, by multiplying extremes and means, 
we have r and x, or the altitude of the 
cone, equal to = In like manner if from the 
value of x we ſubtract þ, the altitude of the fruſtum, 
we ſhall find Ad, or the height of the cone to be cut 


l 
off, equal to pany Now the ſolid content of every 


cone is found by multiplying the baſe into a third 
part of its altitude; therefore ſince the baſe of the 


2 . 
cone ABC is = and its altitude —— its ſolid 


2 5 
content will be <— 7 XY — X _ : in like manner the 


3 
| * 2 
ſolid content of the cone AEF will be 72 * 5 * 
11 


— : ſubtract the latter cone from the former, and 


there will remain the ſolid content of the fruſtum 
| BEFC 


Art. 354. Pyramids, Spheres ond Spheroids: 369 
2 


BEFC equal to _ Xx — X 17 but the fraction 


3 
— 
2 may be reduced to an integer by dividing the 


numerator by the denominator, and the quotient will 
be gg gl; therefore the ſolid content of the 
as ie a will now be expreſſed thus, ITI 


h 


% - KS Whence we have the following canon : 


Add the ſquares and the reftangle of the two given 
diameters together ; multiply the ſum into a third part 
of the given altitude, and the product will be the 
fruſtum of a pyramid of the ſame height having 
fquare baſes whoſe ſides are equal to the two diameters 
given; and as 14 is 10 11 ſo will this fruſtum be to the 


fruſtum ſought. Q. E. J. 


N. B. iſt. Since a cone differs nothing from a 
fruſtum of a cone whole leſſer baſe is equal to no- 
thing, if / be made equal to nothing in the foregoing 
canon, it ought to give the ſolid content of a cone 
whoſe height is Y, and the diameter of whoſe baſe 


. yo b 
is ge and fo it will; for then gg+2i-l X 3 * 2 


2dly, Since a cylinder may be conſidered as a 
fruſtum of a cone whoſe baſes are equal, if / be made 
equal to g in the foregoing canon, it ought to give 
the ſolid content of a cylinder whole height is þ, and 
the diameter of whoſe baſe is g: and lo we find it 


——— „ 
will; for gg-þ-gl--/ EIS in this caſe becomes 


TI 
54 2 = = 1475. 


Aa 3dly. 
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3dly, If the leſſer baſe of the fruſtum be ſuppoſed 
to be increaſed till it becomes equal to the greater ; 
and if, on the other hand, the greater baſe be ſup- 
poſed to be diminiſhed till it becomes equal to that 
which was the leſſer baſe before, the ſolid content of 
the fruſtum will be the ſame as at the firſt; and there- 
fore, if the foregoing canon be juſt, it oughtnot to be 
altered by changing the quantities g and / one for the 
other: which is true; for ggg by this means 
only becomes Ag ggg, which is the ſame quan- 
tity. 

In ſolving this laſt problem it is taken for granted 
that every cone is the third part of a cylinder having 
the ſame baſe and height; which may ſafely be done, 
ſince Euclid has demonſtrated it in the roth of the 
twelfth book of the Elements: but becauſe Euclid's 
doctripe of ſolids is not ſo eaſy to the imaginations of 
young beginners, I ſhall (in another place) give 
another demonſtration of this propoſition, indepen- 
dently of any thing that has here been ſaid. 


LEM MA. (Fig. 57.) 


355. Let ABC be any curvilinear ſpace compre- 
bended between two ſtraight lines AB and AC at right 
angles to each other, and a curve as BC concave to- 
wards AB; and from any two points D and E in the 
line AB let the lines DF and EG be drawn parallel to 
the baſe AC, and terminating in the curve at the 
points F and G, and compleat the parallelogram 
DEGH : then it is plain that the curvilinear ſpace 
DEGF will be greater than the parallelogram DEGH. 
But what I here propoſe to demonſirate is, that if tac 
line EG be ſuppoſed to move towards DF in à poſition 

always parallel to itſelf, and at laſt to coincide with 
DF, the nearer EG approaches to DF, the nearer will 
the ratio of the curvilinear ſpace DEG F to the pa- 
rallelogram DEGH approach towards a ratio of equality, 
and that it will at laſt terminate in a ratio of equality 

when EG coincides with DF. 
For, 
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For, completing the parallelogram HF, the 
arallelogram DEKF will be to the parallelogram 

DEGH upon the ſame baſe as DF is to EG; there- 
fore the curvilinear ſpace DEGF will be to the pa- 
rallelogram DEGH in a leſs ratio than that of DF to 
EG; that is, though that ſpace be greater than this 
parallelogram, yet the ratio of the former to the lat- 
ter is a leſs ratio than that of DF to EG: but the 
nearer the line EG approaches towards DF, the nearer 
will the ratio of DF to EG approach towards a ratio 
of equality, and it will at Jaſt become a ratio of equa- 
lity when EG coincides with DF; therefore a fortiori, 
the ultimate ratio of the curvilinear ſpace DEGF to 
the parallelogram DEGH will be a ratio of equa- 
lity. 

"Hence it follows, that if we ſuppoſe the line AB to 
be divided into a certain number of parts, ſuch as DE, 
and theſe parts to be made the baſes of ſo many inſcribed 
parallelograms, ſuch as is the parallelogram DG, the 
more there are of theſe parallelograms, the nearer will 
the ſum of all the curvilinear ſpaces DEG, that is, the 
whole curvilinear ſpace ABC, approach towards the ſun 
of all the inſcribed parallelograms ;, and if we ſuppoſe 
the baſes of theſe parallelograms to be diminiſhed, and ſo 
their number to be augmented ad infinitum, they will 
make up the whole curvilinear ſpace ABC; ſo that the 
ſpace ABC will be ro the ſum of al; the inſcribed paral- 
lelograms ultimately in a ratio of equality. For, letting 


aſide the parts infinitely near the poiat of interſection 


B, which will be of no conſequence in the account, 
let the parallelogram DEGH be that which, of all 
the reſt, differs moſt from its correſpondent curvili- 
near ſpace DEGF, and the conſequence will be thay 


the curvilinear ſpace ABC will be to the ſum of all | 


the inſcribed parallelograms in a leſo ratio than that 
of the ſpace DEGF to the ſpace DEH: but even 
this ratio becomes at laſt a ratio of «quality, when 
DE is infinitely ſmall, by this lemma; whence it 
follows @ fortiori, that the ultimate ratio of the vur- 

. ASL vilinear 
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vilinear ſpace ABC to the ſum of all the inſcribed pa- 
rallelograms will be a ratio of equality. 

I thought myſelf obliged to demonſtrate this pro- 
poſition, becaule 1 have known it objected, that 
though the difference between any particular parallelo- 
gram and its correſpondent curvilinear ſpace be al- 
lowed to be infinitely ſmall when the common baſe 
is ſo, yet how do we know but that an infinite num- 
ber of theſe differences may amount to a finite quan- 
tity? and if ſo, then the whole curvilinear ſpace can- 
not be ſaid to be to the ſum of all the inſcribed paral- 
lelograms in a ratio of equality, To this J anſwer, 
that it muſt be the buſineſs of Geometry to determine 
whether an infinite number of theſe infinitely ſmall 
differences amount to a finite quantity or not; and 
by the demonſtration here given it appears that they 
do not, but that the ſum ot all theſe differences actu- 
ally diminiſhes as their number increaſes, and at laſt 
comes to nothing when their number is infinite. 


A L EMMA. (Hg. 57.) 


350. Suppoſing the line AB till to keep its place, 
let us imagine the whole ſpace ABC to turn round it, ſo 
as to deſcribe or generate a ſolid whoſe axis is AB, and 
the ſemidiameter of whoſe baſe is AC, and the inſcribed 
parailelograms will at the ſame time by their common mo- 
tion deſcribe ſo many thin cylindric laminæ, which, taken 
all together, will be leſs than the ſelid generated by the 
ſpace ABC; but, 1he more they are in number, the nearer 
they will appreach lo it, and their circular edges will at 
laſt terminate in the curve ſurface of the ſolid when their 
number is infinite, 

For, completing the parallelogram GHFX as be- 
fore, the /aming generated by the parallelogram DR 
will be to the lamina generated by the parallelogram 
DG as the ſquare of DF 1s to the ſquare of EG, all 
circles being as the ſquares of their ſemidiameters; 
therefore the lamina generated by the curvilinear ſpace 
DCP will be to the lamina generated by the paral- 
lelogram 
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lelogram DG in a leſs ratio than that of DF- to EG* : 
but when D and E coincide, DF will be equal to 
EG, and the ſquare of DF to the ſquare of EG; 
therefore, in this caſe, every particular cylindric /amina 
will be the ſame with a correſpondent lamina of the 
ſolid; and componendo, all the cylindric laminæ will 
conſtitute the ſolid itielf. This may allo be further 
evident by applying the demonſtration in the laſt 
lemma to this caſe. Therefore we need not ſcruple 
to ſuppoſe round ſolids, generated after the ſame 
manner as this is, to be made up of an infinite num» 
ber of infinitely thin cylindric lamine : Nay even the 
cone itſelf may be confidered as being ſo con/tituted : for 
if we ſuppoſe BC to be a ſtraight line inſtead of a curve, 
the reaſoning of the loft article and this will equally 
ſucceed, in which caſe, the ſpace ABC will be a Friangie, 
and the figure generated a cone. 

If a ſolid be made up of a finite number of inte 
or cylindric laminæ, decreaſing in their diameters as they 
are farther and farther diſtant from the baſe, the ſurface 
of ſuch a ſolid muſt neceſſurily aſcend by ſteps : but the 
thinner theſe elementary laminæ are (ſuppoſing their 
thinneſs to be compenſated by a greater number), the 
narrower and the ſhallower theſe ſteps will be, ſo as to 


terminate at laſt in a regular ſurface when their number 


is infinite, 


on. 


357. All iſaſceles cones of equal heights are as their 
baſes; that is, the ſolid content of any one iſoſceles 
cone ts to the "fold content of any other of an equal 
height, as the baſe of the former cone is to the baſe of 
the latter. 

Note, that by an iſoſceles cone I mean à cone »wboſe 
baſe is a circle, and whoſe vertex is every-where equally 
diſtant from the circumference of the baſe ; and by an 
zJoſceles pyramid is meant 4 pyramid having a regular 
polygon for its baſe, and woeſe vertex is equally diſtant 
from ail the angles of that poiygon : laſily, by iſeſceles 

Aa 3 priſms 
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priſms and cylinders are meant ſuch as have equal and 
regular polygons and circles for their baſes, and are ſo 
conſtituted, that a right line joining the centers of their 
two baſes is perpendicular to them. | 
Let ABC (Fig. 58.) be a right-angled triangle at 
B, and producing the baſe BC out to D, join AD ; 
let alſo the line ZFG be drawn any where within the 
triangle parallel to the baſe BCD, fo as to cut AB in 
Z, IC in F, and AD in G: then will EF be to BC 
as EGis to BD, ſince both are as AF to AB by ſimilar 
triangles : therefore, if they be taken alternately, EF 
will be to EG as BC to BD, and EF* to EG as BC 
to BD. This being allowed, let the triangle ABD 
be ſuppoſed to turn round the fixed ſide AB, ſo as to 
generate a cone whole axis is AB; then will the tri- 
angle ABC generate another cone having the ſame 
common altitude AB, Let both theſe cones be con- 
ſidered as conſtituted of an infinite number of infi- 
niteiy thin cylindric /aming, and let EF repreſent in- 
differently the ſemidiameter of any one of theſe laminæ 
belonging to the cone ABC; then will EG be the ſe- 
midiameter of a correſpondent lamina belonging to 
the cone ABD; and the lamina whole ſemidiameter is 
Ef will be to the /amina whoſe ſemidiameter is 
E, having the ſame thickneſs, as EF* is to EGA, or 
(according to what is already demonſtrated) as BC 
is to BDe; that is, every particular lamina of the 
cone 4ZC will be to a like lamina of the cone ABD 
as the baſe of the former cone is to the baſe of the 
latter; therefore componendo, the whole cone ABC 
will be to the whole cone ABD as the baſe of the 
former is to the baſe of the latter: but the planes 
ABC and ABD may be fo conſtituted as to generate 
any two iſoſceles cones whatever that bave equal 
heights; therefore if the heights of two iſoſceles cones 
be equal, theſe cones will be to each other as their 


bales, Q, E,. D. 


A THe» 
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5 A 


358. Every iſoſceles pyramid is equal to an iſaſceles cone 
of an equal baſe and height. ' 


| Let P repreſent any iſoſceles pyramid, and C an 
iſoſceles cone of an equal bale and height: I ſay then 
that the pyramid P will be equal to the cone C. 

To demonſtrate this, imagine the pyramid P to 
have a cone, as c, inſcribed in it, ſo as to touch every 
ſide of the pyramid in ſo many lines of contact, and 
imagine the circumſcribing pyramid, and conſequently 
the inſcribed cone, to be conſtituted of an infinite 
number of infinitely thin /amine; and every lamina 
of the circumſcribing pyramid will be to a corre- 
ſpondent laminaà of the inſcribed cone as the baſe of the 
pyramid is to the baſe of the cone. For the plane of 
every lamina that conſtitutes the pyramid will be a 
polygon ſimilar to the baſe, and the plane of every 
correſpondent /amina that conſtitutes the inſcribed 
cone will be a circle inſcribed in ſuch a polygon : 
therefore componendo, all the laminæ conſtituting the 
pyramid P will be to all thoſe that conſtitute the 
cone c, that is, the whole pyramid P will be to the 
whole cone c as the baſe of P is to the baſe of c: but 
the cone c is to the cone C of an equal height, as the 
baſe of c is to the baſe of C. Since then P is to c as 
the bale of P is to the baſe of c, and c is to C as the 
baſe of cis to the baſe of C, it follows ex quo that P 
is to Cas the baſe of P is to the baſe of C: but the 
baſe of P is equal to the baſe of C by the ſuppoſition 
therefore the pyramid P is equal to the cone C, having 

an equal baſe and altitude. & E. D. 


CoROLLARY. 
Hence it follows, that whether cones be compared 


with cones, or cones with pyramids, or pyramids with 


pyramids, all ſuch as have equal heights will be to one 
another as their baſes. For cones are ſo by the laſt 


article, and pyramids are equal to cones having equal 
A a4 baſes 
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baſes and heights by this: I mean iſoſceles * 


and iſoſceles cones. 


SCHOLIU Mu. 


As the ſo/id content of a priſm or cylinder of a given 
perpendicular altitude depends upon the quanlity, and 
not upon the figure of the baſe, ſo by the demonſtration 
of this propoſition it appears, that the ſolid content of 
an iſoſceles pyra mid or cone of a given perpendicular al- 
titude depends upon the quantity, and not upon the figure 
of the baje: let the perpendicular altitude and the area 
of the baſe be the ſame, and the quantity of the ſolid 
will continue the ſame, whether that baſe be in the 
form of a triangle, or a ſquare, or a polygon, or a 
circle, Other pyramids and cones will be conſidered 
in another place, 


A LEM M A. 
359. If from the center of any cube ſtraight lines be 


imagined to be drawn to all its angles, the cube will 
by this means be diſtinguiſbed into as many equal iſoſceles 
pyramids as it has ſides, to wit 6, whoſe baſes will be in 
the ſides of the cube, and whoſe common vertex will be in 
the center. 
For if from a point above any right-lined plain 
figure lines be drawn to all its angles, and then the 
interſtices of theſe lines be imagined to be filled up 
with triangular planes, the ſolid figure thus incloſed 
will be a pyramid; therefore, by the lines above 
deſcribed, the cube will be diſtinguiſhed into as many 
yramids as it hath fides. And that theſe pyramids 
will be all equal and jiſoſceles, is evident: for firſt, 
their baſes will be all equal from the nature of the 
cube; and .in the next place, their heights will be 
all equal from the nature of the center, which is ſup- 
poled to be equally diſtant from all the ſides of the 
cube ; and laſtly, as this center mult alſo be equally 
diſtant from all its angles, it follows that theſe pyra- 
mids m uſt be all iloſceles pyramids, & E. D. 
W Conor 
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COkOoLLAKY; 


Hence every one of theſe pyramids will be the fixth 
part of the whole cube. 


A THEOREM, 
360. Every iſoſceles pyramid or cone is a third part of 


an iſoſceles priſm or cylinder having an equal baſe, and 


an equal perpendicular height. 


Let @ be the perpendicular altitude of any iſoſceles 
pyramid or cone, and let þ be the area of its baſe, 
both taken according to the directions given in art. 
353: imagine alſo a cube whole fide, that is the fide 
of whoſe {quare baſe, is 2a; then will 4a* be the 
area of the bale, and 84 the ſolid content of this 
cube: and if, from the center of the cube, lines be 
imagined to be drawn to the four angles of the baſe, 
they will be the outlines of an iſoſceles pyramid whoſe 
baſe is the ſame with the baſe of the cube, to wit, 
4a*, and whole perpendicular altitude is az whence 

3 


the ſolid content of this pyramid will be G Or * 


by the corollary in the laſt article: but as this pyra- 
mid has the ſame height @ with the pyramid propoſed, 
theſe two pyramids will be to one another as their 
baſes, by the corollary in the laſt article but one : 
hence the ſolid content of the pyramid propoied will 
eaſily be had by ſaying, as 4a, the bale oi the py- 


ramid within the cube, is to & the bale of the py- 
g | 


famid propoſed, ſo 1 475 the ſolid content of the 
former, to a fourth, ta wit go which will be the 


ſolid content of the latter; therefore the ſolid content 
of an iſoſceles pyramid or cone whoſe bale is 5, and 


h 
whoſe altitude is a, is found to be _ but the ſo- 


lid content of an ifoſceles priſm or cylinder having 
| an 
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an equal baſe and height is ab; therefore every iſoſ- 
celes pyramid or cone is a third part of an iſoſceles 
priim or cylinder having an equal baſe and an equal 
perpendicular altitude. Q. E. D. 


t. 


Hence the ſolid content of an iſoſceles pyramid or cone 
is found by multiplying the area of the baſe into a third 
part of the perpendicular altitude, or elſe by multiplyins 
the area of the-baſe into the whole altitude, and thei: 
taking a third part of the product. | 


CORkOoLLAikYy 2. 


Hence alſo it follows that all iſoſceles pyramids and 
cones upon equal baſes are to one another as their 
heights. | 

A LEM M A. 

261. If a pyramid of any kind be cut by a plane pa- 
rallel to its baſe, the quantity of the ſection, or (which 
:s all one) the quantity of the baſe of the pyramid cut off, 


 <vill always be the ſame, let the figure of the pyramid 


be what it will, ſo long as the baſe and perpendicular 
altitude of the whole pyramid and the perpendicular al- 
titude of the pyramid cut off continue the ſame : in which 
caſe, the perpendicular diſtance of the plane of the ſection 
from the plane of the baſe will alſo be the ſame. (See 
Fig. 59.) 

Let A be the vertex of the pyramid, and let BC be 
any one ſide of the baſe; let the lines AB and AC be cut 
by the plane of the ſection in the points Dand Ereſpec- 
tively, and let A be the perpendicular altitude of 
the whole pyramid, cutting the plane of the ſection 
in F, and the plane of the baſe in G, both produced 
if need be: join FD, FE, GB, GC: then ſince the 
baſe of the pyramid cut off will always be ſimilar 
to the baſe ot the whole pyramid, whereof DE and 
BC are correſpondent ſides; and ſince all ſimilar plain 


figures are to each other as the ſquares of their cor- 
| reſpondent 
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reſpondent ſides by the 2oth of the ſixth book of 
the Elements, it follows that the baſe whoſe fide is 
DE will be to the baſe whoſe fide is BC as DE* te | 

BC', that is, by ſimilar triangles, as AD* is to AB, | 
or as AF is to AG*. Since then as AG* is to AF. = 
ſo is the baſe of the whole pyramid to the baſe of 0 
the pyramid cut off; ſo long as the three firſt con- hl! 
tinue the ſame, the laſt muſt alſo continue the lame. l 


9. ED, 


C0204: 5ARY; 


Since the number of fides of the pyramid is not con- 
cerned in the demonſtration of this propoſition, which 
will be equally true, be the number of ſides what it will, | 
it muſt alſo be true of the cone, which is nothing elſe but it 
a pyramid of an infinite number of ſides, let the ſhape of Il 
the cone be what it will; that is, whether AG the per- Il! 
pendicular altitude of the cone paſſes through the center [li 
of the baſe or not. | il 


ATE OE . 


362. If a priſm or cylinder of any kind be deſcribed by [| 
the motion of a plain figure aſcending uniformly in a | 
horizontal poſition to any given height, the quantity | 
of the ſolid thus generated will be the ſame, whether | 
the deſcribing plane aſcends direfly or obliquely to the 
ſame height; and conſequently all priſms and cylinders = 
of what kind ſoever, that have equal baſes and equal | 
perpendicular heights, are equal, whether they ſtand 
upon thoje baſes erect or reclining. {| 

For the better conceiving of this, let the deſcribing. 

plane be made, not to aſcend all the way, but ſome- 

times to aſcend perpendicularly, and ſometimes to 
move laterally or edgeway, and that by turns : then | 
it is plain that the quantity of ſolid ſpace, or rather 
the ſum of all the tolid ſpaces thus deſcribed, will k 
amount to no more than if the deſcribing plane had 
aſcended all the way perpendicularly to the ſame 
height, Let the times of theſe alternate motions 

2 wherein 
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wherein they are performed be diminiſhed and their 
number be increaſed ad infinitum, and they will ter- 
minate at laſt in an uniform oblique motion, and the 
ſolid generated by this motion will be equal to a ſo- 
lid generated by a perpendicular motion of the ſame 
plane to the ſame height. Q, E. D. 

N. B. What has here been demonſtrated concern- 
ing priſms and cylinders, may be further illuſtrated 
by ſliding a pack of cards, or a pile of halfpence, out 
of an erect into an oblique poſture; whereby it may 
eaſily be ſeen, that neither the baſe or the perpendi- 
cular altitude, nor the quantity of the ſolid, can be 
affected by chis change of poſture; but the ner, that 
is the thinner, thele conſtituent laminæ are, the nearer 
"MF wall FePralgns an oblique ſolid, 


| THEOREM, 


363. All pyramids and cones of what kind ſoever, that 
have equal baſes and equal perpendicular heights, are 
equal, 

To evince this, let us imagine two plain figures 
(whether ſimilar or diſſimilar to each other it matters 
not) to riſe together ftom the ſame level, one directly, 
and the other obliquely, but both in a horizontal 
poſition, and always upon the ſame level; and let 
the ie planes be imagined not to retain all along their 
firſt magnitude (as was ſuppoſed in the laſt article) 
but to leſſen by degrees as they riſe, ſo as by their 
motion to deſcribe. tapering figures, and at laſt to 
vanifh each in a point: then it is eaſy to fee, that if 
the tapering figures thus deſcribed be pyramids or 
cones having equal baſes and equal perpendicular 
heights, theſe deſcribing planes muſt not only be 
equal to each other at firſt, and vaniſh at equal 
heights, but they muſt leſſen ſo together as to be 
equal to each ather at all other equal altitudes what- 
ever: this is evident from the laſt article but one: 
and therefore the ſolids deſcribed by them muſt ne- 
geſſarily be equal. N; E. D. 


5 CoRalsy 


Art. 363, Sc. 


COROLLARY. 


Hence it follows, that whatever wwe have demon- 
ſtrated concerning iſoſceles pyramids, cones, priſms, and 
cylinders, with reſpect to their proportion one to another, 
will be equally true of all others, whatever ſhape or 
poſture they may be in: as, that all pyramids and cones 
of the ſame height are to each other as their baſes, that 
all pyramids and cones upon equal baſes are as their 
heights, and that every pyramid or cone is a third part 
of a priſm or cylinder having an equal baſe, and an 
equal perpendicular altitude. 


A LEM M A. (Fig. 60.) 


364. Let ABCD be a ſquare whoſe baſe is AD, 
and whoſe diagonal is AC; and upon the center A, and 
with the radius AB, deſcribe the quadrant or quarter 
of a circle BAD: draw alſo the line EF GHor EGFH 
any where within the ſquore, parallel to the baſe AD, 
cutting the fide AB in E, the quadrant BU in F, the 
diagonal AC in G, and the oppoſite fide CD in H. 
and join AF: I ſay then that the ſquare of EF and the 
ſquare of EG put together will aicvays be equal to the 
Hart of EH. | 

For the triangles ABC and AEO are ſimilar, as 
having one angle at A in common, and the angles at 
Band E right; therefore EG will be to EA as BC's to 


BA; but BC is equal to BA, from the nature of a 


ſquare ; therefore EG will be equal to EA, and EG* 
to EA, and EF. EG to EF TEA A = AD*® 
SEH, that is, EF'-EG*=EH". . E. D. 


A TuEORE M. 


365. Every ſphere is two thirds of a circumſcribing 
cylinder, that is, a cylinder that will ſuſt contain 
it. 
For ſuppoſing all things as in the laſt article, 

(fer Fg. 60.) let the ſquare ABCD be now ſuppoſed 

to 
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to turn round its fixed fide AB, fo that the ſquare 
may generate a cylinder, the quadrant a hemiſphere, 
and the triangle ABC an inverted cone; and let this 
cylinder, and conſequently the cone and hemiſphere 
be conſidered as conſiſting of an infinite number of 
infinitely thin cylindric /aminz : then if EH repreſents 
the ſemidiameter of any one of theſe laminæ belong- 
ing to the cylinder, EG will be the ſemidiameter 
of ſo much of this lamina as lies within the cone, 
and EF the ſemidiameter of ſo much as lies within 
the hemiſphere : and becauſe (by the laſt article) 
the ſquare of EF and the ſquare of EG are both 
together equal to the ſquare of EA, it follows from 
corollary 6 in art. 347, that the two circles, whoſe 
ſemidiameters are EF and EG, are both together equal 
to the circle whoſe ſemidiameter is EH; which is 
as much as to ſay in other words, ſince the line 
EH was taken indifferently, that every particular 
lamina of the cylinder is equal to rwo correſpondent 
laminæ at the ſame height, whereof one belongs to 
the cone, and the other to the hemiſphere z therefore 
componendo, the whole cylinder is equal to the cone 
and the hemiſphere put together: but the cone 
has been proved already to be a third part of the 
cylinder, as having the ſame baſe and height, (ſee 
art. 360); therefore the hemiſphere mult be the 
remaining two thirds of it; that 1s, every hemi- 
ſphere is two thirds of a cylinder of the ſame baſe and 
height. 

Let us now imagine two ſuch hemiſpheres, 
and two ſuch cylinders to be put together in one 
common baſe, and the two hemiſpheres will con- 
ſtitute a ſphere, and the two cylinders a cylinder 
circumſcribed about that ſphere, and the ſphere will 
now be two thirds of the circumſcribing cylinder, 


9 E. P. 


A Tu- 
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A Tul OR E M. 


366. Every ſphere is equal to a cone or pyramid whoſe 
baſe is the ſurface of the ſphere and whoſe perpen- 
dicular altitude is its ſemidiameter. 

To demonſtrate this, let a body terminated by 
plain ſides, regular or irregular, be ſo conſtituted as 
to admit of a ſphere to be inſcribed in it, touching 
every ſide in ſome point or other, as the cube and 
an infinite number of other bodies will; and from 
the center of the inſcribed ſphere imagine lines to 
be drawn to every angle of the circumſcribing body: 
then will this body be diſtinguiſhed into as many py- 
ramids as it hath ſides, whoſe baſes will b; the ſe- 
veral ſides of the body, whoſe common vertex will 
be in the center of the ſphere, and whole perpendi- 
cular heights will be radii drawn to the ſeveral points 
of contact. and conſequently will be equal: for as 
when a circle is touched by right lines, all radii 
drawn to the ſeveral points of contact will be per- 
pendicular to the reſpective tangent lines; ſo when 
a ſphere is touched by planes, all radii drawn to the 
ſeveral points of contact will be perpendicular to the 
reſpective tangent planes. 

Let then 7 be the radius of the ſphere, and let 
4, b, c, d e A the quantities or areas of the 
ſeveral ſides of the circumſcribing body ; and the 
ſolid contents of the pyramids whereof that body is 

ar br cr, dr 


| compoſed will be TOE, 7 , and the ſum of 
all theſe pyramids, or the ſolid content of the body, 


will be e. Let 4 + b = c+d=s, 


that is, let c be the whiole ſur face ofthe Samba, | 


body, and its folid content will be —: but — js 


the content of a pyramid whoſe baſe is s, and whoſe 
perpendicular altitude is 7; therefore every body 
circumſcribed 


4 

4 

5 

it 

, 

x; 

+ 
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circumſcribed about a ſphere is equal to a pyramid 
whoſe baſe is the ſurface of the body, and whoſe per- 
pendicular altitude is the ſemidiameter of the inſcribed 
ſphere. | 

Let us now imagine the ſeveral angles of this cir- 
cumſcribing body to be pared off cloſe by the ſurface 
of the ſphere, ſo as to create more ſides and more 
angles, and we- ſhall ſtill have a body circumſcribed 
about the ſphere, though in another ſhape; and there- 
fore the proportion already advanced will be as true 


in relation to this body as to the former: whence it 
follows, that if we ſuppoſe the angles of the circum- 
ſcribing body to be pared off ad infinitum, that is, 


till it differs nothing from the inſcribed ſphere, the 


propoſition will be as true of the ſphere itſelf as it 
was before of the body circumſcribed about it, to 
wit, that every ſphere is <qual to a cone or pyramid 


whoſe baſe is the ſurface of the ſphere, and whole per- 


pendicular altitude is its ſemidiameter. &. E. D. 


A THEOREM. 


367. The ſurface of every ſphere is equal to four great 
circles of the ſame ſphere. 


Where note, that by a great circle of a ſphere, I mean 


any circle ariſing from a ſettion of a ſphere into two equal 


hemiſpheres by a plane paſſing through its center, in con- 
tradiſtinction to a leſſer circle ariſing from a ſection of a 


ſphere into unequal parts: or a great circle of a ſphere 
may be defined to. be a circle whoſe diameter is the ſame 


with that of the ſphere. 
Let s be the turtace of any ſphere, d the diameter 


and b the area of a great circle of that ſphere ; then 


will b be the baſe of a circumſcribing cylinder, d its 
altitude, and 4d its ſolid content; therefore, by the 


b 
laſt article but one, _ will be the ſolid content of 


the ſphere : but by the laſt article, this ſphere- is 
equal to a cone or pyramid whole baſe is s the ſurface 
of 
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of the ſphere, and whoſe perpendicular altitude is 


its ſemidiameter, a third part whereof is = 3 there- 


fore 5 will alſo repreſent the ſolid content of the 


ſphere: whence we have the following equation, to 


> b 
wit, 5 = LES, which being reduced gives s=46, 


9. E. D. 


From the three laſt articles may be deduced the 
following corollaries : | 


CO0K04LARqRMIRS:; 


268. 1ft, As the diameter of a circle is to the cir- 
cumference, that is, as 7 to 22 nearly, ſo is the ſquare 
of the diameter of any ſpbere to its ſurface. For ſup- 
poſing the diameter of a circle to be to the circumfe- 
rence as 1 to c, and putting d for the diameter of 
any ſphere, cd will be the circumference of a great 
circle of that ſphere, ſince as 1 is to c, ſo is d to cd; 


: ca 3 ee 
multiply then 2 the ſemicircumference, into — the 


radius, and you will have 5 the area of a great 


circle ; therefore four great circles, or the ſurface of 
the ſphere, will be cad: but as 1 is to c, ſo is dd to 
cdd; therefore, &c. 
2d, Whence it follows, that The ſurface cf every 
ſphere is equal to the produtt of the circumference of a 
great circle multiplied into the diameter of the ſphere. 
For, retaining the notation of the laſt article, cdd the 
ſurface of the ſphere is equal to cd the circumference 
of a great circle multiplied into 4 the diameter. | 
zd, The ſurface of every ſphere is equal to the convex 
ſurface of a circumſcribed cylinder. For if a concave 
cylinder without its two baſes be ſlit, and then opened 
into a plane, the figure of that plane will be a paral- 
| Bb lelogram, 


ms 
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klogram, whoſe baſe will be that line which before 
was the circumference of the baſe of the cylinder, 
and whoſe height will be the ſame with that of the 
cylinder; therefore, as the area of a parallelogram is 
tound by multiplying the baſe into the height, the 
ſurface of every cylinder muſt be found by multiply- 
ing the circumference of the baſe into the height of 
the cylinder : but the circumference of a cylinder cir- 
cumſcribed about a ſphere is equal to the circumference 
of a great circle of the ſphere, and the height of ſuch 
a cylinder is equal to the diameter of the ſphere ; 
therefore the convex ſurface of the cylinder will be 
equal to the circumference of a great circle of the 
ſphere multiplied into the diameter, which by the laſt 
corollary is the ſurface of the infcribed ſphere. 

ath, The ſolid content of every ſphere is equal to the 
product of its ſurface multiplied into a third part of the 
radius, or the radius into a third part of the ſurface. 
This is evident from art. 366. 

5th, As fix times the diameter of a circle is to the 
circumference, that is, as 42 1s to 22 Or 21 10 11 
nearly, ſo is the cube of the diameter of any ſphere to its 
ſolid content. For if we ſuppole the diameter of a 
Circle to beto the circumference as 1 toc, the ſurface 
of a ſphere whoſe diameter is d will be cdd by the 
firſt corollary ; and this ſurface multiplied into a third 


part of the radius, or into a third part of 2 which is 


e 


6 gives — the ſolid content of the ſphere : but as 


: INT 2 c d : 
5 is to c, ſo is d to ; therefore as fix times the 


diameter of a circle is to the circumference ſo is the 


cube of the diameter of any ſphere to its ſolid con- 

tent. | 
öth, The ſurfaces of all ſpheres are as the ſquares, 
and the ſolid conter.ts as the cubes, of th:ir diameters or 
ſemidiameters. For ſuppoſing the diameter of any 
| . c.rcle 
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circle to be to the circumference as 1 to c, and ſup- 


poſing d and e to be the diameters of two ſpheres, 
the ſurfaces will be cd and ce“ by the firſt corol- 


6 Z ca 2 
lary, and the ſolid contents will be c and FI by 


the laſt: but c' is to ce: as d* is to e, or as 


42 „ . 3 

— is to-; and — is to — as di is to es, or as 
4 4 6 0 

d> e 

8 8 


To ſhew the uſe of the properties of the ſphere 
above deſcribed, I ſhall add the following problems : 


| FROMLAM I, 
369. To find how many acres the ſurface of the whole 
earth contains. 
Let the diameter of a circle be to the circumference 
as d to c, and let e be the circumference of the earth; 


2 


| 6 1 
then will — be its diameter, and — its ſurface by 


the ſecond corollary in the laſt article. Now the cir- 
cumference of the earth is 131630573 Engliſh feet, 
or 24930 Engliſh miles nearly, allowing 3280 feet 
toa mile : therefore if we make e=24930, we ſhall 
have e*=621504900. Now the numbers 7 and 22 
ate ſcarce exact enough to expreſs the proportion of 
the diameter of a circle to the circumference in com- 
pany. with ſo large a number as en; let us therefore 
uſe that of 113 to 255, which we have elſewhere 
ſhewo (ſchol. 1. in art. 179*) to be much more exact; 
that is, let d=113 and c=355, and — or the ſur- 
face of the earth will be 197831137 ſquare miles: 
but every ſquare mile contains 640 acres ; therefore, 
if the foregoing number of ſquare miles be multiplied 
by 640, the product 126611927680 will be the num- 
ber of acres required. 

ger the Quarto Edition, P- 292. 


B b 2 N. B. 
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N. B. To be more exact in any computation than 

the data on which it is founded, can be to little or no 
purpoſe. 


PROBLEM 2. 


370. What muſt be the diameter of a concave ſphere that 
will juſt hold an Engliſh gallon ? | 


By the fifth corollary in art. 368, as 11 is to 21, 
ſo is the ſolid content of any ſphere to the cube of 
its diameter : but the ſolid content of our ſphere is 
282 cubic inches or an Engliſh gallon by the ſup- 
polition : therefore the cube of its diameter will be 
538+, the cube root whereof 8. 135 will be the dia- 
meter itſelf, 

N. B. The extraction of the cube root is taught 
in moſt books of Arithmetic, and depends on the 
nature of a binomial, as doth the extraction of the 
ſquare root; and therefore whoever ſees the reaſon of 
the latter, may (without much difficulty) reaſon him- 
ſelf into the former: but the extraction of the roots 
of all ſimple powers will beſt be performed by the 
help of logarithms, as will be ſhewn hereafter when 


we come to treat of the nature and properties of thoſe 
numbers. 


Of the Spheroid. 


373. If a ſphere be reſolved into an infinite number 
of infinitely thin cylindric laminæ, and then theſe lami- 
ne, retaining their circular figure, be all increaſed or 
all diminiſhed in the ſame proportion, they will conſtitute 
4 figure called a ſpheroid ; and it is ſaid to be prolate or 
oblong, according as theſe conſlituent laminæ are in- 
creaſed or diminiſhed. This a learner, who is unac- 
quainted with the nature of the ellipfis, may (if he 
pleaſes) take for the definition of a ſpheroid. 

From the definition here given it follows, 

1ſt, that Every ſpberoid is to a ſphere upon the ſame 
axis, as any one lamina in the fcrmer is to a like lamina 
in the latter from whence it was derived ; or as any 


number 
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number of lamina in the former is to the ſame number of 
like laminæ in the latter, that is, as any portion of the 
former comprehended between two parallel planes per- 
pendiuclar io its axis, is o a like portion of the latter. 
2dly, it follows, that Every ſpheroid, as well as every 
ſphere, is two thirds of a circumſcribing cylinder, For 
though a ſpheroid be greater or leſs than a ſphere upon 


the ſame axis, the cylinder circumſcribed about the 


ſpheroid will be proportionably greater or leſs than 
the cylinder circumſcribed about the ſphere : for, ha- 
ving the ſame length, they will be as their baſes ; 
therefore the ſpheroid will have the ſame proportion 
to a cylinder circumſcribed about it, as the ſphere 
hath to a cylinder circumſcribed about the ſphere. 


A LEMMA. 


374. The chord of any circular arc is a mean propor- 
tional between the verſed fine of that arc and the dia- 
meler. 

Let ABC (Lig. 61.) be a ſemicircle whoſe diameter 
is AC, and aſſuming any arc as AB, draw the ſtraight 
line AB, which is its chord; draw alſo BD perpen- 
dicular to the diameter ACin D, and the intercepted 
line AD is called the verſed {ine of the arc AB, What 
we are then ta demonſtrate is, that the chord AB is a 
mean proportional between the verſed fine AD and the 
whole diameter AC: and this is eaſily done by draw- 
ing the other chord BC; for then the triangle ABC 
will be right-angled at B. as being in a ſemicircle, 
and conſequently will be ſimilar to the right-angled 
triangle ADB; whence AD will be to Ab as AB to 
AC. Q. E. B. 


Fa®BLEM:-:-S 


375. To find the ſolid content of a ſruſtum of a bemi- 
ſphere or hemiſpheroid comprehenaed between a great 
circle perpendicular to its axis and any other leſſer 
circle parallel to it, having theſe two oppoſite baſes 

and the height of the fruſtum given. 
B O 3 N. B. 
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N. B. As & AD is ſometimes uſed for the ſquare 
of AD, or a ſquare whoſe ſide is AD, fo in our nota- 
tion in this and ſome of the following articles, we 
ſhall not ſcruple to uſe © AD for the area of a circle 
whole ſemidiameter is AD, 2 © AD for two ſuch 
circles, Sc. 

Lec ABCD (Hg. bo. ) be a ſquare whoſe baſe 1s 
AD and diagonal 4C; and upon the center A and 
with-the radius 4B deſcribe the quadrant BAD; draw 
alſo the line EFGH any where within the ſquare pa- 
rallel to AD, cutting AB in E, the quadrant in F, the 
diagonal i in G. and the oppoſite ſide CD in H. This 
done, imagine the whole figure to turn round its 
fixed fide AB : then will the ſquare generate a cylin- 
der, the quadrant a hemiſphere, the triangle ABC an 
inverted cone, and the curvilinear ſpace AEFD ſuch 
a fruſtum of an hemiſphere as we are to find the ſolid 
content of, having given AD and EF the ſemidiame- 
ters of the two oppoſire bales, and AE the height of 
the fruſtum. 

In the 365th article, by the help of this conſtruc- 
tion, it was demonſtrated, that the hemiſphere gene- 
rated by the quadrant ABD and the cone generated 
by the triangle ABC were together equal to the cy- 
linder generated by the ſquare ABCD ; and the rea- 
ſons there given for ſuch an equality, equally prove 
that the fruſtum generated' by the ſpace AEFD and 
the cone generated by the triangle AEG will both to- 
gether be equal to the cylinder | generated by the pa- 
rallclogram AgHD but the cone generated by the 


AE 
trlangle AEC is equal to © EG x 3 and the ey- 


linder generated by the parallelogram AEHD is equaj 
| At 
to OADXAE=3O4DXx = =2QAD+OEH 


AE | 
* ＋ therefore, if f be put for the ſolid content of 


the truſtum, we ſhall have the following equation, 
Fr 
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1 CRP” 
f+ ©EGx = SADEGER x 5 1 
ſpoſe OEG = and then we ſhall have f = 


3 8 
5 but by the 364th 


article, and the ſixth corollary in the 347th, OEII 
=OEFd-QEG; therefore QEH—QEG=OQEF: 
ſubltitute OE inſtead of QEH—QEG in the fore- 


| ; £M 
going equation (f= 2 © 4D+g EH—g £6 X 775 


and you will have f= 29 DTOET Kft this is 


upon a ſuppoſition that the ſolid propoſed is a fruſtum 
ot a hemiſphere. Let us now ſuppoſe the ſolid f to 
conſiſt of an infinite number of infinitely thin cylin- 
dric laminæ parallel to its baſe, and then that theſe 
lamine, retaining their circular figure, be all dimi- 
niſhed in ſome given proportion, ſuppoſe in the pro- 
portion of r tos; then it is plain that the ſolid F will 
degenerate into a fruſtum of an hcmiſpheroid, and 
that it will be diminiſhed in the proportion of 7 to 5; 


but then the quantity 20 LD ER will alſo 


be diminiſhed in the ſame proportion ; and therefore 
F will ſtill be equal to 2 9 AD + E ; whence 


we have the following theorem for finding the ſolid 
content of the fruſtum propoſed, whether it be a 
fruſtum of a hemiſphere or hemiſpheroid. 

To twice the area of the greater baſe add the area of 
the leſs; multiply the ſum by a third part of the altitude 
of the fruſtum, and the product will be its ſolid content. 


Q. E. 1 


5B b4 Po- 
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PROBLEM 6. 


376. To find the convex ſurface of any ſegment of a ſphere 
whoſe baſe and beight are given. (Fig. 60.) 

" Retaining the conſtruction of the laſt N and 
ſuppoling what was there proved, if from the hemi- 
ſphere generated by the ſpace ABD be ſubtracted the 
fruſtum generated by the ſpace AEFD, there will 
remain a ſegment of the ſphere generated by the 
ſpace BEF; and if to this ſegment again be added 
the cone generated by the triangle AEF, they will 
both together conſtitute a ſector of the ſphere gene- 
rated by the ſpace ABF; and laſtly, if the ſolid con- 
tent of this ſpherical ſector be applied to, or divided 
by a third part of the radius AD, the plane or quo- 
tient thence ariſing will be equal to the convex ſur- 
face generated by the arc BF, which is here propoſed 
to be determined. For as every ſphere is equal to a 
cone whoſe vale is its ſurface and whoſe altitude is 
its radius, (lee art. 366) ſo (and for the ſame reaſon) 
muſt every ſector 22 a ſphere be equal to a cone whoſe 
baſe is the ſpherical part of its ſutface, and whoſe al- 
titude is the radivs, Now the hemiſphere generated 
by the ſpace ABD being two thirds of a cylinder of 
the ſame baſe and heig ght, as was demonſtrated in art. 
365, its ſolid content © will be expreſſed by 20 AD X 


A AB E 
= 2© ADX == + 20 ADX _ and the ſolid 
content of the EF 20 generated by the ſpace AEFD 
AE 
was 2 © AD KT O EF x, ſubtract the latter 


from the FE, and there will remain the ſegment 


generated by the ſpace BE F equal to 20 ADX 
EB AE 


. l z add to this the cone generated 


E. 
by the triang 4 


and you will vis hs her ſector generated by The 
ſpace 
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ſpace ABF equal to 2 © AD 2 Let the diameter 


of a circle be to the circumference as 1 to c, and 
2ADXc will be the circumference of a great circle, 
whoſe half ADxXc multiplied into AD the radius, will 
give AD*Xc for the area of a great circle; therefore 


oAD=AD*xXc, and 29 ADX _ , or the content of 


the ſector, will be 2AD xox = but EB is the 


verſed ſine of the arc BF; and therefore if we put / for 
the chord of that arc, we ſhall have 2ADXEB==l by 
the laſt article but one; and the ſolid: content of the 
i 3 AD 
ſector will now be ** divide by T7 and 
you will have the ſurface generated by the arc BF 
equal to *Xc : but as AD xc was equal to GAD, ſo 
will xc be equal to © /, that is, to a circle whoſe 


radius is the chord of the arc BF: therefore the ſur- 


face of every ſegment of a ſphere is equal to a circle whoſe 
radius 7s the diſtance of the pole, or vertical point of the 
ſegment, from the circumference of its baſe. 

What has here been determined concerning the 
convex ſurface of a ſegment of a ſphere agrees entirely 
with what was determined in art. 367 concerning the 
ſurface of a whole ſphere. For if we ſuppoſe the arc 
BF to be a ſemicircle, its chord will then be a diame- 
ter, and the ſurface generated by this arc will be the 
ſurface of the whole ſphere; and therefore the ſurface 

of this ſphere will be equal to a circle whoſe radius is 
the diameter of the ſphere, that is 2AD : but a circle 
whoſe radius is 2AD, is quadruple of a circle whoie 
radius is AD, becauſe all circles are as the ſquares of 
their ſemidiameters ; therefore the ſurface of every 
ſphere is equal to four great circles of the ſame, as 
was there demonſtrated. | 
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BOOK IX. PART 1. : 


as ai . 


Of powers and t eir indexes. 


878, T HE indexes of powers have been al- 
ready conſidered, ſo far as they ſerve 
for a ſort of ſhort-hand writing in 
Algebra: but the incomparable New- 

ton has very much enlarged our views with reſpect to 

theſe indexes or exponents, inſomuch that it is by their 
means chiefly, that ſo many excellent, uſeful, and 
comprehenſive theorems have been diſcovered both 
in Algebra and Geometry, and more particularly in 
the doctrine of Fluxions. This ſort of notation there- 
fore I ſhall now endeavour further to explain in my 


obſervations upon the following ſmall table ; 


Powers without their indexes. 


I I 


xx xxx 


I 
NAX. KAx. XXX»s KN. &. 1. Pa. 


3 1 
xk X XA XXXXNX 
Powers with their indexes. 
. . . K., x. x, a=! . . 
R 

This table conſiſts of two rows, whereof the upper 
is a ſeries of powers expreſſed without their indexes, 
the common root or fundamental quantity being æ; 


the lower expreſſes the ſame powers by the help ot 
their indexes. | 


Os k- 
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OSE RVATIO INS. 


379. iſt, By this table it appears that every ſubſe- 
quent power is the quotient of the next before it divided 
by the common root x, and that every ſubſequent index 
is generated by ſublracting unity from the next before it. 
Thus x* divided by x gives x, x divided by x gives 1, 


2 F ©S x I 
1 divided by x gives 9 divided by x gives ” 


Sc.: thus again, 2—1I=1, I—120, 0—I=—1, 
—I—l=—2 &c, Since then each row exhibits a 
regular ſeries, it follows that the negative indexes 
have the ſame right to expreſs the powers they belong 
to as the affirmative ones, and that x repreſents 


I | : 
= upon the ſame foundation that x* repreſents xx. 


2dly, Therefore whatever number is the index of any 
power, ils negative will be the index of the reciprocal 
of that power, or of unity divided by that power. 
Thus if 2 be the index of xx, —2 will be the index of 


275 if 1 be the index of x, —1 will be the index of 


—z and ſo of the reſt. 


3Gly, In all caſes whatever, ihe addition of indexes 
anſwers to the mulliplication of the powers to which they 
belong; that is, if any two potvers of the ſame quantity be 
multiplied together, the index of the multiplicator adaed to 
the index of tbe multiplicand will give the index of the pro- 
duct. Thus x* multiplied into x* gives x*, as xxXxxx_ 


. 1 : F 
gives Xxxxx : thus x X x— gives x, as xxX — 


: I : EE: 
ives —: thus x—* gives &—5, aS—X — gives 
8 * 83” "8 F er 8 


1 x h 
—— ; thus x*%x—* gives , as xxX — gives 1 
XFXXXX * g > ** T SIe 


* ð* V giyes x, as WXYNI gives xx. 


bly, 
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Athly, In like manner the ſubtraktion of indexes 
anſwers to the diviſion of powers ; that is, if any 
power of any quantity be divided by a power of the 
fame quantity, the index of the diviſor ſubtradled from 
the index of the dividend leaves the index of the quotient. 
Thus x* divided by x* quotes x, as xxx divided by xx 
quotes x: thus x* divided by x— quotes x5, as xx 


divided by— quotes &xxxx ; thus x—* divided by 


| | 1 
* quotes x—3, as — divided by xxx quotes 
| * & 


FEE . 3 
thus x—* divided by & gives x", as r divided by 
1 * * . * N 
— gives x: thus x divided by x—* gives a*, as 1 


divided by — gives xx: laſtly, x* divided by æ* 


gives , as xx divided by xx gives 1. 

5thly, Jf the index of any power be mulliplied by 
2, 3, 4, &c. the product will be the index of the ſquare, 
cube, ſquare-ſquare, &c. of that power : and therefore 
if the index of any power be divided by 2, 3, 4, &c. 
the quotient will be the index of the ſquare root, cube 
root, ſquare-ſquare root, &c. of that power. Thus 
the ſquare of a* is x4, its cube x", its ſquare-ſquare 
x* ; thus again, the ſquare root of x** is x5, its cube 
root x4 : its ſquare-ſquare root x, &c.: thus the ſquare 


1 | 
root of x or is of its cube root « its ſquare- 


ſquare root Ry Sc. : thus the ſquare root 1 or 


eee e I 
* is x—2 its cube root x, its ſquare-ſquare root 
2. 2 - 2 4 a | 
x—* &c.: thus & ſignifies the cube root of a*, x 


, * 
the fquare-ſquare root of x3, And- univerſally, & 
fignifies that root of ** whoſe index is u; as if 
3"=a", then y is · ſaid to de that root of x® whoſe 

112 index 
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index is u, and muſt be expreſſed by x ; and there- 
fore if in any caſe x"=y" 5 it will be a good inference 


to ſay that y is equal to x, or that x is equal to 


6thly, Powers are reducible to more ſimple powers, 
as often as their frattional indexes are reducible to more 
fimple fraftions, Thus the ſquare-1quare root of ** 
is the fame with the ſquare root of x, becauſe 
Xx: HOES, Ih 

7thiy, If the index of any power be an improper 
fraction, and that fraction be reduced into a whole 
number and a fraction, the power will hereby be reſolved 
into two factors, . whereof one will have the whole 
number for its index, and the other the fractional part. 


8 
Thus + =2 ＋ 2, and therefore x* = Nu z that is, 
the ſquare root of x5 is equal to xx multiplied into the 
ſquare root of x. 
8thly, Surd powers may be reduced to the ſame root 
by a reduction of their fraftional indexes to the ſame 
denomination, and that, wherber they be Powers of the 


ſame quantity or not, Thus x* and y* are the ſame 


4 and y*; that is, the ſquare root of x and the 
cube root of y are the ſame as the ſixth root of x* 
and the ſixth root of y*, and thus may ſurds of differ- 

ent roots be compared together without any ex- 
traction of thoſe roots. As for inſtance, if any one 
ſhould aſk me, which of theſe two quantities is the 
greater, the ſquare root of 2, or the cube root of 3? 


1 ſhould anſwer, the cube root of 35 for the ſquare 
2 


root of 2 or 2 or 25 is equal t8*; bur the cube 


root of 3, or 35 '» or 3 5 is equal to g. and g© 
is greater than 8*, 


9thly, 
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gthly, That the addition and ſubtraction of indexes 
emſwers to the mulliplication and diviſion of the powers 
to which they belong, holds equally true in fractional 
indexes, as in integral ones. Thus 4++i=3, and 
by T $ 


* „ö =x*, which I thus demonſtrate. Let y*=x; 
T 


then by the fifth obſervation we ſhall have y = x*, 
" IF 2 I 5 

„x, or 11, * x , or æ, and yi=x®: but yy 

is equal to 356 by the third obſervation; therefore 
5 

of multiplied into of gives . After the ſame man- 

ner, ſince 1— rf, it may be demonſtrated that 


x* divided by x* will give x"; for y* divided by y* 


gives y, which is equalto x*; and the demonſtrations 
will be the ſame in all other caſes. 


PTC — : — — 
An r 
Of logarithms, and their uſes. 


The definition of logarithms, and conſectaries drawn 
| from it. 


Art. 390. OGARITHMS oreaſe of arti- 
ficial numbers placed over-againſt 
the natural ones, uſually from 1 to 
100000, and ſo contrived that their 
eddition anſwers to the multiplication of the natural num- 
bers to which they belong ; that is, if any two numbers be 
multiplied together, and ſo produce a third, their logarithms 
veing added together will conſtitute the logarithm of that 
third. 
Thus © .3010300, the common logarithm of 2, 
added to | | 


0 4771213, the logarithm of 3, gives 
0 .7781512, the logarithm of 6, becauſe 
G is the product of 2 and 3 multiplied together. 
| 7 From 
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From this definition it follows, firſt, That in any 
ſtem or table of logarithms ⁊ubatever, the logarithm of 
unity or 1 will be nothing : for as 1 neither increaſes 
nor diminiſhes the number multiplied by it, fo nei- 
ther will its logarithm either increaſe or diminiſh the 
logarithm to which it is added; and therefore the lo- 
garithm of 1 mult be nothing. 

2dly, For à like reaſon, the logarithm of a proper 
fraction will always be negative: for ſuch a fraction al- 
ways diminiſhes the number multiplied by ir, and 
therefore its logarithm will always diminiſh the loga- 
tithm to which it is added. 

2dly, This property of logarithms, whereby they are 
defined as above, affords us no ſmall compendium in mul + 
tiplication : tor whenever one number is to be multi- 
plied by another, it is but takingout their logarithms, 
and adding them together, and their ſum will be a 
third logarithm whoſe natural number being taken out 
of the tables will be the product required. 

athly, The ſubtraction of logarithms anſwers to the 
diviſion of the natural numbers to which they belong; 
that is, whenever one number 1s to be divided 
another, it is but ſubtracting the logarithm of the 
diviſor from the logarithm of the dividend, and the 
remainder will be the logarithm of the quotient : and 
thus by the help of logarithms may the operation of 
diviſion be performed by mere ſubtraction as that of 
multiplication was by addition. Hence as every 
fraction is nothing elſe but the quotient of the numera - 
tor divided by the denominator, its logarithm will be 
found by ſubtratting the logarithm of the denominater 
from the logarithm of the numerator. To demonſtrate 
this, to wit, that the logarithm of the diviſor fub- 
tracted from the logarithm of the dividend will leave 
the logarithm of the quotient, let the number A be 
divided by the number B, and let the quotient be the 
number C, and let the logarithms of the numbers 
A, B, and C, be a, ö, and c tefpeCtively ; I lay then 
that a—b will be equal to c : for ſince by the 1 

rron. 


— ——— OS —— 
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ſition 550 we ſhall have A= BC, a=b-c by the 
definition ; whence a—b=c, | 
zthly, As every fourth proportional is found by mul- 
tiplying the ſecond and third numbers together, and di- 
viding the product by the firſt, ſo the logarithm of every 
fuch fourth proportional will be found by adding the 
logarithms of the ſecond and third numbers together, and 
ſubtracting from the ſum the logarithm of the firſt. This 
renders all operations by the rule of proportion very 
compendious and ealy ; eſpecially after the practitioner 
has pretty well inured himſelf to take out of the table 
logarithms to his numbers, and mumbers to his loga- 
rithms: but this compendium is chiefly uſeful in 
Trigonometry, both plain and ſpherical, where every 
thing he wants is put down ready to his hands, 
6thly, FA be any number whoſe logarithm is a, then 
the logarithm of A* will be za, that of A, Za, &c. 


that of ＋ —a, that of A, aa, &c. And uni- 


verſally, the logarithm of A® will be a xm, and 
that, whether the index m be integral or fractional, 
| affirmative or negative: on the other hand, if q be the 


logarithm of any power of A, as of A®, then — will be 


the logarithm of A. The reaſon of all this is plain; 
for as A* is the product of A multiplied into itſelf, ſo 
its logarithm will be the logarithm of A added to 

itſelf or doubled, that is 24; and ſo of the higher 


. I * * . T., | 
powers. Again, as is the quotient of unity divi- 


ded by A, its logarithm will be found by ſubtracting 
a, the logarithm of A, from o, the logarithm of 1, 
which gives —a; and ſo of the lower powers. Laſtly, 
as VA, when multiplied into itſelf, produces A, ſo 
its logarithm, when added to itſelf, ought to make 
a; therefore the logarithm of VA will be Za; and 
ſo of all the other fractional powers, Here then again 
7 we 
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we have another inſtance of the very great uſefulneſs 
of a good table of logarithms, to wir, in raiſing a 
number to any given power, or in extracting any 
given root out of it, all which is performed with 
equal facility, only by muldplying its logarithm by 
the index of the given power, or dividing it by the 
index of the given root; as doubling it for the ſquare, 
tripling it for the cube, &.; halving it for the ſquare 
root, triſecting it for the cube root &c.: this, I ſay, 
cannot but be very uſeful in a great many caſes, and 
more eſpecially in Annatociſm, where we have ſome- 
times occaſion to extraCl even the three hundred ſixty - 
fifth root of a number, as at other times to raiſe it 
to the three hundred ſixty- fifth power, ſcarce poſſible 
to be performed any other way; to ſay nothing of the 
innumerable miſtakes that in ſo long and laborious a 
calculation would be almoſt unavoidable, all which 
are prevented by the uſe of logarithms. It cannot 
indeed be expected that entice powers, and much leſs 
entire roots, ſhould be gained this way; but it will be 
eaſy in moſt caſes to obtain as many terms as can be 
of any uſe to us. : 

athly, 1f any ſet of numbers, as A, B, C, D be in 
continual geometrical proportion, their logarithms, which 
we ſhall call a, b, c, d, will be in arithmetical pro- 
greſſion : for ſince by the ſuppoſition A is to B as B is 


to Cas C is to D, that is, ſince ne we ſhall 


have þ—a==c—b=4d—c by the fourth conſectary; 
therefore a, &, c, d are in arithmetical progreſſion, 

DD 
8thly, From this laſt conſefary it will be eaſy, having 
two numbers gi ven, to find as many mean proportionals as 
we pleaſe between them. Let the given numbers be 
A and F, and let it be required to find four mean 
proportionals between them, which we ſhall call 
B, C, D, E, fo that 4, B, C, D, E, F, may be in 
continual geometrical proportion. Here then it is 
evident from the laſt conſectary, that, as theſe num- 
Cc bers 
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bers are in continual geometrical proportion, their 
logarithms, which we ſhall call a, b, c, d, e, 7, will 
be in arithmetical progreſſion, whereof the extremes 


a and F are known, as being che l-garithms of the 
known numbers A and F, and the intermediates may 


be found thus. Pur x for the common difference of 
this arithmetic progreſſion; then will a EN b, a+2 x 
Sc, a ZX, aA e, a -S ; whence X= 


— 1 a 
yz whence ax or S a- 3 2X 


20+} 
5 


3a 2 


Or 6 


42 ＋47 
5 


„4 Ax or e 


; ſo that the logarithms of the four mean pro- 


| = 8 


portionals ſought are _ 2 2 , 2 


5 
take then the natural numbers B, C, D, E of theſe 


logarithms, and they will be the mean proportionals 
required. E. J. . 


Logarithms the meaſures of ratios. 


291. Logarithms are ſo called from their being the 
arithmelical or numeral exponents of ratios : for if unity 
be made the common conſequent of all ratios, or the 
common ſtandard to which all other numbers are to 
be referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural number ta 
unity. As for inſtance, the ratio of 81 to 1 actually 
contains within itſelf theſe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to q, that of g to 3, 
and that of 3 to 1 (ſee art. 293); all which ratios 
are equal to one another, and to the ratio of 3 to 1; 
therefore the ratio of 8 1 to 1 is ſaid to be four times 
as big as the ratio of 3 to 1 (ſee art. 294): and 
hence it is that the logarithm of 81 is four times as 
big as the logarithm of 3. Again, the ratio of 24 
to 1 contains, and may be reſolved into theſe three 
3 ratios, 
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ratios, to wit, the ratio of 24 to r2, that of 12 to 
4, and that of 4 to 1; the firſt of theſe ratios, to 
wit, the ratio of 24 to 12, is the ſame with that of 
2 to 1; the ſecond, to wit, the ratio of 12 to 4, is 
the ſame with that of 3 to 1 and therefore the ratio 
of 24 to 1 is equal to the ratios of 2 to 1, 3 to 1, 
and 4 to 1, put together; and hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 2 
and 4 put together: And univerſally, the magnitude 
of the ratio of A to 1 ts to the magnitude of the ratio 
of B to 1 as the logarithm of A is to the logarithm of 
B. And hence we have a way of meaſuring all ratios 
whatever, let their conſequents be what they will : as 
for example, the ratio of A to Bis the exceſs of the 
ratio of A to 1 above the ratio of B to 1 (ſee art. 
296); therefore the numeral exponent of the ratio of 
A to B will be the excels of the numeral exponent of 
the ratio of A to 1 above the numeral exponent of 
the ratio of B to 1, that is, the excels of the logarithm 
of A above the logarithm of B ; therefore The magni- 
tude of the ratio of A to Bis to the magnitude of the ratio 
of C to D as the exceſs of the logarithm of A above the 
logarithm of B, which is the meaſure of the former ratio, 
is to the exceſs of the logarithm of C above the ligarithm 
of D, which is the meaſure of the latter ratio: and thus 
we ſee that logarithms are as true and as proper mea- 
ſures of ratios as circular arcs are of angles. 

I might have defined logarithms from the idea here 
given of them, and thence have deduced all the other 
properties above deſcribed : but, as it is not every one 
that hath a juſt and diſtinct notion of the nature and 
compolition of ratios, I thought ic more adviſeable to 
treat of them in a way more familiar to the learner. 


Of Briggs's Logarithms. 


292. From the definition given in art. 390, it may 


eaſily be ſeen, that, if any one ſyſtem of logarithms be once. 
obtained, an infinite number of others may be derived 


2 Cc2 from 
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from them by increaſing or diminiſhing the logarithms of 
that ſyſtem in ſome given proportion. As for inſtance, 
in the ſyſtem given let a, &, c, be the logarithms of 
three numbers, A, B, and C, whereot the third is the 
product of the other two multiplied together; then 
will a+b==c, by the definition, Let us now ima- 
gine all the logarithms of this given ſyſtem to be 
doubled; then will a, &, and c be changed into 2a, 
2b and 2c; but as ab was equal toc in the former 
ſyſtem, ſo now will 244-26 be equal to 2c in the lat- 
ter; that 1s, all the numbers of this new ſyſtem will 
{till rerain the property of logarithms. But though all 
theſe different ſyſtems be equally perfef?, if computed to 
the ſame degree of accuracy, yet they will not all be 
equally convenient for uſe : for of all ſyſtems or tables of 
logarithms, that is certainly beſt accommoaated for practice 
which is now in uſe, and is commonly known by the name 
of Briggs's logarithms. The Lord Naperr, a Scotch 
nobleman, was the firſt inventor of logarithms ; but 
our countryman Mr. Briggs, Profeſſor of Geometr 
in Greſham College, was undoubtedly the firſt who 
thought of this ſyſtem; and, propoſing it to the noble 
inventor the Lord Napeir, he afterwards publiſhed it 
with that Lord's conſent and approbation. 

The diſtinguiſping mark of this ſyſtem is, that herein 
the logarithm of 10 is 1, and conſequently that of 100, 2, 
that of 1co0, 3, that of 10000, 4, &c.; that of 1, o, 


I I | 
that of —— or of 0.1,—1. that of prov of 0.01, —2, 


&c. In this ſyſtem the integral parts of the logarithms 
are always diſtinguiſhed from the reſt, and called thg 
indexes or characteriſtics of the logarithms whereof they 
are parts : thus the logarithm of 20 1s 1 .3010300, 
where the characteriſtic 1 is 1; that of 2 is 0.3010300, 


where the characteriſtic is o; that of— or © «2 is 


1. 3010300, where—1 is the characteriſtic, Sc. 


Some 


* 4 r tn ate 
SHE f J N 
Ws ug 


Art. 393. Of Briggs's Logarithme. 405g 
Some advantages of this ſyſtem. 


393. Some of the chief advantages of this ſyſtem, 
beyond all others, will appear from the following 
conſiderations, 

iſt, Whereas we have frequent occaſion to multi- 
ply and divide by 10, 100, 1000, Sc. this in this 
ſyſtem is very readily performed, only by adding to 
or ſubtracting from the characteriſtic the numbers 
I, 2, 3, Sc.; and as theſe are whole numbers, they 
can only influence the index or characteriſtic of a lo- 
garithm, without affecting the decimal part. 

2dly, So long as the digits that compoſe any num- 
ber are the ſame, and in the ſame order, whatever be 
their places with reſpect to the place of units, the 
decimal parts of the logarithm of ſuch a number 
will always be the ſame. As for inſtance, let 4A? 
be the logarithm of this number 34567 .89, where 
4 1s the characteriſtic, and / repreſents the ſum of all 
the decimal parts; then will ;+/ be the logarithm 
of 345678 .9, 6+! that of 3456789, 71 that of 
34567890, Sc. On the other hand, 3+/ will be 
the logarithm of 3456 .789, 2+/ that of 345.678 , 
1-1] that of 34 .56789, o- that of 3 456789, 
—1--/thatof0.3456789,—2-/thatof 0.034 56789, 
Sc. e the reaſon of this is plain; for if the number 
34567 .89 be multiplied by 10, the product will be 
345678 ..9; therefore if to 4+1, the logarithm of the 
former number be added 1, the logarithm of 10, 
the ſum g will be the logarithm of the latter. 
Again, if the number 34567 .89 be divided by 10, 
the quotient will be 3456 .789 z therefore if from 
4-+1, the logarithm of the former number be ſub- 
tracted 1, the logarithm of 10, the remainder 34 
will be the logarithm of the Jatter. Here then we 
lee the reaſon why in Briggs's tables the decimal part 
of every logarithm is affirmative, whether the whole 
logarithm taken together be ſo or not; for, in the 
logarithm of all numbers greater than unity, boch 
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the integral and decimal parts are affirmative; and ; 
therefore the decimal parts muſt always be ſo, ſince 
theſe are not changed by changing the natural num- 
ber, ſo long as the digits that compole it are the ſame, 1% 


1 Cre” | tac ® d 


and in the ſame order : thus —2 or—, 3 may be a 


logarithm ; but it is never expreſſed ſo, but rather 
; thus, t .7, the negation being thrown wholly 
upon the characteriſtic. 
3dly, By this means in Briggs's ſyſtem the charac- 
teriſtic of the logarithm of any number is eaſily known 
thus: ſuppoſe I was aſked, what is the characteriſtic of 
the logarithm of this number 34567 .89? Here ] con- 
ſider that this number lies between 10000 and 100000; 
therefore its logarithm muſt be ſome number between 
4 and g;; therefore it muſt be 4 with ſome decimal parts 
annexed, that is, the characteriſtic muſt be 4. And 
again, ſuppoſe it was required to aſſign the character- 
iſtic of the logarithm of this number, o. 03456789: 


o * 1 4 
here I conſider that this number lies between 78 and 


1 F 
— that is, between O.1 and o. ot, and therefore 


its logarithm muſt lie between —1 and —2, that is, 
its logarithm muſt be — 2 with ſome affirmative de- 
cimal parts annexed, to leſſen the negation ; therefore 
the characteriſtic will be —2, [ 


To find the characteriſtic of Briggs's logarithm of 


any number. 


294. Hence may be drawn a ſhort and eaſy rule 
for determining the index or characteriſtic of the lo- 
garithm of any number given, thus. F the number 
given be a whole number, or a mixt number conſiſting 
of integral and decimal parts, then ſo many removes 
as is the place of units to the right hand of the firſt 
figure, of ſo many units will the characteriſtic conſiſt ; 
but if the number propoſed be a pure decimal, then ſo 
Man) | 


— 
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many removes as is the place of units to the left band 
of the firſt ſignificant figure, of ſo many negative units 
will the charafteriſtic conſiſt. Thus the index or cha- 
racteriſtic of the logarithm of this number 34567 .89 
is 4, becauſe 7 in the place of units is four removes 
to the right hand of the firſt figure 3: thus again, 
the characteriſtic of the logarithm of this number 
0. 03456789 is —2, becauſe o in the place of units 
is two removes to the left hand of the firſt ſignificant = 
figure 3. TX 

Theſe rules are the more to be obſerved, becauſe 
in ſome tables the integral parts of all logarithms 
are omited, being left to be ſupplied by the operator 
himſelf, as occaſion requires: by this means, the lo- 
garithms become of much more general uſe than if, 
by having their charaCteriſtics prefixed, they were 
tied down to particular numbers. 


Another idea of Logarithms. 


395. In the ſyſtem here deſcribed, every natural num- 
ber is, or may be, confidered as ſome power of 10, and 
its logarithm as the index of that power : for let a be 
the logarithm of any natural number as A; then ſince 
Briggs's logarithm of 10 is 1, his logarithm of 10* will | 
be a; this is evident from art. 390 conſect. 6; there- 


fore A mult be equal to 109%, ſince they have both the 


ſame logarithm ; that is, the natural number A is 
ſuch a power of 10 as is expreſſed by its logarithm a. 
This conſideration gives us a new idea of logarithms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 


ſubtraction, multiplication, and diviſion, of theſe loga- 


rithms anſwer to the multiplication, diviſion, involu- 

tion and evolution of their natural numbers. 

Precautions to be uſed in working by Briggs's 
| logarithms. 

396. Though theſe logarithms (as I obſerved be- 


fore) are preferable to all others, on account of their 


ſimplicity 
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ſimplicity and facility in practice, yet in uſing them 
ſome precautions are to be obſerved, which (to pre- 
vent miſtakes) I ſhall here juſt point out to the 
- learner; as 

iſt, In the addition of logarithms, whatever is car- 
ried over from the decimal to the integral parts muſt be 
conſidered as affirmative, and as ſuch muſt be added to 
thoſe integral parts, whether they be affirmative or ne- 
gative. Thus —3+ .7000000 being added to —4 
+ .8000000, the ſum will be -G. 5000000 ; for 
though the ſum of the charaQteriſtics — 3 and —4 be 
—7, the affirmative unit drawn from the decimals 
reduces it to —6. 

2dly, Whenever a ſubtraftion is to be made in loga- 
rithms, it muſt be performed in the - decimal parts as 
uſual ; but if the characteriſtic of the ſubtrahend, or of 
the number from whence the ſubtraction is to be made, 
or of both, be negative, they muſt be treated in the ſub- 
traction as the nature of ſuch quantities requires, Thus 
. —3+ .8900000 ſubtracted from —1-+ .7600000 
leaves 1 .8700000 : for if +1, on account of the 
decimals, be added to —3, the characteriſtic of the 
ſubtrahend, it will be reduced to —2, which being 
ſubtracted from —1 as above, leaves 1. Nay, the 
learner muſt not be diſcouraged if he ſometimes finds 
himſelf obliged to ſubtract a greater logarithm from 
a leſs, as will always be the caie where the logarithm 
of a proper fraction is required: as for example, let 
it be required to find the logarithm of : here ſub- 
tracting © .3010300, the logarithm of 2, from 
Oo .0000000, the logarithm of 1, there will remain 
— 1+ .6989700, the logarithm of ;; for in this ſub- 
traction, i, on account of the decimals being added 
to the characteriſtic of the ſubtrahend, gives 1, which 
ſubtracted from o above, leaves - 1. 
Note, The logarithm of a vulgar fraction may alſo 
be cbtained by throwing it into à decimal. Thus the 
logarithm of + may be obtained, either by ſubtracting 
the logarithm of 3 from that of 2, or elſe by taking 
: 7 out 
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out the logarithm of this decimal fraction . 6666667, 
which is the ſame as the logarithm of the whole 
number 6666667, except that the characteriſtic of the 
former logarithm is — 1, and that of the latter -{-6. 

3dly, in the multiplication of logarithms the ſame 
care muſt be taken as in addition. Thus if it be required 
to multiply this logarithm —3-+ .70c0000 by q, 
the product will be — 2 1＋/ .3000000; for though 
the product of — zg be — 27, yet the ** drawn 
from the decimals reduces it to — 21. 

4thly, Whenever a logarithm is to be divided by 2, 
3, 4, &C. in order to obtain the ſquare, cube, biguadrate, 
&c. root of its natural number, if the charaferiſtic be 
negative, and will not be divided without a fraction, my 
Way is to reſolve it into two parts, to wit, into a nega- 
tive part which will be divided, and an affirmative part 
which Twill incorporate with the decimals annexed, Thus 
if I was to take the half of this logarithm —1 
.70000co, I cannot join the —1 to the decimals an- 
nexed, becauſe they are quantities of different kinds; 
therefore I reſolve the characteriſtic —1 into two 
parts, to wit, — 2 1, and then taking the half of 
—2, which is —1, I join the affirmative part +r 
to the decimals annexed, and fo take the half of +17, 
which 1s +8 Wc, therefore the half of the aforeſaid 
logarithm is —1-+ .8500000: had the characteriſtic 
been —323, I ſhould have reſolved it into —4-+1. Had 
z of the foreſaid logarithm been required, I ſhould 
have reſolved the Characteriſtic —1 into —3 2, 
and fo ſhould have taken, firſt, the third part of —3, 
which is —1 and then of 1-27, which is +9 : had 
the characteriſtic been —2, I ſhould have reſolved it 
into —3-1 had it been —4, I ſhould have reſolved 
it into 3 and ſo on. 

N. B. Of all the tables hitherto in uſe whoſe loga- 
rithms do not run to above ſeven decimal places, I 
take thoſe publiſhed by Doctor SS rin to be the beſt 
upon many accounts, and particularly in the diſpoſi- 
tion of the logarithms : theſe therefore I ſhall not 
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ſcruple to recommend to my readers, whom I ſhall 
alſo refer to the ditections there given for finding the lo- 
garithms of all abſolute numbers from i to 1 0000000, 
and vice verſa. But I muſt own I cannot with equal 
Juſtice recommend the method there taken to avoid 
negative indexes by creating new ones, and by uſing 
arithmetical complements. It is not to be denied but 
that this ſort of practice may be abſolutely neceſſary 
to ſuch as know nothing of the nature and uſe of ne- 
gative quantities; but thoſe who do, 1 believe, will 
find the rules here laid down more natural and con- 
venient; and as they carry their own reaſons along 
with them, I doubt not but that the learner will find 
them eaſier to be remembered, and leſs liable to be 
miſunderſtood, 

397. In the tables above recommended, after the 
logarithms on every page, are two columns, one called 
a column of differences, and ſigned D; the other 
called a column of proportional parts, and ſigned 
Pts above, and Pro below : theſe rwo columns, as 
well as the reſt, have been explained by the author; 
but, leſt they ſhould not be thoroughly underſtood by 
what is there ſaid of them, I ſhall take the liberty, by 
a ſingle inſtance, to explain more at large the reaſon 
and uſe of theſe columns: I ſhall take my example 
from the author himſelf. Let it then be required to 
find by the tables the logarithm of this number of 
ſeven places, to wit, 5423758: to do this, I firſt put 
down 6, the characteriſtic of the logarithm ſought, 
according to the directions given in art. 394; then 
I conſider in the next place, that though by the help 
of the tables we can find the logarithm of any num- 
ber under 10000000, yet that the abſolute numbers 
there do not, properly ſpeaking, run to above five 
places; therefore I lower the abſolute number given, 
to wit, 5423758, to this, 54237 .58, which will not 
affect the decimal part of the logarithm ſought ; then 
ſetting aſide the characteriſtic, I take out of the tables 
the logarithm of the five integral places 54237 
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according to the direCtions there given, and find it 
to be 7342957 3 this I ſubtract from the logarithm 
of 54238, that is, from 5343037, and find the dif- 
ference to be 80, But the deſign of the column of 
differences is on purpoſe to avoid this ſubtraction: 
for, had I taken out of that column the number oppo- 
ſite to 54227, the integral part of the abſolute num- 
ber propoſed, or if no ſuch oppoſite number was to 
be found, had 1 taken the neareſt number above, 
(not below), I ſhould have found the number 80.1, 
that is, in a whole number, 80, without any ſubtrac- 
traction, Thus then the caſe ſtands : as the abſolute 
number propoſed 54237 .58 lies between the two 
neareſt tabular numbers 54237 and 54238, whoſe 
difference is 1, ſo muſt the logarithm ſought lie be- 
tween the logarithms of the tabular numbers above 
mentioned, whoſe difference is 80; therefore I ſay by 
the golden rule, as 1, the difference of the two tabu- 
lar numbers, between which mine lies, is to 80, the 
difference of the two tabular logarithms between which 
the logarithm ſought lies, ſo is. 38, the difference be 
twixt my number and the neareſt leſs rabular number, 
to 46, the difference betwixt the logarithm ſought 
and the neareſt leſs tabular logarithm ; therefore 
adding this difference 46 to the neareſt leſs tabular 
logarithm, to wit, 7342957, I have 7343003, which 
being joined as decimal parts to the characteriſtic 6, 
gives 6.7 343003 for the logarithm ſought. This 
number 46, which was the fourth proportional above 
found, is called the proportional part, becaule it is 
the ſame proportional part of 80, the difference of the 
two neareſt tabular logarithms, that .58, the decimal 
part of the number propoſed, is of 1, the difference 
of the two neareſt tabular numbers. Whoever attends 
to the foregoing operation will eaſily perceive, that 
this proportional part 46 was gained from multiply- 
ing 80, the common difference, by .58, the decimal 
art of the abſolute number propoſed ; and the ſame 
would have been obtained if the common GIN 
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do had firſt been multiplied by. 3 and then by .o8, 
and the products been taken into one ſum : now it is 
to ſave theſe two multiplications that the column of 
proportional parts was contrived; for whoever looks 
there for the common difference 80 will find all the 
products of the {aid common difference multiplied by 
I, +2, 3, 4, +5, &c. to. 9 incluſively; and look- 
ing for the number over againſt . 5, he will find the 
number 40, which ſhews that the number 40 is 2 
of the common difference 80; ſo alſo over againſt 
8 he will find the number 64, which ſhews that the 
number 64 is of the common difference; but we 
do not want ++ of it, but 8 hundredth parts; there- 
fore he muſt not take the number 64, but a tenth 
part of that number, to wit, 6 4 or 6, which being 
added to 40, the proportional part before found, 
gives 46, to be added to the neareſt leſs tabular lo- 
garithm in order to obtain the logarithm ſought. 

But when all poſſible exactneſs is required, and no 
errors are intended to be committed, but ſuch as un- 
avoidably ariſe from the imperfection of the loga- 
rithms themſelves; I would adviſe the reader to com- 
pute the proportional parts himſelf, as above, rather 
than truſt to the table for them, though he will rarely 
find any conſiderable difference. My reaſon for this 
advice is, becauſe in the table of proportional parts, 
no notice 1s taken of decimals; whereas thoſe decimals 
ought not in all caſes to be neglected, at leaſt not till 
the operation is over, and the artiſt ſees what it is he 
throws away or takes into his account, to leſſen the 
error as much as he can. 
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